IOWA STATE UNIVERSITY

Digital Repository

lowa State University Capstones, Theses and

Graduate Theses and Dissertations Dissertations

2020

Regularity theory for nonlocal space-time master equations

Animesh Biswas
lowa State University

Follow this and additional works at: https://lib.dr.iastate.edu/etd

Recommended Citation

Biswas, Animesh, "Regularity theory for nonlocal space-time master equations" (2020). Graduate Theses
and Dissertations. 18099.
https://lib.dr.iastate.edu/etd/18099

This Dissertation is brought to you for free and open access by the lowa State University Capstones, Theses and
Dissertations at lowa State University Digital Repository. It has been accepted for inclusion in Graduate Theses and
Dissertations by an authorized administrator of lowa State University Digital Repository. For more information,
please contact digirep@iastate.edu.


http://lib.dr.iastate.edu/
http://lib.dr.iastate.edu/
https://lib.dr.iastate.edu/etd
https://lib.dr.iastate.edu/theses
https://lib.dr.iastate.edu/theses
https://lib.dr.iastate.edu/etd?utm_source=lib.dr.iastate.edu%2Fetd%2F18099&utm_medium=PDF&utm_campaign=PDFCoverPages
https://lib.dr.iastate.edu/etd/18099?utm_source=lib.dr.iastate.edu%2Fetd%2F18099&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:digirep@iastate.edu

Regularity theory for nonlocal space-time master equations

by

Animesh Biswas

A dissertation submitted to the graduate faculty
in partial fulfillment of the requirements for the degree of

DOCTOR OF PHILOSOPHY

Major: Mathematics

Program of Study Committee:
Pablo Radl Stinga, Major Professor
Jennifer Newman
Xuan Hien Nguyen
Paul Sacks
Eric Weber

The student author, whose presentation of the scholarship herein was approved by the program of

study committee, is solely responsible for the content of this dissertation. The Graduate College

will ensure this dissertation is globally accessible and will not permit alterations after a degree is
conferred.

Towa State University
Ames, Towa
2020

Copyright (© Animesh Biswas, 2020. All rights reserved.



ii

DEDICATION

I would like to dedicate this thesis to my son Arnesh, my wife Amrita, my parents Sabita and
Anathbandhu and my brother Aniruddha, without whose support I would not have been able to
complete this work. I would also like to thank my friends and their families in the United States

and in India for their loving support.



iii

TABLE OF CONTENTS

Page

ACKNOWLEDGMENTS . . . . . e e e e s e v

ABSTRACT . . . e vi

CHAPTER 1. INTRODUCTION . . . . . . . e 1
1.1 Some Concrete Examples of Physical Applications Involving Fractional Powers of

Parabolic Operators . . . . . . . . . . e 4

1.2 Motivation . . . . . . .o 9

1.3 Notation . . . . . . . . . o e e 11

1.4 Description of Results . . . . . . . . . . .. 12

1.4.1 Chapter 2 : Master Equation and Extension Method . . . . . . ... .. ... 13

1.4.2 Chapter 3 : Harnack Inequalities . . . . . . . . . ... ... ... ... .... 14

1.4.3 Chapter 4 : Parabolic Hélder Spaces . . . . . . . .. ... ... ... ..... 16

1.4.4 Chapter 5 : Schauder Estimates . . . . . . .. ... ... ... ... ..... 17

1.4.5 Chapter 6 : General Conclusion . . . . . . . .. ... ... ... ........ 19

CHAPTER 2. MASTER EQUATION AND EXTENSION METHOD . . . . ... ... ... 20

2.1 Definition and Integro-differential Formula . . . . . . . . .. .. .. ... ... ... 21

2.2 Extension Theorem for (0; + L)® when L is a Normal Operator . . . . .. ... ... 27

2.3 Extension Problem for (0; + L)® when L is a Divergence Form Operator . . . . . . . 34

2.4 Fundamental Solution . . . . . . . . .. . ... 42

2.4.1 Fundamental Solution Using Spectrum and Heat Kernel of L . . . . . . . .. 42

2.4.2  Fundamental Solution Using Extension Problem . . . ... .. ... ... .. 44

CHAPTER 3. HARNACK INEQUALITIES . . . . . .. . ... . .. 48

3.1 Interior and Boundary Harnack Inequalities . . . . . . . ... ... ... ... ... 48

3.2 Transference Method . . . . . . . . . . . . . 51

3.2.1 Change of Variables . . . . . . . . . . .. 52

3.2.2  Multiplication Operator . . . . . . . . . . . . .. . 54

3.2.3 Composition of Multiplication and Change of Variables . . . ... ... ... 55

3.2.4 Transference Method from (0; + L)* to (0: +L)* . . . . . . . ... ... ... 56

CHAPTER 4. PARABOLIC HOLDER SPACES . . . . . . . . . . i, 62

4.1 Definition of Parabolic Holder Spaces . . . . . . . . . . .. ... ... ... 62

4.2 Proof of Theorem 4.1.1(1) . . . . . . . . ... . 64

4.3 Proof of Theorem 4.1.1(2) . . . . . . . ... o 68

CHAPTER 5. SCHAUDER ESTIMATES . . . . . . . . . . . .. 78

5.1 Main Theorems . . . . . . . . . . o e 79

5.2 Caccioppoli Estimate and Approximation . . . .. .. .. .. ... .. ... ..... 83

5.3 Proofs of Interior Regularity Theorems . . . . . . .. . ... ... ... ... .... 93



5.4

5.5

v

5.3.1 Proof of Theorem 5.3.1(1) . . . . . . . ... ... ... ... ...
5.3.2  Proof of Theorem 5.3.1(2) . . . . . . ... ... ... ... .....
5.3.3 Proof of Theorem 5.3.2 . . . . .. .. ... ... ... ... ...
Boundary Regularity for Fractional Heat Equations . . . . . . .. ... ..
5.4.1 Boundary Regularity in Half Space — Dirichlet . . . . .. ... ..
5.4.2 Boundary Behavior in Half Space — Dirichlet . . . . . .. ... ..
5.4.3 Boundary Regularity in Half Space — Neumann . . . . ... .. ..
Proofs of Global regularity results . . . . . .. .. .. ... ... .....
5.5.1 Global Regularity for Dirichlet Boundary Condition and f Holder:

5.5.2  Global Regularity for Neumann Boundary Condition and f Hoélder:



ACKNOWLEDGMENTS

I would like to take this opportunity to express my sincere gratitude to my major Professor Dr.
Pablo Ratl Stinga. He has been a great mentor and source of inspiration for me since I started
working under his guidance. He has always inspired me with his positive, strong and effective
work ethics as he commits himself to excellence in his everyday work. Without his supervision and
guidance, this dissertation would not have been accomplished.

I would also like to thank Dr. Paul Sacks, Dr. Eric Weber and Dr. Jonathan Smith for teaching
me mathematics during my graduate studies.

Moreover I would like to thank Dr. Justin Peters (retired) for helping me transitioning from
engineering to mathematics, and to Dr. Tathagata Basak for mentoring me with many invaluable

suggestions during my initial years in mathematics.



vi

ABSTRACT

We analyze regularity estimates for solutions to nonlocal space time equations driven by frac-
tional powers of parabolic operators in divergence form. These equations are fundamental in semi-
permeable membrane problems, biological invasion models and they also appear as generalized
Master equations. We develop a parabolic method of semigroups that allows us to prove a local
extension problem characterization for these nonlocal problems. As a consequence, we obtain inte-
rior and boundary Harnack inequalities and sharp interior and global parabolic Schauder estimates
for solutions. For the latter, we also prove a characterization of the correct intermediate parabolic

Holder spaces in the spirit of Sergio Campanato.



CHAPTER 1. INTRODUCTION

In this dissertation we study regularity estimates of solutions to equations involving fractional

powers of parabolic operators of the form
Héu(t,z) = (0 + L)°u(t,z) = f(t,z), 0<s<1 (1.0.1)

for t € R and = € 2, where §2 is an open subset of R, n > 1, that may be unbounded, and L is an
elliptic operator, i.e.

L = —div(A(2)V) (1.0.2)

Here A(x) = (AY(x)) is a bounded, measurable, symmetric matrix defined in €, satisfying the

uniform ellipticity condition, that is, for some A > 1,
—11¢12 ij .. 2
ATE" < a¥(2)68; < AlE]

for a.e. x € Q, for all £ € R™. The operator L is subject to appropriate boundary conditions. Here

we consider the boundary conditions to be either homogeneous Dirichlet or Neumann, that is
u=0 or Jsgu=A(x)Vzu-v=0 onR x 0Q,

where v is the exterior unit normal to 9.

Fractional powers of parabolic operators, which occur in nonlocal equations in both space and
time, appear in many different physical applications. For example, (1.0.1) appears in the Signorini
problem, in the semipermeable membrane problem in biology, in the phenomenon of osmosis and
in diffusion models for biological invasions, see [1, 4, 8, 15, 25, 42]. Besides, equations involving
fractional powers of parabolic operators are examples of the so-called Master equations. Master

equations are integro-differential equations that take the form

/Ooo /n(u(t -7 Z) - u(tvx))K(t’xﬂ—? Z) dzdr = f(t,.’L‘) (103)



fort e Rand z € R", n > 1 and K is some kernel.

In this work, we first define the fractional powers of parabolic operators by using the spectrum
of L and Fourier transform in the time variable. Our definition is in the weak sense since L is
a divergence form operator. It turns out that equations involving fractional powers of parabolic
operators are nonlocal problems. Thus, we introduce a localization technique to change the nonlocal
problem to a local degenerate parabolic partial differential equation (PDE) problem. We call this
the extension method, which is in the same spirit as what Caffarelli and Silvestre did for the
fractional Laplacian in [14]. The extension method is a crucial tool in proving different regularity
estimates for solutions u to (1.0.1).

In terms of regularity estimates, we prove interior and boundary Harnack inequalities for non-
negative solutions to the homogeneous equation, (0; + L)%u = 0, under the assumption that the
coefficients A(x) are bounded and measurable. For the interior Harnack inequality, precisely, we
show that for a compact set K C  and a bounded interval I C R, there exists a constant ¢ > 0
which depends on n, s, A, K, I, such that if u is a nonnegative solution then

sup u(t,z) < ¢ inf u(t,z).
IXK IxK

The interior Harnack inequality is important since, due to this inequality and our extension method,

under minimal regularity assumptions on the coefficients A(x), we prove that u is parabolically

a/2,a

Holder continuous inside I x K, i.e. u € Cp ;™ (I x K) for some 0 < a < 1, where Cta/Q’a(I x K)

s
is defined as the set of all continuous functions u(t, ) such that
|U(t, ‘T) — u(Tv Z)|

U o — = || + su < 0.
H chg/fa(IXK) ” HLOO(IXK) t,TELxI:,)zeKmaXﬂt_7-’1/2,‘1'_2’)0[

On the other hand, for the boundary Harnack inequality, we consider a domain Q¢ C 2, x¢ € 9
and B, (xo) = {y € R" : |[xg —y| < 7}, for some r > 0, such that B, (xg) C 2, and B, (xo) N0Qp can
be represented as a graph of a Lipschitz function g : R*~! — R in the e, = (0,0,...,0, 1)-direction.
Next, let us assume that a nonnegative solution u vanishes continuously on (£2/9Qg) N By(z9) in

some time interval [-T,7T] € R. Now, if we fix t; > T/2 and z; € €, then we prove that there



exists a constant C' > 0, which depends on n, s, A,r,T,t1, g, such that
sup u(t,z) < Cu(ty, x1).
(=T/2,T/2)x(0Q0NB;./2(x0))

Our next regularity results are in terms of Schauder estimates. In the Schauder setting, we
consider the nonlocal equation with a right hand side (0; + L)%u = f. But now, we assume some
regularity on the coefficients A(x) and on the right hand side f(¢,2). We prove both interior and
global Schauder estimates for different regularity assumptions on A(x), f(t,x), and also on the
boundary 0% (for the global case). We observe that the global regularity, under different boundary
conditions, is consistent with the interior regularity, except for a special case when u© = 0 on the
boundary 0f2 but f is not identically zero on 9€2. The reason for this inconsistency can be explained
by analyzing the behavior of particular one dimensional solutions to (9; — D},)* = f in R x Ry,
given that u(¢,0) = 0 and f(¢,0) # 0. Here R denotes the positive half line and D}, is the second
derivative operator on R, subject to homogeneous Dirichlet boundary condition at = 0.

The study of higher order Schauder estimates for our equations opens up a very different
problem, namely, the Campanato characterization of higher order parabolic Holder spaces, which
in our opinion is of independent interest. We address such a problem in this dissertation. In the

a/2,a

case of the space C} (I x K), Campanato’s characterization says that a function u will be in

Ca/2,a

tx  as soon as the following inequality holds

1
inf

2 2a
—_— u(T,2) —c|*drdz < Cr
2 7B, (@) /@ra,mzm@) ulr,2) =

for every sufficiently small » > 0 and for all (¢,z). The integral characterization above is actually
measuring the mean square distance between (¢, x) and any constant ¢, over the parabolic cylinder

(t —r%,t+r2) x B.(x). In this work, we extend this characterization for the higher order Holder

o+a)/2,1+a

bz (I x K), where we have to compute the mean square distance between u and

space

linear polynomial P(z) in the z-variable.



1.1 Some Concrete Examples of Physical Applications Involving Fractional

Powers of Parabolic Operators

In this section we will describe some physical processes involving fractional powers of parabolic

operators.

1. Semipermeable Membrane Problems: For simplicity, we first consider the case of
isotropic diffusion. More specifically, let us consider the heat equation in a region whose
boundary is a semipermeable membrane. Let I' be the membrane, which is assumed to be
very thin, as in [25]. Again for simplicity, we consider T' to be the hyperplane y = 0 in R"*!
and the diffusion process is occurring in the region y > 0. If U(t,x,y) is the pressure of the
fluid inside the membrane, i.e. for y > 0, and ¢(¢,x) is external pressure at the membrane,

then U(t,x,y) satisfies

(

U — AU — 0y, U =0 in R"™! x (0, 00)
U(t,z,0) > ¢(t, ) on R7F!
(1.1.1)
—0,U(t,z,0) >0 on R"+1
—-0,U(t,z,0) =0 whenever U (t, z,0) > ¢(t, z)

As an example, we can consider the phenomenon of osmosis across a cell membrane. The
equations above indicate that when the external pressure ¢(t,x) is smaller than the internal
pressure U (¢, z,0) (at the membrane I') then the cell is full and there is no fluid flow across the
membrane, hence, —0,U(t,2,0) = 0. On the other hand, if the external pressure is greater
than or equal to the internal pressure, then the cell is not full and the fluid enters inside
the membrane, i.e. —0,U(t,x,0) > 0. The last three equations of (1.1.1) are known as the

Signorini complementary conditions.

Next, we want to understand more about the quantity —0,U(t,z,0), i.e. the flow at the
boundary y = 0. We apply the Fourier transform in ¢ and x so that p and £ are the cor-

responding Fourier variables for ¢ and x, respectively. Then, from the diffusion equation,



U(p,&y) = e VPt T (p, ¢, 0). Therefore,

~0,U(p.€,0) = \/ip + [€2U (p,£,0)

and, by taking the inverse Fourier transform,

—0yU(t,z,y)ly=0 = —0,U(t,2,0) = Fy ; (\/ip+ |€I2ﬁ(p,£,0)>-

Now, (ip + |€]?) is the Fourier multiplier corresponding to the space-time operator (9; — A).

Then naturally, by writing U (¢, z,0) = u(t, x), we can define
Fia (vip + €T (p, €, 0)) = (8 — A)Y2U (t,2,0) = (8 — A)Vu(t, z).

Let us next consider the case of anisotropic diffusion in the z-variable inside the membrane.
We also assume that the domain in the xz-variable is not R™ as before, but rather a bounded
domain €2, with appropriate boundary conditions on 0€2. We still consider that the membrane
is flat as before, i.e. the y = 0 hyperplane is the membrane. Then the diffusion process can

be described by the following set of equations

AU — divy(A(z)V,U) — 9,,U =0 in R x Q x (0,00)

Ul(t,z,0) > ¢(t, z) on R x
—0,U(t,z,0) >0 on R x Q (1.1.2)
—0,U(t,z,0) =0 whenever U(t,z,0) > ¢(t, x)

Ult,z,y) =0 or 0,U(t,z,y) =0 on R x9N x (0,00)

where 0, denotes the exterior normal derivative at the boundary 0€2. If we follow a similar
procedure as in the case of isotropic diffusion, but now without the Fourier transform in the

x-variable, rather with the spectrum of the operator — div,(A(z)V,), then we can show that
—0,U(t,2,)|y=0 = (0 — div(A(z)V)V2U (t, z,0).

To see this, we notice that L = —div(A(x)V) with domain defined by suitable boundary

conditions, has a discrete spectrum, say a set {1, A }x>1 of eigenfunctions and eigenvalues.



Then we can write the following series expansions using the L?()-orthonormal basis {1, } E>1

Ut,z,y) = ZUkty¢k()
Up,,y) ZUk P ) n(x
—div,(A(x)V

U) = MUk(t, y)ve(x)
k

where Ug(t,y) = / U(t,z,y)Yr(x) dx, and ﬁk(p,y) is the Fourier transform of U (t,y) in
Q

the time variable . Next, applying Fourier transform in the time variable to the equation

U — divy (A(z)V,U)

— Oy U =

0, we get

Z(ip + Ak 819?/)(7]6(107 y)r(z) = 0.
k

Because of the orthogonality, we obtain, for all £ and a.e. p,

Therefore,

Ur(p,y) = e WViPFAT, (p, 0)

and hence we can write,

=0,U(t,x,9)ly=0 = D Fy {/ip + MTi(p, 0) Yo () = (2
k

(ip + M + By ) Us(p,y) = 0.
and — 0, Uk. p,0

=ip+ AeUr(p, 0

— div(A(z)V)2U (¢, z,0).

So we see that fractional powers of the parabolic operators appear very naturally in semiper-

meable membrane problems.

. Obstacle Problems: Obstacle problems occur in many different physical applications. In

[4], motivated by optimal control and finance, the authors studied the following obstacle

problem: for 0 < s < 1,

u(t,x) > ¢(t, x)

(8, — A)su (1.1.3)

(t,z) >0

(O — A)Yu(t,z) =0 if u(t,z) > ¢(t,x)



where ¢(t, x) is the given obstacle and the u(t, z) is the solution to the problem. This problem
can be deduced from a corresponding Signorini problem or semipermeable membrane problem.
Indeed, if we consider the semipermeable membrane problem as given in (1.1.1) then we

observe that on the membrane, (1.1.1) reduces to the following form

,

U(t,z,0) > ¢(t, x)

(8, — A)Y2U(t,2,0) > 0 (1.1.4)

(0 — AV2U(t,2,0) =0 if U(t,z,0) > ¢(t, x).

\

If we denote u(t,z) = U(t,x,0) then it is evident that (1.1.4) is a special case of (1.1.3) when
s=1/2.
If L = —div(A(z)V) in a bounded domain with appropriate boundary conditions, the obstacle

problem can be written as

;

u(t,z) > ¢(t, x)
(0 — div(A(z)V))*u(t,z) >0

(0 — div(A(z)V))*u(t,z) =0 if u(t,x) > ¢(t, x)

u(t,z) =0 or Jyu(t,r) =0 on R x 9.

One can see that the obstacle problem above can be deduced from a semipermeable membrane
problem similar to the problem described in (1.1.2), but for any 0 < s < 1. We also want
to mention that the regularity of solutions and free boundaries for this obstacle problem has

not been analyzed yet.

. Biological Invasion Models: Another interesting examples where fractional powers of
parabolic operators appear are biological invasion models. In [8], the authors model many
different biological phenomena with a single mathematical model. As examples, they mention
phenomena like the black death in Europe, the movement of invasive species such as Proces-
sionary caterpillar of the pine tree in Europe, the invasion of Aedes albopictus mosquitoes in

Europe and the movement of wolves in the Western Canadian forest. All of these examples



raise a question whether the inclusion of a line with fast diffusion affects the overall invasion

speed or not.

To address such a question, the authors propose a model in the two-dimensional plane R2.
According to their model, we assume that I' = {(z,0) : € R} is the line, which they refer to
as a ‘road’, for fast diffusion. Outside the line, which they call ‘field’, usual diffusion process
takes place. Next, at time ¢, let U(¢,x,y) denote the density of the population at any point
(z,y) in the field and let ¢(¢,x) be the density on the road I'. Exchanges of population take
place between the road and the field. Namely, a fraction v > 0 of the population U(t,z,0)
goes to ¢(t,z) and a fraction u > 0 of the population ¢(t,z) goes to U(t,z,0). We denote
the diffusion coefficient on the road by d > 0. Due to symmetry, it is enough to consider the
equation only in the half plane R x Ry = {(x,y) : z € R,y > 0} and for ¢ € R. Then the

model is described by

,

U (t,z,y) — AU(t,z,y) =0 if (z,y) e RxR4,t€R

Od(t,x) — dOped(t,x) = VU (t,x,0) — po(t,x) ifz € Rt € R

\—8yU(t,:L‘,O) = po(t,z) — vU(t, x,0) ifzeR,teR

By applying the Fourier transform in the variables x and ¢, we see that the boundary expres-
sion —0,U(t, x,y)|y=0 equals (9 — Opx)/2U(t, x,0). Then, on the road we have the following
local-fractional system of coupled equations

Op(t,x) — dOred(t,x) = vu(t,x) — po(t,x) ifz e Rt € R

(0 — ) YVu(t, z) = po(t, z) — vult, ) ifreRteR

where u(t,z) = U(t,x,0). Notice that this local-fractional system is equivalent to the original

local parabolic system mentioned above.

Let us consider the problem when the road is a bounded domain 2 C R™ and the diffusion

for U and ¢ in the z-variable are anisotropic with coefficient matrices A and A’ respectively.



Then the system will be described by the following set of equations

Op(t,x) — div(A'(x)Ve) = vu(t,x) — pd(t, ) ifreRteR
(0 — div(A(z) V)Y ?u(t, x) = pp(t,z) — vu(t,z) ifzc Rt R

where again we have denoted u(t,z) = U(t, z,0).

1.2 Motivation

In this section we start our discussion with a very brief history of the nonlocal PDEs that
are relevant to our work. In the last twenty years there has been a surge of interest in studying
elliptic and parabolic equations in the nonlocal setting. Although fractional powers of operators on
Banach spaces (which, in general, are nonlocal operators) have been studied for quite some time,
for example, in [7, 13, 28], the recent resurgence in the study of this field was due to the works of
L. Caffarelli and L. Silvestre, [14, 16, 39]. Let us give the definition of the fractional Laplacian. Let

u:R™ — R be a Schwartz’s class function. We know that the Fourier transform of (—A)u is
—Au(€) = [¢l*a(€).
Then, naturally, we can define, for 0 < s < 1,

(=A)u() = [¢[*u(g).
We can see that the above definition coincides with the following integral representation

(—A)°u(x) = cn,sPV/ Mdy

g |2 — y["t2
where PV denotes principal value integration and ¢, s > 0 is a constant which depends only on n
and s. From this integral representation it is evident that the (—A)® is an nonlocal operator. Hence
if we want to study the regularity of solutions to (—A)%u = f, we cannot use the regularity theory
of elliptic equations directly. This difficulty was overcome by the so-called extension method, first

developed in the PDE setting by Caffarelli and Silvestre, see [14]. The extension method helps us



10

to use well-established regularity results and techniques of local elliptic PDEs to obtain properties
of solutions to (—A)*u = f.

In [41] P. R. Stinga and J. L. Torrea introduced the method of semigroups in connection with
fractional powers of elliptic operators. They showed that, for any second order elliptic operator L
on a Hilbert space, there is a solution U to a corresponding degenerate extension problem which
characterizes solutions to L°u = f. In addition, such solution U to the extension problem can
be constructed explicitly using the semigroup {e~"%},> generated by the operator L. From [41]
we can see that the methodology of semigroups helps us to define the fractional powers of any
elliptic operator, not just the Laplacian, and to prove an extension problem characterization. In
[17] the authors used the semigroup method and the extension characterization to prove Schauder
regularity estimates for solutions u to the fractional nonlocal equation L*u(x) = f(z), where L is
a divergence form elliptic operator in a bounded domain.

On the other hand, it is known that the most basic Master equation is given by the fractional
powers of the heat operator (0; — A)*u = f, 0 < s < 1. This operator was analyzed in great detail
in [42]. In that paper, Stinga and Torrea first provided a pointwise formula for (9; — A)%u(¢, x),
for (¢t,z) € R"*!, by using the method of semigroups. Then they proved Harnack inequalities and
Schauder estimates for solutions u to (9; — A)%u = f in R™*1.

In our work, we study different regularity estimates for solutions of the Master equation (1.0.1),
which involves a fractional power of a parabolic operator and hence it is a nonlocal problem. One
of the principal challenges in studying this problem is the limitation of the Fourier transform in
the space variable. As the elliptic part L in the operator 0; + L is any general elliptic operator and
the domain € can be bounded, it turns out that the Fourier transform is not the most appropriate
tool for our purposes. Instead, we use the spectrum of the operator L. Still, the precise notion
of (0 + L)* is a delicate point. Indeed, a natural definition in terms of Fourier transform in time
and the spectral resolution of L leads to considering the multi-valued complex function z — 2z°.
To overcome this difficulty we have to introduce a method which will help us select and effectively

use the principal branch of this multi-valued function. Another challenge also lies in defining the
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operator (0; + L)® in an appropriate pointwise sense. Notice that L is a divergence form operator.
Hence the definition of the fractional power operator should be in the weak sense.

Studying regularity of solutions of these particular nonlocal equations opens up many interesting
problems. First of all, as the problems are nonlocal, we cannot use the well-established local
elliptic and parabolic regularity results directly. We introduce an extension method to overcome
that difficulty. But then, developing the Schauder theory for this nonlocal equation still creates
many complications. One of the reasons is the degeneracy in the corresponding parabolic extension

equation. In principle, for the Schauder theory, it is not clear how to define intermediate Holder

Ca/Q,a

t,x

spaces. When 0 < a < 1, the space is well-defined. Similarly, it is clear how to define the

olta/22+a

bz where, as suggested by the heat equation O;u = Awu, one derivative

parabolic space

in time corresponds to two derivatives in space. But there is no universal definition of the space

o+a)/2,1+a

e , that contains functions u(t,z) having only one derivative in space well-defined. In

[29], N. V. Krylov used interpolation results to suggest a definition for the latter space. On the
other hand, we need to characterize that space in an appropriate way to fit all the machinery of
the compactness method that we use to obtain Schauder estimates. In fact, that characterization
must be a Campanato-type characterization. Finally, establishing boundary Schauder regularity
estimates for our nonlocal equations poses the following challenges. First of all, how does the given
datum at the boundary affect the regularity? Secondly, is this regularity consistent with interior
regularity estimates for different boundary conditions? All of these problems will be addressed and

solved in this dissertation.

1.3 Notation

Before we give a short summary of our results, we would like to introduce some notation that

will be used in the rest of our discussion.
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Notation. Throughout the rest of this dissertation we will use the following notation. For (¢,z) €

R x R™ and r > 0, we define

By(z) ={z=(z1,22,...,2n) ER" |z — 2| <7} CR"
Qrt,x)={(r,2) ERxR": |t —7| < 1%, |z — 2| <7}
:(t—rZ,t—i—rQ)xBr(x)CRxR”
B.(z)" ={(z,y) e R" x (0,0) : z € By(x), 0 <y <r}
= B,(z) x (0,r) C R?H!
Qr(t,x)* ={(1,2,y) ERXR" x (0,00) : [t — 7| < 7%, z€ B,(z), 0 <y <7}

= Q,(t,x) x (0,7) C R x R
We write B, Q,, etc, when (t,x) = (0,0). If we let
Bt =B, N{x, >0} CR}

then we can also define Q;F, (B;")* and (Q;")* analogously. The fractional power is s € (0,1) and

we will always denote a = 1 —2s € (—1,1). Finally, we let X = (x,y) € 2 x (0,00) for x € Q@ C R,

y > 0.

1.4 Description of Results

For the definition of fractional powers of parabolic operators we will use both the Fourier
transform in time and the spectrum of the positive linear operator L. As mentioned before, L is
an elliptic operator of the form

L =—div(A(x)V)

where the coefficient matrix A(z) is bounded, measurable and satisfies the uniform ellipticity con-
dition. In the following we will briefly discuss the main results that are contained in the next

chapters of this dissertation.
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1.4.1 Chapter 2 : Master Equation and Extension Method

The results in this chapter correspond to most of the paper [10] and some parts of [11].

In this chapter, we define the nonlocal operator (9, + L)® for 0 < s < 1 using the Fourier
transform in time and the spectrum of L. As we mentioned before, this particular definition
involves the multi-valued function z — z°. To capture the principal branch of that function in a

way that can be explicitly used, we start by considering the numerical formula

1 o dr
AS = —TA — 1 -
I'(—s) /0 (e )THS’

where A > 0 is a real number. We get the integral equation above from a corresponding integral

representation of the Gamma function I" evaluated at —s € (—1,0). We prove that this represen-
tation holds true when A is a complex number with positive real part. Furthermore, by using the
Gamma function and the heat semigroup generated by the operator H = (J; + L), we are able
to prove a pointwise integro-differential formula for (9; + L)® in weak form. This approach, that
we call “semigroup method”, is described in Lemma 2.1.1. The pointwise formula is an integral
representation of the operator (9; + L)® which, on one hand, resembles the Master equation. On
the other hand, it also shows that (9; + L)® is a nonlocal operator.

We want to mention that the semigroup methodology given by Lemma 2.1.1 is very general
and has wide applicability. Indeed, we can also consider other Master equations (9; + L)*u = f in
different settings. For example, the elliptic operator L can be replaced by the Laplace-Beltrami
operator or the conformal Laplacian on a manifold, or by a subelliptic operator on a Lie group (like
a Carnot or Heisenberg group), or by the Laplacian in infinite dimensions (Wiener space), or by
nondivergence form elliptic operators, or by the Laplacian on a lattice.

Next we prove a parabolic extension problem characterization for our particular nonlocal oper-
ator, in the spirit of Caffarelli and Silvestre. Following [26], we show that if U(t, x,y) is the unique

weak solution to
Oy + L)U(t,x,y) — %ﬁyU(t,ﬂv,y) — 0y U(t,z,y) =0in R x Q x (0,00)

U(t,z,0) = u(t,z) on R x Q
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then

Ul(t,x,y) — U(t,x,0)
2s :

—lim y'"*0,U (t, 2, y) = cs(0; + L)*u(t,z) = ¢, lim
y—0 y—0 Yy

Here also we construct the solution U explicitly (see also [41]). To prove the extension theorem

first we construct the following function

1 & 2 dr
Li(y,\) = =— TTANSeTY AT
(yv ) F(S) /0 € € Tl—s

Then using the properties of modified Bessel function we prove different estimates for I; and also
show that I satisfies the following ordinary differential equation

1-2
M, — —=29,1, — 9y I, = 0.
Y

In Theorem 2.2.1 we prove the extension property for (9, + L)® not only when L is any elliptic
operator, but also when L is any nonnegative normal operator in a Hilbert space. Extension
problems in such generality have proven to be very useful for several applications. For example,
the extension problem allows us to find a monotonicity formula and prove regularity estimates for
free boundary problems for fractional powers of the heat operator [4]. Also, they are central tools
for the numerical analysis of fractional equations using finite elements methods [35].

Finally, in this chapter we prove several estimates of the fundamental solution of the nonlocal
equation (1.0.1). Those estimates are obtained by two different methods. In one of them, we use
the semigroup and heat kernel for the operator L and directly prove the estimates. In the other
method, we use the extension theorem and then we apply estimates for the fundamental solution
to such extension problem and we get the estimates for the fundamental solution of the nonlocal

problem.

1.4.2 Chapter 3 : Harnack Inequalities

This chapter contains results from the paper [10].
The Harnack inequality is a very important regularity result in the realm of elliptic and parabolic
PDEs. This inequality gives a bound on the oscillation of solutions, which, in turn, is necessary to

prove Holder regularity estimates. For Master equations as in (1.0.1) we prove parabolic interior
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and boundary Harnack inequalities in Theorems 3.1.1 and 3.1.3, respectively, and local boundedness
and parabolic Hoélder regularity of solutions.

For the interior Harnack inequality, let L be a uniformly elliptic operator in divergence form
and let Bs,- be a ball of radius 2r > 0, such that Bo,. CC ). We prove that there exists a constant

Cy > 0 depending only on n, s, A and r, such that if u(¢,x) is a solution to

(O + L)*u=0 for (t,x) € R:=(0,1) X By,
u>0 for (t,z) € (—o0,1) x Q,

then

supu < Cyinfu
R- Rt

where R~ := (1/4,1/2) x B, and R* := (3/4,1) x B,. Moreover, we show that solutions u in R are
locally bounded and locally parabolically a-Hoélder continuous in R, for some exponent 0 < o < 1
depending on n, A and s.

On the other hand, for the boundary Harnack inequality, as we have mentioned earlier, we
consider Qy C Q,z9 € 0Qy and B,(x¢), the ball of radius r centered at xy such that B,(zp) C
and assume that B,.(xg) N 0 can be represented as a graph of Lipschitz function g : R"~! — R
in the e, = (0,...,0,1) direction. Let (t1,z1) € (=T1,T) x £ be a point such that ¢t; > 7//2. Then

there exists a constant Cpyy > 0 depending on n, s, A, t1,7, g, such that if u(t, z) is a solution to

(O + L)’u=0 for (t,x) € R:=(=T,T) x (2 N By(x0))
u>0 for (t,x) € (=00, T) x Q,

and u vanishes continuously on (—=7,7T) x ((2/Q9) N By (x¢)) then
sup u(t,x) < Cpgu(ty,x1).
(—T/2,T/2)x (QNB,/2(x0))
The most important tool to prove the results above is the parabolic extension method that we
introduced in Chapter 2. Once the extension changes the nonlocal problem to a degenerate parabolic
problem, we are able to use the interior and boundary Harnack inequalities due to [27] to prove

our results.



16

Finally, in this chapter we also develop a transference method for fractional powers of parabolic
operators that allows us to transfer the Harnack inequalities and Holder estimates for (0;+L)*u = f
from Theorems 3.1.1 and 3.1.3 to other Master equations of the form (9;4 L)*@ = f. Here, formally,
L=(UoW)loLo(UoW), where U is a multiplication operator by a smooth positive function
and W is a smooth change of variables operator. This method is particularly useful when L is one
of the elliptic operators listed in (A) — (D) in Chapter 3. Notice that all of these new operators

have a gradient term.

1.4.3 Chapter 4 : Parabolic Hélder Spaces

This chapter contains part of results of the paper [11].

As we mentioned before, to prove Schauder estimates we need to use an appropriate charac-
terization of parabolic Holder spaces. More specifically, due to our methodology, that relies on
the compactness principle, we need to characterize parabolic Holder spaces in terms of integrals
involving the “mean distance” between solutions and constants or linear polynomials.

When we talk about the parabolic Holder space Ci f’s, we observe that it is clear how to
define it in the case when 0 < § < 1, namely, when there are no derivatives in time and space.

146/2,2+6 . e
;r /22 , that is, when we have one derivative in time

It is also clear how to define the space C}

and two derivatives in space. But it is not immediate how to define the appropriate intermediate

C(1+0) /2146

Holder space Cy

, that is, the one that corresponds to one derivative in space. In [29],
N. V. Krylov used interpolation results to suggest a definition. Indeed, in [29, Remark 8.8.7] he
claims that “with respect to the parabolic metric, one derivative in t is worth two derivatives in

x. This suggests that C(1+5)/271+5(Rd+1) should be defined as the space of all functions with finite

norm [[ullo + l[uz o2, + Sy, DTS~

Stinga and Torrea showed that Krylov’s definition for the intermediate parabolic Holder space

C/(1+9)/2.145

tx (R™+1) is correct in terms of the Poisson semigroup generated by the heat operator, see

[42, Theorem 7.2]. They used such a semigroup characterization to prove Schauder estimates for

solutions to (9; — A)*5u = f.
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In turn, here we show in Theorem 4.1.1(2) that Krylov’s definition of intermediate parabolic

Holder space is also the correct one for bounded domains in terms of approximations by linear

(1+a) /2,14« (m)

polynomials that depend only on space. Precisely, we show that u is in Cy , Where

I is a time interval and 2 is a bounded domain, if and only if for every (t,z) € I x Q the following

holds
1

inf
P(z)eP: Tz‘B ( )| (t—r2,t+r2)x B (x)

for every sufficiently small 7 > 0 and where P; = {P(2) = Ag+ A1-2: Ap € R, A; € R"}. Thisis a

lu(r, 2) — P(z)|2 drdz < Or2(i+a)

Campanato-type characterization that, up to the best of our knowledge, has not been proved in the

literature. In Theorem 4.1.1(1) we also prove the Campanato-type characterization for C’toj 42,04

. We
remark that Campanato-type characterizations for Cz‘ 42’()‘ are well-known results, see, for instance,
[32, 38].

The proof of Theorem 4.1.1 depends mainly on the Lebesgue Differentiation Theorem. Let us
describe briefly the ideas of proving Theorem 4.1.1(2). Let us assume that for each (¢,z) and r > 0

there is a polynomial P(z) = P(z, (t,z),r,u) for which u satisfies the integral estimate,

1

u(r,z) — P(2)|?drdz < Cr?(1+e), 1.4.1
B S ertyesin D T S
Let ag((t,z),r,u) = P(z, (t,x), T7u)‘z:x and a;((t,z,),r,u) = 0, P(z, (t,x),r, u)‘z:m fori=1,...,n.

By using the Lebesgue Differentiation Theorem, we can prove that the following limits exist:

lim a;(z, (t,z),r,u) = v;(t,z), fori=0,1,...,n

r—0

a/2 a Quo(t,w)

Then we show that v;(t,z) € C e Ct(1+a)/2 Ata

=v;(t,x) for i =1,...,n and vo(t,z) €

We conclude by proving that vy = u almost everywhere in the domain I x €.

1.4.4 Chapter 5 : Schauder Estimates

This chapter collects results from the paper [11].
In this chapter we continue the development of the regularity theory for (1.0.1). We obtain
interior and boundary parabolic Schauder estimates for solutions w to (1.0.1) in the cases when

f is Holder continuous, see Theorems 5.1.1, 5.1.3, 5.1.4 and 5.1.5, and also when f is just L
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integrable, for p large depending on s and n, see Theorems 5.1.2 and 5.1.6. For these results, the
coefficients A(x) are assumed to be at least continuous. In particular, when we prove the interior

Schauder estimates in Theorem 5.1.1, we assume that the datum f € C’ff f’a for 0 < a < 1.

Then, if 0 < a+ 2s < 1 and the coefficients A(x) are continuous, we prove that the solution

u € CLF29)/29%2 o) the other hand, if 1 < a + 2s < 2 and the coefficients A(x) are Holder

t,x

2s)/2,1 251
Ct(iJr /21270 Hare we

continuous, i.e. A(x) € C2*25~1 then we prove that solution u €
want to stress the fact that we use the Campanato characterization of C’t(zﬁs)/ 22570 i
we proved in Chapter 4. From these results we see that the regularity of solutions is higher than
the regularity of the data by a factor of 2s in space and s in time, which are the orders of equation
(1.0.1) in space and time, respectively.

Interior Holder regularity for the solution u, when the datum is in LP, is expected due to
Calderén—Zygmund LP estimates and Sobolev embeddings. For simplicity, first consider the elliptic
nonlocal equation Hu = f, where H = L = —A and f € L%. Using Calderén-Zygmund analysis

for (—A)u = f, see [12], the solution u is in the Sobolev space W?2P. For the fractional equation

(—A)*u = f we in turn expect u to belong to some sort of fractional Sobolev space W2*P. Now,

n

2, then u € Ck® where k,a depends on p,s. When we do a

from Sobolev inequality, if p >

similar analysis for the parabolic case, i.e. when H = 0; 4+ L, then the dimension will be n + 2

p

+»» we will need a
k)

(parabolic dimension). Hence, to get Holder regularity in the case of f € L

restriction of the form p > ”2—"? Indeed, in Theorem 5.1.2 we prove the following two results.

o Ilfp< ﬁ then we have k =0, =2s — (n+2)/p € (0,1), hence u € /2 o get this

t.x

regularity we need A(x) to be continuous.

o Ifp > ﬁ,s >1/2, wehave k = 1,a =2s—(n+2)/p—1 € (0,1), hence u € Ct(71w+a)/2,l+a‘

In this case we need A(z) to be Holder continuous with exponent o.

Here (2s — 1)1 denotes the largest integer I such that 0 < I < 2s— 1.

The main technique to prove interior Schauder estimates is the parabolic extension problem

as described in Theorem 2.4.2. The extension result turns the nonlocal equation (1.0.1) into a
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local degenerate parabolic problem with Neumann boundary condition. As the extension (2.4.2)
localizes the equation, we can prove energy estimates with appropriate test functions and then
apply compactness arguments in the local parabolic setting. Indeed, we first prove a counterpart of
the parabolic Caccioppoli inequality in Lemma 5.2.2. For this the Steklov averages are an essential
tool. Second, the compactness provided by the Aubin—Lions lemma, see [5], together with the
energy estimate, provide the existence of a solution W to a degenerate heat equation (5.2.8) that
is ‘close’ to our solution U in the L?-sense, see Corollary 5.2.3. This approximation is applied at
any scale to finally transfer the regularity from W to U.

There are some intricate issues in the proof of global regularity, in particular, in Theorem 5.1.3.
In this theorem, we deal with the scenario when the solution u is zero on the boundary but the
data f is not identically zero on the boundary. In contrast to this situation, the regularity of w is
improved when f is zero on the boundary, see Theorem 5.1.4. As mentioned before, this fact is
better explained by computing particular one dimensional pointwise solutions to (9; — D} )’u = f
in R x R4, given that u(¢,0) = 0 in R and f is nonzero on the boundary x = 0. On one hand,
one dimensional particular solutions have a regularity estimate involving the distance function
from the boundary. We show that in our solution u to (1.0.1) there is one component u; which
can be constructed from that particular one dimensional solution. Hence, that component wuq
will have regularity in terms of dist(z,0€2). On the other hand, due to this solution, for s <

1/2, we need a little bit more regularity on the boundary 92 and on the coefficients A(z) to get

C(a+2s)/2,1+(a+25—1)

b (I x ) regularity for u—u;. Therefore, to prove the above boundary regularity

results, we need to develop sharp boundary estimates for half-space solutions.

1.4.5 Chapter 6 : General Conclusion

In this chapter, we provide a brief summary of our work.
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CHAPTER 2. MASTER EQUATION AND EXTENSION METHOD

We start our analysis with a general setting. We consider the linear elliptic operator L in (1.0.1)
as given by

L =—div(A(x)V) + ¢(z) (2.0.1)

for x € Q, where 2 is an domain of R"”, n > 1, that may be unbounded and c(z) € LX.(Q2) is a

real-valued function. Here A(z) = (A% (x)) is a bounded, measurable, symmetric matrix defined in

), satisfying the uniform ellipticity condition, that is, for some A > 1,
AP < a¥(@)&ig5 < AE?

for a.e. x € Q, for all £ € R™. The operator L is subject to an appropriate boundary condition.

Here we consider the boundary condition to be either homogeneous Dirichlet or Neumann, that is,
u=0 or Jsgu=A(x)Vzu-v=0 onR x 09,

where v is the exterior unit normal to 02. Some concrete operators of the (2.0.1) we will work

with are the following:

(1) L = —div(A(x)V) + ¢(z) in a bounded domain Q2 with homogeneous Dirichlet or Neumann
(conormal) boundary condition. The potential function ¢(z) > 0 and ¢(z) € L>®(2). If ¢(z) =0

and A(z) = I, then we get —Ap and —A, the Dirichlet and Neumann Laplacians, respectively.

(2) The harmonic oscillators L = —A + |z[? and L = —A + |z — n in Q@ = R™.

(3) The Laguerre differential operator L = (—A + [z|> + Y1, ;12 (a7 — 1)), for a; > —1, in

(2

Q= (0,00)".

(4) The ultraspherical operator L = —% + 27D £y A>0,in Q = (0, 7).

sinZz
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(5) The Laplacian —A in = R"™.

(6) The Bessel operator L = —j—; + Mjﬁ;l), for A >0, in Q = (0, 00).

Observe that in (2)—(6) the ellipticity constant is A = 1. The operators (2)—(4) arise in classical
orthogonal expansions and the Bessel operator in (6) appears when considering radial-in-space

solutions to (0y — A)*u = f.

2.1 Definition and Integro-differential Formula

In this section we present the precise definition of H*u(t,x) = (0;+ L)*u(t, z) and show that, in
general, this is a Master operator. Let L be a nonnegative normal linear operator on a Hilbert space
L?(Q) with some positive measure dn. For concreteness and simplicity of the presentation, we will
assume that L has discrete spectrum and dn is the Lebesgue measure (notice that the eigenvalues
of L will be nonnegative). For other types of spectrums, we can always obtain the general result
by using the Spectral Theorem, the Fourier transform, the Hankel transform, the corresponding
orthogonal expansions with respect to dn, etc.

Therefore, assume that L has a countable sequence of eigenvalues and eigenfunctions (Ag, ¢x) k>0
such that 0 < A\g < A} < A2 < -+ /oo and so that {¢x}x>0 forms an orthonormal basis of L%(Q2).
For simplicity of the presentation, we will also assume that the eigenfunctions ¢ are real-valued.
In the case in which A\g = 0 (for instance, for the Neumann Laplacian) we assume that all the
functions involved have zero integral mean over Q. With this, any function u(t,z) € L?(R x Q) can

be written as
_ 1 o itp
uww—ﬁwﬂégymwmw .
where
w(®) = [ utta)on(e) de
and ug(p) is the Fourier transform of uy(t) with respect to the variable ¢ € R:

amm—@;néwmfmw
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The domain of the operator H* = (0; + L)®, 0 < s < 1, is defined as
o
Dom(H?) = {u € LA (R x Q) : ||ull%s := / Z lip + Mel*[ur(p)* dp < oo}.
R k=0

This is a complex Hilbert space with norm || - || s, whose dual is denoted by Dom(H#)*. Moreover,
Dom(H?) € Dom(H?) whenever 0 < s <t < 1. For u € Dom(H?), we define H%u € Dom(H?®)*, in

a ‘weak sense’, as acting on any v € Dom(H?®) by

(Hou,0) = [ Y (ip+ \e)*ur(p)tk(p) dp (2.1.1)
R =0

where U (p) denotes the complex conjugate of 03 (p). We have
[ullFrs = (H*/?u, H*/?u) for any 0 < s < 1.

Notice that in the expression (2.1.1) we need to appropriately decide which s-power of the complex
number (ip + \x) we are taking. We are able to clarify this by developing a semigroup technique,
in which the Gamma function plays a crucial role. The method permits us to show that (2.1.1) is
indeed a Master equation, or nonlocal in space and time integro-differential operator, in divergence
form. Observe as well that Dom(H?®) encodes the boundary condition on L.

As the family of eigenfunctions {¢y}x>0 is an orthonormal basis of L?({), we can write the

semigroup {e~ 7%}, > generated by L as

b vy =3 e = W (z, dzd
(€0, 0) 2y g . /Q /ﬂ (2, 2) (=) (x) d dx

for any ¢, € L?(f2), where ¢}, = / oo dx and Y = / Yoy dr. As it happens for (2.0.1) and
Q Q

all the other cases (1)-(6), we will always assume that the heat kernel for L is symmetric and

nonnegative:

We(x,z) = Wr(z,z) > 0.

Since 9; and L commute, we define, for any u € L?(R x Q),

eyt x) = e_TL(e_Tatu)(t, z)=e "Lut—r1,))(x)
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in the sense that, for any v € L?(R x Q),

(™™ u,v) 2oy Ee TGP (p) 0k (p) dp
R k=0
/Ze TN (t — 7)o (t) di (2.1.2)
R k=0

:/R/Q Wi (2, 2)ult — 7 2)o(t, o) dz da dt.

Lemma 2.1.1. Let 0 < s < 1. If u € Dom(H?) then

1 * dr
(H u,v) = /0 (e u, v) 2 rxn) — (U, V) L2Rx0)) “Tis

Proof. Let u,v € Dom(H?). We will use the following numerical formula with the Gamma function
that comes from performing the analytic continuation to Re(z) > 0 of the function that maps

€ [0,00) to t*, see [9, 42],

1 o0 , dr
. s _ —7(ip+Ak) _q R. 2.1.
o+ = 5y | (e ) e (213)

The integral above is absolutely convergent. Then, in (2.1.1) we have

ou0) /RM[

> —7(2 dr | - ~
o) MCRUAEE Hs]uk(mvk@)czp.
0 T

On one hand,

1/lip+Ag S~ dr 1/lip+Akl
/ 7T 1) o < C|z‘p+Ak|/ 70 dr = Clip + A",
0 0

On the other hand,

> —7(ip+A dr > —1- ,
/ e~ TPt AR) s §C’/ T %dr = Clip+ \i|*.
L/lip+Ak| T 1/lip+Akl

Since u,v € Dom(H?*), Fubini’s Theorem and (2.1.2) allow us to get the conclusion. O
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We observe that in the above lemma we are able to write down the ‘weak form formulation’ of
H?*u using the heat semigroup e~ 7. This is what we call the semigroup method. Next we see that
by using our semigroup method for the concrete cases (1)—(6) we are able to obtain an integro-
differential formula for H*u which shows that (1.0.1) is indeed a Master equation as in (1.0.3), but

in divergence form.

Theorem 2.1.2. Let L be as in (1)—~(6). If u,v € Dom(H?®) N C°(R x Q) then

(H*u, (O + L)*u,v)

/ ///K 7,2, 2)(ut = 7,3) —u(t — 7, 2))(v(t, ®) — v(t, 2)) dz dw dt dr

RN ‘”;ﬁ st )

- Jfe e S e e do o

Wi (z, 2)
20 (=s)|7+s

where

Ky(r,x,2) =

W (z, z) is the heat kernel for L, and

*TLl /W x,z)

Remark 2.1.3. There are cases in which e~7%1(z) = 1. This occurs, for example, when L is as
n (2.0.1) with ¢(x) = 0 and has either Neumann boundary condition or {2 = R", or when L is the

Laplacian —A on R™. Then, in Theorem 2.1.2 we get

Hsu,v>:/OO///KS(T,a:,z)(u(t—T,a:)—u(t—T,z))(U(t,x)—U(t,z))dzda:dth

/ // t_T - |71+£t m))v(t,x) dx dtdr.

The second integral term above is equal to

_ /R /Q (Dre)*u(t, 2)0(t, ) da dt

where (Dieft)® denotes the fractional power of the derivative from the left, which coincides with the

Marchaud fractional derivative, acting on the variable ¢ € R, see [9].
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Remark 2.1.4. If the heat kernel W (x, z) has Gaussian estimates (see, for example, [3, 17]) then
it can be checked that the kernel K(7,x,z) in Theorem 2.1.2 satisfies the size estimates of the

kernels K of the equations considered in [15, 42].

Proof of Theorem 2.1.2. For u,v € Dom(H?*) N CX(R x Q) we have, by Lemma 2.1.1, up to the

multiplicative constant 1/T'(—s),

(Hu,v) = /Oo ((e™ (- = 7,),0(,)) 2 (rxg) — (4, V) 2 (mx02)) %

:/OOO [O/R/Q/QWT(;C,z)u(t—T,z)v(t,x)dzd:cdt—/R/Qu(t,:c)v(t,x)dxdt Tﬁs-

The integral in brackets can be rewritten as

///WT(m,z)(u(t—T,z)—u(t—T,x))v(t,x)dzdxdt

RJ/QJQ (2.1.4)
e (2 ult — 7, 1) — u(t, z))v(t, x) dz dt.

[ e @t - o) - u)ote ) deas

By exchanging the roles of x and z and using that W.(z,2) = W;(z, z), the integrals above are

also equal to

—/R/Q/QWT(QT,,Z)(u(t—T,z)—u(t—T,x))v(t,z)dwdzdt
—i—/R/Q(eTLl(x)u(t—T,x)—u(t,x))v(t,x)d:zdt.

By adding (2.1.4) and (2.1.5), we get that, up to the multiplicative constant 1/|'(—s)],

(2.1.5)

2<H8u,v>—/000 [/R/Q/QWT(x,z)(u(t—T,x)—u(t—T,z))(v(t,x)—v(t,z))dzdxdt

—7L —T1,z))v(t,z)dx d;
+2/]R/Q(u(t,$)—e z)u(t — 7,2))v(t,z) do dt g e

For the operators L in (1)—(6) we always have the Gaussian estimate
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(see, for instance, [2, 3, 17, 23]). Observe that u,v can be extended by zero outside of R x Q so we

can regard them as functions in C2°(R"*1). Then

dr
) /Q W (z, 2) /R(u(t —7,x)—u(t—7,2))(v(t,z) —v(t, 2))dtdzdz ~its

[ [ we.2) / (i, 2) (o, ) (3(p. ) — (0. 2) dpdzde 7

~ o dr
///m o) =, 2N 2) ~ 50,2 [ Wet2 1+S]dzdxdp
a(p, x) — u(p, 2)|* // / (p, x p,2)[?
<
C’//n/n x—z\”HS dzdxdp+ C . x—z|”+25 dzdz dp

e / 1= )20, ) [Zagamy + I(=A)25(p, 2 amy) dp

=0 [P (Frrns @ + P )0 ) dE

where in the last identity we use Plancherel’s identity in R and Fgn+1 denotes the Fourier transform
n (t,r) € R""1. The last integral above is finite because u,v € C°(R"*!). Therefore, we can

write (H®u,v) as the sum of

! - dr
AT (=) /0 /R/Q/QWT(x,z)(u(t —7x) —u(t—71,2))(v(t,z) —v(t,2)) dzdxdt e

’F(;)’/OW/R/Q (u(t, ) — e T (2)u(t — 7,2))v(t, ) dwdt%_

The conclusion readily follows from here. O

and

Remark 2.1.5. In Theorem 2.1.2 we have assumed that v and v are smooth with compact support.

We can relax this assumption as soon as we are able to show that for any u,v € Dom(H?®) we have

L] [ 100 = o 200,00 = 50,01 | [ W) ] dedody < .

This is true, for instance, in the case when L is as in (1) with either Dirichlet or Neumann boundary
conditions, and with ¢(x) = 0. Indeed, by the results in [17], if u,v € Dom(H?) then it follows that

u,v € L}(R; Dom(L?)).
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2.2 Extension Theorem for (0, + L)°* when L is a Normal Operator

The main tool to prove different regularity estimates for (1.0.1) is an extension problem char-
acterization for the fractional operators (0, + L)°. Observe that, in general, L as in (2.0.1) may
have discrete or continuous spectrum in different Hilbert spaces. The extension problem we present
here not only works for (2.0.1), but for any fractional operator of the form (9, + L)®, where L
is a nonnegative normal linear operator in a Hilbert space L?(Q2) with some positive measure dn.
Extension theorem for the case of the fractional heat operator H®* = (9; — A)® was proved in [42],
see also [26]. Here we will present a similar theorem for (9, + L)*.

For the sake of simplicity and concreteness of the presentation we next assume that L is a
nonnegative, normal linear operator in L?(f2), with countable eigenvalues and real-valued eigen-
functions and with a nonnegative, symmetric heat kernel, as in Section 2.1. Recall that if the first
eigenvalue is A\g = 0 (as in the Neumann Laplacian) then we assume that all the functions involved
have zero spatial mean. The general case follows by using the Spectral Theorem or the particular
spectral resolution of the corresponding elliptic operator (like the Fourier transform or the Hankel

transform). Details in those cases will be left to the interested reader.

Theorem 2.2.1 (Extension problem). Let L be a normal nonnegative linear operator on L*(£2)

and H =0+ L. Let w € Dom(H?). For (t,z) € R x Q and y > 0 we define

2s 00 d
Ulta) = g | e uthn)

45T (s)
1 > _r —ﬁH dr
= 1—‘(8)/0 e e 4r u(t,m) 7"1778 (221)
1 2 dr
_ —y*/(4r) ,—rH (175
F(s)/o e e " (H%u)(t, x) pp—

Then U(-,+,y) € Dom(H) for each y > 0, U € C*((0,00); L2(R x Q)) N C([0,00); L*(R x Q)) and

U € L?((0,00); Dom(H), y' ~2%dy). Moreover, U is a solution to

— (1=2s
(HU,v) = < oyU + OyyU,v>L2(RXQ) for each v € Dom(H) and y > 0 022)

lim U(t,z,y) = u(t,x) in L?(R x Q)

y—0t
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such that

lim (U, v) p2mxq) =0, for every v € L*(R x Q)

yHOO
and

Sup [(y' = #0,U, v) 2rxe)| < Cillullms||vllms,  for every v € Dom(H?).
y>

In addition, for every v € Dom(H?),

[C(=s)|

1 : 1-2s _ s
‘?Syli%h@ ayU>U>L2(R><Q) = T (s) (Hu,v)
— — lim <U('7'7y)_U('7'aO) ’U>
y—0+ y2s " L2 RxQ)

Theorem 2.2.1 shows that the solution u to the nonlocal problem H*u = f can be characterized
by the solution U to the local problem (2.2.2). Another main novelty is the set of explicit formulas
for the solution U we discovered in (2.2.1). Observe that U is given in terms of the semigroup
generated by H acting either on u or on f = H%u.

To prove Theorem 2.2.1 we begin with an important preliminary result.

Lemma 2.2.2. Let 0 < s < 1. Denote by K, (z) the modified Bessel function of the second kind

and order v. Fory >0 and A € C with Re(\) > 0 we define

1-s
1) = 77 VD) KV

oo 2
_ ]. / eitei%)‘ dt
I'(s) Jo ti=s

_ oy / = v?/ar) rx AT
45F(S) 0 7”1+S

1 2 d7
_ y?/(41) ,—TAys
= (8) A (& e )\ 1—s"

(2.2.3)

The integrals are absolutely convergent. Fix any s and A as above. Then
(1) Is(y, \) is a smooth function of y € (0, 00).
(2) For eachy >0, Is(y,\) satisfies the equation

1-2
AU — i

Oyt — Oyyu = 0. (2.2.4)



29

(3) lim Ig(y,A) =1.

y—0+

I'(l-s)

4) —y' 0, I(y, \) = ———t—
() Y 8y (y7 ) 45_1/2F(8)

N1_s(y, A).
(5) The following estimates hold:

(5.a) [Is(y, M) < 1.
(5.b) There is a constant Cs > 0 such that

‘1/2

’Is(ya /\)’ < Cs(y’)\ll/2)s—1/2€—cos(arg(A)/Q)y|/\ as y — oo.

(5.c) There is a constant Cs > 0 such that

Al®

y2723

IMs(y, |+ |50y Ls (y, )| + 10y Ls (y, )] < Cs for every y > 0.

(6) The function Is(\,y) is the unique C* solution to (2.2.4) such that

. o . _ 1-2s 00
@1,1—%[3(% A) =1, yll)rglofs(y,)\) =0, and y 0,I(y,A) € L7([0,00)).

Proof. Tt is well known that for v arbitrary (see [31, eq. (5.10.25)])

1 v [
K,(z) = 5(%) /0 e~te /M dt for |arg z| < %

As K, = K_, we get the second identity in (2.2.3). The third one follows from the change of
variables r = y?/(4t). The last one for A > 0 is obtained from the third one via the change of
variables 7 = y2/(47)), and the general case of Re()\) > 0 follows from the case of A > 0 by analytic
continuation.

Now (1) is easy to check by differentiating under the integral sign. Indeed, since
2s+1

7) oY/ (47)

< Oy e /(o) (2.2.5)
2T

0,y e /)] = | (242 -

we get

oo 2s
_ Yy —y2/(4r) \ —rA dr
Oyls(y, A) /0 Oy <45F(s) e )e ey
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Similarly for higher order derivatives. For (2) we can use integration by parts to get

r —r dr
AIs(ya)‘) = 4SF( )/ e v/ )87”6 g rlts

e —y?/(4r) o
4sr / rFs ) dr

“wr, O “%ay)(e:fii“’“))ew

sy, A)-

- 81/9‘[ ( >‘)

The proof of (3) follows readily from the second identity in (2.2.3) and dominated convergence. By

using that the Bessel function K, satisfies

;Z[ZVKV(Z)] =—2"K,1(2) = —2"K1-4(2)

we immediately obtain (4). Observe that (5.a) is clear from the second identity in (2.2.3). The

asymptotic estimate (see [31, eq. (5.11.9)])

K,(z) = Cz_l/ge_z(l + O(|z\_1)) as |z| = oo, |argz| < 7w —4, § >0,

12
implies (5.b). To prove (5.c), observe that the function g(t) = e~ RN 4s—1 oo 4 maximum at
2 1
t= y4(13i(5)) Wthh 1S 9max = C (2 )23 . Hence,

1 Re())s!
I < — t < Cy—t—.
LN < pi ot ar <

The estimate for %ayls(y, A) follows from (4) and (5.a). We can bound 0y, Is(y, A) by using (2.2.4)
and the previous two estimates. We see from (5.b) that Is(y,\) — 0 as y — oo. To prove
(6), let J(y) be a smooth solution to (2.2.4) such that lim, o+ J(y) = 0, limy o J(y) = 0 and

ly1 =250, J (y)| < C for all y > 0. Multiply (2.2.4) by y*~25J(y) and integrate by parts to get
| RI@E e+ [0, Ry =0,
Since Re(A) > 0, it follows that J(y) = 0. O

Remark 2.2.3. The fact that Bessel functions can be used to treat extension problems was first

observed in [41]. Here we have extended [41] to apply to the case when X is complex-valued. See also
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[42] for solutions to the extension problem in terms of integral representations of Bessel functions

for the particular case of (9; — A)*, in which A = ip + |£]2.

Proof of Theorem 2.2.1. Let us denote U(y) = U(,-,y), for y > 0, where U is given by (2.2.1).

Since
2s 00
y 22 At dT o
P / e v/ )ﬁ =1 (2.2.6)
we find that, for any v = v(t,z) € L}(R x Q),
2s ]
Y ) p _r dT
[(UY), v) r2mxey| < 48F(5)/0 eV /U " | 2wy 101l L2 m e pE

< ull 2oy IVl 2@

so that
Y[ ) i dr
<U(y) > L2(RxQ) — 4SF( ) e <€ U7U>L2(R><Q) ﬁ < 0. (2.2.7)
In particular, for each y > 0, U(y) € L*(R x Q), with

N0 2exe) < llullz@xo)-
In addition, by using (2.1.2) and (2.2.3) from Lemma 2.2.2,
(U(y),v) r2mx0) / Z ug(p s(y,ip+ A) dp
and
U (2n) 1/2 /Rzuk sy, ip+ M) pr(x)e’ dp.

Next, by using Lemma 2.2.2 parts (5.a) and (5.¢),

/RZ lip + MR ()P Ls(y, ip + i) > dp < (p)|* dp < oo,
k=0

we get that U(y) € Dom(H) for each y > 0. Then, for any v € Dom(H), (see (2.1.1))

(HU(y /Rzuk o (p) (ip + M) Ls(y, ip + i) dp.
k=0

Let us check that U € C*((0,00); L}(R x Q)) and that, for any k > 1,

85<U(y)a U>L2(Rxﬂ) = <65U(y)7 U)L?(Rxg)-
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Indeed, first notice that

—‘I'/\i ‘

(e u,v) parey] <€ ull 2 mxqy IVl L2 <0 (2:2.8)

where ¢ = 0 if A\g # 0 and ¢ = 1 if Ay = 0. Here we have used that

oo
—rH —2rA —2rAs
le™ ™ ull 22 xq) :Ze °r ’“/RUk(t—T)thﬁe 75l 2o @ -
i

By using (2.2.5),

r

dr
7-1-1—5

2s
Y —y2/(4r —TH
6y<451-w(8)e v/ )><€ u7v>L2(R><Q)

< Oyt [ I Y ~y?/(er) dr
= Gy Ul L2(RxQ) ’UHLQ(RXQ) 0 € € Fl+s

so we can differentiate under the integral sign in (2.2.7). Similarly it can be done for higher order
derivatives and we get U(y) € C°°((0,00); L*(R x )).

Observe that, by the first equation in (2.2.3),
< 19 2 o1 - 2 2
|y = [yt [ S i i) It io + A dpdy
0 0 R o
o 00
= [ liot Ml [y Lo+ )P dydp
R o 0
& 00
<C [ S lio+ M ROP [ ylKu i+ )P dy dp.
R .o 0
To estimate the integral in dy, let r = y|v/ip + \x| and 6 = arg(v/ip + A), hence
o o .
/ ylKs(y\/ip + M) P dy = |ip + /\k!_l/ r|K(re)Pdr < Cylip+ M| ™",
0 0
In the last inequality we used the fact that
Ky(z) ~Cyz™® asz—0, and K,(z)~ 2727 asz— oo, (2.2.9)
see [31]. Then,

/0 YU |2 dy < CS/RZ lip 4+ Me|* )Tk (p) | dp = Cs ||ull3. < o0
k=0
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so U € L%((0,00); Dom(H), y' ~2%dy).

For v € Dom(H), by Lemma 2.2.2, we have that

/Zuk O (p)(ip + M) s (y,ip + M) dp

R =0

/Zuk (1 288 +ayy) (y,zp+)\k)d
Ri—o

- <<1_1/250y + ny) Ul(y), ’U>

By Lemma 2.2.2 and Dominated Convergence Theorem,

L2(RxQ)

iig%w(y) L2(RxQ) = /Zuk O(p) dp = (u,v) 2R x0)

and
_9g I'(l-s)
(BB Vo) = e / Z (ip -+ M TR (PR3 + M) dp
i (2.2.10)
— 5 s , -
WQF(S)<H 'LL,U>, asy%() .
Now, for every v € Dom(H?), since I5(0,ip + A\;) =1,
1 s(Ysip+ k) — 1
ﬁ<U(y) = U(0),v) 2(mx0) / Zuk er dp.
From the third equation in (2.2.3), (2.2.6) and (2.1.3) we get
Is(y72p+)\k)—l 1 /OO _y2/(4 Y (,—T(ip+Ai) dr
— T 7(4 1
y2s 45T (s) € (e ) 1¥s
I'(—s),. s
— 43(I‘(8)) (ip+ M), asy— 0%,

Moreover, by applying Lemma 2.2.2(4) and (5.a),

Liyip+ ) —1 1 [¥ ,
| (y ZprS k) ’ < 28/ |8TIS(T', Zp—i—)\k)\d?“
0

C Y
< alin+ )\k|5/ 27 dr = Cylip + M.
0

Thus, as u,v € Dom(H?), by Dominated Convergence Theorem,

1
i S (U) — U0y = o S) [ 2o e
_ Dles (H u,v).

45T (s)
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For any v € L*(R x ), by (2.2.8) and Lemma 2.2.2, we have

Ly dr

2s o0
Y —h —
|<U(y)7U>L2(R><Q)| < ||UHL2(R><Q)||U||L2(R><Q) 451“(3)/0 e e Tl+s

v
4

(2.2.11)

= |lull e 1Vl L2rx) Ls (s Ai),
where i = 0 if A\g # 0 and ¢ = 1 if A\g = 0. Since I4(y,\;) — 0 as y — oo, we get that U weakly

vanishes as y — oc.

If v € Dom(H?) then we see from Lemma 2.2.2(5.a) and (2.2.10) that

‘<y17288yU, U>L2(RXQ)’ < CSHUHHSHUHHS7 for all y > 0.

2.3 Extension Problem for (0; + L)® when L is a Divergence Form Operator

In this section we specialize the extension characterization for (9; + L)® in Theorem 2.2.1 to the

case when L is a divergence form elliptic operator. Then we can get an equivalent formulation of
(2.2.2) in weak form.

Let Q C R™ be a (possibly unbounded) domain and
Lu = —div(A(x)Vu) + ¢(z)u in Q,

where A(z) = (A% (x)) is a bounded, measurable, symmetric matrix defined in Q, satisfying the

uniform ellipticity condition, that is, for some A > 0
ATHEP < AY(x)6iE; < A€

for a.e. = € Q, for all £ = (&), € R”, and c(x) € LS () is a real-valued function. For

loc

u, f € L*(Q), the equation Lu = f in Q in the weak sense means that Vu € L?(Q), ¢'/?u € L*(Q)

and

AA(x)Vqud:c%—/Qc(x)uvdx:/vadx,
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for every v € C°(2). We also assume appropriate boundary conditions on 99 so that L has a
countable family of nonnegative eigenvalues (A, ¢1)52, such that the set of real-valued eigenfunc-
tions {¢;}7°, forms an orthonormal basis for L?((2). As before, if the first eigenvalue Ag = 0 then

we assume that all the functions involved have zero spatial mean. In particular,
Lo = M\, for all k£ > 0 in the weak sense.
Therefore, if we define

HL(Q) = Dom(L) = {u e LX) Mlul® < oo}
k=0
where u, = / ugy, dr, then, for any u,v € Hi(Q),
Q

/ A(zx)VuVudx + / c(z)uvde = Z AU VL.
Q Q

k=0
The operators listed in (1)—(4) at the beginning of this chapter satisfy the conditions above.

Now, the extension equation takes the form
U =y~ (1729) divy, (y' "2 B(2)V,,U) — c(x)U,

where

is also uniformly elliptic. Let us denote D = {(z,y) : z € Q, y > 0} C R**!. The Ay(R"Y)-class of
Muckenhoupt weights is the set of all a.e. positive functions w € L (RN), N > 1, for which there

loc

exists a constant C,, > 0 such that

(i ) G ) =

for every ball B C R, see [24]. It is straightforward to check that the weight w(z,y) = |y|' =% be-

longs to the class Ap(R™*!). Define H}w (D) as the set of functions w = w(x,y) € L?(D,y'~2*dxdy)
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such that

/ / 1725 (A(z) Vo Vw + c(z)w?) dxdy+/ /yl_Qs\awadxdy
0o Ja

— [Ty Z M| wr (y) [ dy + y' " P|0ywl? d dy < oo,
0 0 Q
k=0

where w(y) = / w(z,y)or(z) dz, under the norm
Q

HwH%Ii,y(D HU)HLQ yl- Qdedy)—}_[w]%—Ill”y(D)-

Theorem 2.3.1. Consider the extension problem in Theorem 2.2.1 with L is as above. Then U,
defined in (2.2.1), belongs to L*(R; Hiy(D)) N C>®((0,00); L2(R x Q)) N C([0,00); L*(R x 2)) and

for any fized y > 0 and v € CX(R x Q),

12259, +3yy> Uvdtdr = yQS_l/R/Qay(yl_ZsayU)v dtdz.

(HU,@:/R/Q( =

In particular, U is a weak solution to the parabolic extension problem

U =y~ (1729 divz7y(y1_2‘sB(x)Vz7yU) —c(x)U  for (t,z,y) € R x Q x (0,00)
129 U‘ _ =% prs, for (t,z) e R x Q
) y=0+ 4s—1/21—\(s) )

in the following sense: for any V(t,x,y) € C(R x  x [0, 00)),
//Uatdedt // 2)VoUVV + c(z)UV) da dt
—// l—fsaerayy)Udedt
RJQ

/ // - 2SUatdedtdy_/ // 1725(B(2) Ve yUVayV + c(2)UV) dz dt dy
0

I'(1—s)
Wﬂ“()&[ u, V(t,x,0)).

(2.3.1)

and

Proof. Let us first check that U(t,z,y) € L*(R; Hiy(D)) We found in (2.2.11) that

IUW)IL2@x0) < [[ullp2@xo)Ls(y, Ai)
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where ¢ = 0 if A\g # 0 and i = 1 if \g = 0. Then, from (2.2.3),
/o v N0 W) 122 @xa dyﬁcs”“”%?(naxg)/o ' 2 (V)P K2 (yv/ ) dy

_ csuuyy;mxmxg—l/o rK2(r)dr < oo.

In the last inequality we used (2.2.9). We are left to show that

00 oo 0o
L[ SoavewPayars [ [ [y 0,00m0)P ddydt < o,
R’ Jo o rJo Jo

where, for any k >4, for i =0 if \g #0 and ¢ = 1 if A\g =0,

(2.3.2)

Uk(tay) < ( ’ 7y) ¢k( )>

2s 00
_ Y /() (=Lt — 7). da (. AT
- 431“(8) /0 eV <€ u(t T, )7¢k( )>L2(Q) F1ts
2s 00
_ Yy —y2/(47) —T A _ dr
T0) / e e up(t —7) i

From here and (2.2.3) we see that

/R Ukt )2 dt < a2 s, M) 2

Therefore, as done in (2.3.2),

/R /0 Y2 S MU ) dydt < S Aplun 2y /0 Y2 (A K2 (/) dy
k=0 k=0

oo
< 03 Aillug 2 < oo
k=0

Next, observe that

0,U(t, 1) = Cu® 12 [ [ T+ 0Tl + e ap| ona)

and then
10, U172 xqy = Csy™® Z/R @k () Plip + Ml " K= (y/ip + M) > dp.
k=0
Hence we have,
/0 v P10, U122 ey By

=03 [P+ M [ yKio/i = X0 dyd.
k=0
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To estimate the integral in dy, we write r = y|v/ip + A\g| and 0 = arg (\/ip + )\k) to get
Ki_ ip+ e dy = ——— / r|Ki_s(re”)|*dr < ————
/0 YIE—s(yvip + M)l dy FESwi) [ K1 —s(re”)] ‘Zp+/\ i

because of (2.2.9). That gives us

|10 ey v < €3 [ @i+ Mldp < .
0 k=0

Thus we show that U(t,x,y) € L*(R; Hi’y(D)), as desired. Next let us assume that V € C°(R x

2 x [0,00)). The action of 0;U on V is given by

QUV) = — / Ua,Vdt
R

for a.e. (x,y) € 2 x [0,00). For a fixed y, we already know that

(HU,V>:/R/Q<

But now we notice that,

1220, + 0y, ) UV dbdo =y /R /Q 8,(y\=20,U)V dt da.

(HU,V) /Zuk (W ip+ M)ipVi(p. y) dp
R k=0

/Z)\k;uk 5y, ip + M) Vi(py) dp

-/ ST ) s s+ AV (o) dp
R

k=0

/Z)\kuk (i + M) Vi(p,y) dp
R

k=0

//UatVd:ndt+// @)V UV + c(2)UV) da dt.

Thus, (2.3.1) follows. Let us multiply (2.3.1) by y'~2% and integrate in dy to obtain

/ //y1_258tU( Ydzdtdy = — / // 1725 (A(2) VUYLV + c(2)UV) da dt dy
0 RJQ
+/ //y“s 1_T288y+6yy>Udedtdy.
0 RJQ
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Let us assume that 0 < a < b < oo. Since U € C*((0,00); L*(R x )), we can apply Fubini’s

Theorem and integration by parts to get

b
///y1_28 ﬂay"‘ayy)Udedtdy
/// y'=20,U)V dydt dx
__/ //y1—2sayU6deydmdt+//yl—zsayUVd:Edt‘in.
o JRJO RJO y=

By letting a — 0 and b — oo, we have

/ //y1_25<1_y?56y—|—8yy>Udedtdy
0 RJQ
——/ // 1=259,U0,V dy dx dt — hm// 1=259,UV da dt.
0 R y—0t

To conclude,

lim// 1=259,UV) dmdt—hm// 1=29,U(V(t,z,y) — V(t,2,0)) dz dt

y—=0 Jr Jo y—0
+11m// 17259, UV (t,2,0) du dt
y—0
LA=5) s V(0
_45 1/2F( )( u, (a ; )>7

where for the last identity we have used (2.2.10), the fact that V' € C(R x € x [0,00)) and

Dominated Convergence Theorem. Indeed, we can prove that

2

y' "Fo,U(V(t,x,y) = V(t,2,0)) dedt] < CsllullF:llV(,-y) = V(- 0)[Fs

< Csllull B 1V () = V(- 0) 7

< cs,A\rurr%s{rrv<-, ) = Vo 0oy + /R /Q OV (1,2, ) — V(t,2,0))? du dt

2 2
+/R/Q]Vx(V(t,x,y)—V(t,az,()))| da:dt—l—/R/Q|c(x)||V(t,:L‘,y)—V(t,$,0)| dxdt}

—0 asy—0.
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Remark 2.3.2. If the elliptic operator L has continuous spectrum, then all the previous results
are still valid.
Consider, for example, L = —A in 2 = R™. We can use Fourier transform F in the variables ¢

and z to define the operator (9, + L)® as

(@ = 8y = [ [ (o + 160 Fulp, 6 Fo(p.€) de .

The analogous to the expression

u(t,z) = Zuk(t)ék(:c)

k=0
in this case is just
1 .
_ -~ i&-x
) = oo [ a0 ag

where the Fourier transform is taken in the x variable by leaving ¢ fixed. The eigenvalues and

eigenfunctions (A, ¢r)7, are replaced by (|¢ 2, ei€)¢egn. Consider another one, the Bessel op-

A1)

2

erator L = —% + , for A > 0, in © = (0,00). In this case we can use Hankel transform
in « and Fourier transform in ¢. Let ¢y(x) = (yaz)l/zJ,\_l/g(ym), z,y > 0, where J, denotes the
Bessel function of the first kind with order v. Then L¢,(x) = y*¢,(x) and the eigenvalues and
eigenfunctions (A, ¢x)72, are replaced by (y2, ¢y(x))y>0. The Hankel transform in the variable x

is defined as
Hu(t,y) = / u(t, z)py(x) d
0
and, since H~! = H, we can write
u(ta) = [ Hult. )o@y

With this, we can let

@+ 1yu) = [ [ (o). H5Go.) du .

We conclude this section with an important lemma which is useful for the next section and also
when we prove Harnack inequalities in the next chapter. In this lemma, we will prove that the
reflection extension of U, with respect to the variable y, also satisfies equations like in Theorem

2.3.1.
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Lemma 2.3.3 (Reflection extension). Let L and U be as in Theorem 2.3.1. Let Qo C € be a

bounded domain and (Tp,T1) C R. Suppose that

. 1-2s _
yli)%lJy WU, V) r2mxo) =0

for allV € C°((Ty, Ty) x Qo x [0,00)). Fiz Yy > 0. Then, the even extension U of U in the variable

y, defined by

» Ul(t,z,y) for0<y <Yy
Ult,z,y) = (2.3.3)

U(t,x,—y) for =Yy <y<O0
1s a weak solution to the degenerate parabolic equation
8:U = y| 772 divy (Jy|' > B(2)Vay U) — c(x)U (2.3.4)
n (To, T1) x Qo x (Yo, Yo).

Proof. Let us assume that V € C°((T1,T2) x Qo x (—Yp,Yp)). We shall prove that

/ / \yP*?S(?atdedydt
/ / !y\l 25(B(2)VayUVayV + c(x)UV) d dy dt.

Suppose ¢ > 0. From (2.3.1), for any y > 0, we have

//U&tdedt // )V UV,V + c(2)UV) da dt
—//Iy\2318y(!y|1238yU)dedt.
R JQ

By multiplying this equation by |y|'~2%, integrating in y € (8,Y}), and using integration by parts

we get

Yo
/ / |2 U8,V da dy dt
Qo

Yo _ _
/ / y|" "2 (B(2) V4 yUVayV + ¢(z)UV) da dy dt
Qo

Ty
+/ /51_288yU(t,:c,5)V(t,x,6)dxdt.
TO QO
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From here we readily get

s _
/ / ly|} 725U,V da dy dt
To Jo<|yl<Yo /0
Ty N N
= / / y|' =% (B(2)VayUVayV + c(a)UV) du dy dt
To Jo<ly|<Yo J Qo
T
[0, sV (6~ de
To Qo
T
+/ / S1E9,U(t, x, 6)V (t, x, ) dx dt.
To /90

The conclusion follows by taking § — 0 in this last identity. 0

We mention that the lemma above is also true for all the cases listed in Remark 2.3.2.

2.4 Fundamental Solution

2.4.1 Fundamental Solution Using Spectrum and Heat Kernel of L

Given f € L*(R x ), the solution u € Dom(H?) to H*u = f is given by

ulten) = ) = (27r1)1/2 /R ;(i" + )~ Fr(p)on(x)e' dp.

Using the Gamma function identity

1 > . dr
; ) S = —7(ip+Ae) 2
(Zp + k) F(S) /0 € 7—178

and the heat kernel W, (x, z) for L, we readily find that

:/ZAK_S(T,x,z)f(t—T,z)dsz

Definition 2.4.1 (Fundamental solution). The function

o

W (. . o
Kol 2) = X0 (5 = s ¢ ()

is the fundamental solution for the nonlocal equation H*u = f.
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We can estimate this kernel by applying known estimates for the heat kernel of L.

(a) If the coefficients A(z) are bounded and measurable then, by [23], we find that

K_ (1,2,2) < Tile*w*z'z/(”) z,2€Q, 7>0
n -5

for some constants C, ¢ > 0.

(b) If the coefficients A(x) are bounded and measurable in @ = R™ then, by Aronson’s estimates

3],

C
71/27_:1_67‘9372‘2/(017') < K_S(T,x,Z) < %efu—zp/(ch) z,2 € Rn7 >0
T s nj2+1—s

for some constants C1,c1,Cs, co > 0.

(c) If the coefficients A(x) are Holder continuous with exponent « € (0,1) and L is endowed with
homogeneous Dirichlet boundary conditions then, from [36, Theorem 2.2], there exist positive
constants ¢, c1,co and n < 1 < v depending only on n,«a, ) and ellipticity, with ¢ depending

also on s, such that

< K _4(1,2,2)

. <17 (150(1‘)(;50(2) > 6_)\07' e—Cl|CL‘—z|2/(T)

—1_s—1
¢ 7% " min
max(1,77) max(1, 77/2)

YL CA PSS ot

< er® lmin (1, _
- < max(1,7Y) max(1, 77/2)

for all x,z € Q, t > 0.

(d) Under the hypotheses of (c), if in addition we assume that 2 is a C'7 domain for some
0 < 7 < 1, then the estimate above is true for = v = 1 and the constant ¢ depending also on
7. In particular, the estimate holds when (0; + L)® = (0; — Ap)?®, the fractional power of the

heat operator with Dirichlet Laplacian in a C*7 domain.

(e) For the case of Neumann boundary conditions, if € is an inner uniform domain then two-sided

Gaussian estimates for the Neumann heat kernel hold and we obtain

Cq

PN < K (r2,2) < O e e >0
n —s

- n/24+1-s
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where d(x,z) denotes the geodesic distance between z and z in Q. In particular, if Q is
bounded and convex, or if it is the region above the graph of a globally Lipschitz function,
then the geodesic distance d(x, z) can be replaced by the Euclidean distance |z — z|. For details

about inner uniform domains, see [37].

2.4.2 Fundamental Solution Using Extension Problem

Now we will estimate the fundamental solution of (0; 4+ L)*u = f when L = —div(A(x)V) using
the extension theorem. For the convenience of the reader, we write down the extension theorem,
Theorem 2.3.1, for the case when c¢(z) = 0. Let D = {(z,y) : 2 € Q, y > 0} C R*""! as in Section
2.3 . We recall that the weight w(z,y) = |y|* belongs to the Muckenhoupt class Ag(R"F1). Again

we define Hby(D) as the set of functions w = w(zx,y) € L*(D, y*dxdy) such that

[w]%liy(p) ::/0 /gzyaA(x)vmwvad$dy+/o /an|3yw\2 dz dy

= [ "> Melwr(y)P dy + y*|0yw]® dx dy < oo,
0 0 Q
k=0

where wy(y) = / w(z,y)or(z) dz, under the norm
Q

2

HwH?{i’y(D) = HwH%Q(D,y“dxdy) + [w]in

Ly(D)

Recall that {e"™},>¢ denotes the semigroup generated by H = 9; — div(A(z)V,).

Theorem 2.4.2 (Extension Theorem). Let us assume that uw € Dom(H?). For (t,z) € R x Q and

y > 0, we define

2s [e'e]
_ oy —y2/(ar) ,—rH dr
Ut,z,y) = 45F(5)/() eV e THu(t,x) g
1 * L, Py dr
= F<s>/0 e e 4r u(t,:v) E (241)
1 dr

_ > —y2/(4r) —rH s
F(5)/0 e e " (Hu)(t, x) pp—
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Then U belongs to L*(R; Hiy(D)) N C%((0,00); L2(R x Q)) N C(]0,00); L2(R x )) and is a weak

solution to the parabolic extension problem
(

U =y *div(y*B(z)VU) for (t,z,y) € R x Q x (0, 00)

a I(l-—s s
—y*o,U o 437(11/72&3)}] u  for (t,z) R x Q

U(t,z,0) = u(t,x) for (t,x) e R x Q

with boundary condition U = 0 or 94U = 0 on Rx9Qx (0, 00), depending whether L is endowed with
homogeneous Dirichlet or Neumann boundary conditions, respectively. Namely, for any V(t,x,y) €
CP(R x 2 x [0,00)), in case of Dirichlet; or for any V (t,z,y) € C°(R x Q x [0,00)) with compact

support in t and y, in case of Neumann,

//Uatdedt—//A(x)VmUVdea:dt
RJQ RJQ

—/R/Q(gayjuayy)Udedt

lim, o+ U(t, 2,y) = u(t,z) in L*(R x Q) and

/ //yaUatdedtdy:/ //y“B(a:)VUVVd:cdtdy
0 RJQ 0 RJQ
(1-s)

I'(l—s s
_ WW(H u, V(t,x,0)).

By density, these identities hold for test functions V in L*(R; Hia(D)) In addition, we have the

estimate

Ul 2@t (o)) < Cllullpom(ae) (2.4.2)

where C' > 0 depends only on s.

Now let K_4(7,x, z) be the fundamental solution of H® with pole at 7 = 0 and z = x. For fixed

x, let U = U*(7, 2z,y) be the solution to the following extension problem

y28,U® — div(y*B(2)VU?) = 0 in R x Q x (0, 00)

—limy 0 y*(U")y(T, 2,y) = s0(0,2,0) on R x
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with the appropriate boundary condition on R x 9§ x [0, 00). Here (g ;o) denotes the Dirac delta

at 7 =0, x € 2 and y = 0. Then we see
K_¢(1,z,2) =U"(7,2,0).

Let U” to be the even reflection of U® with respect to the variable y, that is, U”C(T,z,y) =

U*(1,z,ly|). Then, exactly as in Lemma 2.3.3, we find that U? solves
ly®0;U" — div(|y|B(2)VU") = ¢s6(000)  in R x Q x (—o0,00)

with the corresponding boundary conditions. To see that, as in Lemma 2.3.3, for V' € C2°((—o0, 00) X

2 X (—00,00)) and for some € > 0, we write

/ /| /Q|y]1250xatdedydT
—oo Je<L|y|<oo

:/ / /Iyll‘QSB(z)Vz,wavz,dezdydT
—oo Je<|y|<oo JQ

+ / / e TE9,U (1, 2,€) [V (T, 2,€) + V (1, 2, —¢)| dz dr.
—o00 JQ
But —limy 0 y*(U®)y(7, 2,9) = cs0(0,2,0) on R x €, which means
lim/ / 6172883/(]%(7', z,6)V(1,2z,€)dzdr = ¢V (0,x,0),
e—0 —o0 JQ

and similarly

e—0

lim/ /961288yU‘T(7', z,e)V(7,z,—€)dzdr = ¢V (0,z,0).

Then we have, as € — 0,

/ / /|y[1_250x8tdedydT
—o0 J —00 J

:/ / /y|1_QSB(z)VZ,yU‘BVZ,yVdzdydT+cSV(O,m,0),
—o0 J —o0 /2

which proves our claim.

Clearly, for U* (7, z,y) = XTE(]U“T(T, z,y), we have
ly|*0-U* — div(|y|*B(2)VU*) =0 in (0,00) x 2 X (—00,00)

lim, o U™ (T, 2,y) = €s0(0,2,0)-
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Then U* is the heat kernel associated with the elliptic operator div(|y|*B(z)V) with pole at
(1,2,y) = (0,2,0). Thus, from known heat kernel estimates for degenerate parabolic operators, we
can derive bounds for the fundamental solution K_4(7, x, z).

Suppose that Q = R", denote X = (2, 2,11), Z = (2,9) € R**! and let W, (X, Z) be the heat

kernel for div(|y|*B(z)V) with pole at 7 = 0 and Z = X. From [22], we have the Gaussian estimate

’WT( e—ch—Z|2/’T

C
X,72)| <
\/wT(X)\/wT(Z)
where w(Z) = |y|* is an As-Muckenhoupt weight, w,(Z) is the w-volume of the ball centered at Z
with radius /7 in the usual metric in R"*! and C, ¢ > 0 depend on s, n and ellipticity. It is easy to

check that w,((z,0)) ~ 77/2t1%5 Therefore, the fundamental solution for H?, in Q = R, verifies

C

v —cz—z/T
Tn/2+1+se when 7 > 0

K_¢(1,2,2) = W:((2,0),(2,0)) <

for C,c > 0 depending only on s, n and ellipticity. Compare this estimate with those in Section

2.4.1.
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CHAPTER 3. HARNACK INEQUALITIES

3.1 Interior and Boundary Harnack Inequalities

We begin this chapter with the following interior Harnack inequality.

Theorem 3.1.1 (Parabolic interior Harnack inequality). Let L be as in (2.0.1). Let B, be a ball
of radius 2r, r > 0, such that Bo, CC ). There exists a constant ¢ > 0 depending only onn, s, A

and r such that if w = u(t,z) € Dom(H?) is a solution to

Héu =0 for (t,z) € R:=(0,1) x Ba,

u>0 for (t,xz) € (—o0,1) x Q,

then
supu < cinfu
R- Rt
where R~ := (1/4,1/2) x B, and R* := (3/4,1) x B,. Moreover, solutions v € Dom(H?®) to

H%u = 0 in R are locally bounded and locally parabolically a-Holder continuous in R, for some
exponent 0 < a < 1 depending on n, A and s. More precisely, for any compact set K C R there

exists C' = C(c, K, R) > 0 such that

g2 gy < Cllulzzecon.

Proof of Theorem 3.1.1. Consider the extension U of u given by Theorems 2.2.1 and 2.3.1. If u > 0
in (—oo,1) x Q then, since the heat kernel for L is nonnegative, the first formula in (2.2.1) gives
that U > 0 in (0,1) X By, x [0,2). Lemma 2.3.3 with Yy = 2 implies that U, as defined by (2.3.3),

is a nonnegative weak solution to (2.3.4) in (¢,z,y) € (0,1) x By, X (—2,2). The parabolic Harnack
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inequality due to Ishige [27] gives the existence of a constant Cy > 0 such that

supu(t,z) = supU(t,2,0) < sup  U(t,z,y)
R- R~ R—x(-1,1)

<C inf Ut
<Cu b (t,z,y)

< Cginf ﬁ(t,x,O) = Cyinfu(t, ).
R+ R+

Now we prove the local boundedness and Hélder estimates on w. By using the results in [27]
we get that Uis locally bounded and locally parabolically Holder continuous of order 0 < o < 1 in

R. Let K be a compact subset of R. We have

1T oo (rex(~1,1)) < CNU N L2 (—2.2)) = 2CNU || L2 (rx (0.2))-

Since ||Ul|r2(rx(0,2)) < Cllullz2rxq), We obtain

[l oo () < N0 poo (e x(—1,1y) < Cllull 2 xo)-

Next, from the local Holder continuity of U )

[U]Ca/Q,a(K) = [U]C?/Q’D‘(Kﬂ{yzo}) < C||[7||L°°(K><(—1,1)) < CHU||L2(R><Q)'

t,x T

O]

Remark 3.1.2. If in Theorem 3.1.1 we substitute Bs, by an open set and B, by a compact set

contained in the open set, the result remains valid and the constant ¢ also depends on both sets.

To present the parabolic boundary Harnack inequality, let 2y C Q and & € 90y such that
By, (%) C Q, for some r > 0 fixed. Suppose that, up to a rotation and translation, Ba,(Z) N0 can
be represented as the graph of a Lipschitz function g : R*~! — R in the e,, = (0,...,0, 1)-direction,

such that g has Lipschitz constant M > 0. Thus, we denote
Qo N By (7) = {(2/, ) = @y > g(2')} N By (%)
0Q0 N Boy(z) = {(2', 2,) : wn = g(2')} N Bay (7).

Fix a point (tg,zo) € (—2,2) x Qo such that ¢y > 1.
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Theorem 3.1.3 (Parabolic boundary Harnack inequality). Let L be as in (2.0.1). Assume the
geometric conditions on £y and 2 described above. Then there exists a constant C > 0 depending

onn, N, r, M, s, to — 1 and g, such that if u(t,z) € Dom(H?) is a solution to
Hu=0 for (t,z) € (—2,2) x (Qo N Bz ())

u>0 for (t,z) € (—00,2) x Q

such that u vanishes continuously on (—2,2) x ((2\ Qo) N Ba,(Z)) then

sup u(t,:c) < CU(thxU)’
(—1,1)x (QoNBr (%))

Proof. For simplicity, and without loss of generality, we will assume that £ = 0. Let U be the
reflection in y of the extension U of u. By Lemma 2.3.3, Uis a nonnegative weak solution to
(2.3.4) in (t,x,y) € (—2,2) x (Ba-(0) N Q) x (—2r,2r) that vanishes continuously in (¢,z,y) €
(=2,2) x (2 Q) 1 Bar(0)) x {0}.

As a first step we flatten the boundary of €y inside Bs,.(0). We use a bi-Lipschitz transformation
VU such that U(0) = 0 and ¥(Q N B2-(0)) = Q;, where §; is a new domain with flat boundary at
zn = 0, which can be extended as constant in ¢ and y. Without loss of generality we can assume
that the flat part of Ba,(0) "R’} is the flat part of the new domain ;. Then the transformed
function U; := U o U1 satisfies the same type of degenerate parabolic equation with bounded
measurable coefficients in the domain (—2,2) x (R N By,.(0)) x (—27,2r) and vanishes continuously
on (—2,2) x ((R™\ R%}) N Ba-(0)) x {0}.

As a second step, we define a transformation which maps R**!\ {z,, < 0,y = 0} into R**1 N
{zy, > 0} and is extended to be constant in ¢. This construction is standard, see [42]. After this
transformation is performed, we obtain a function Us that solves again a degenerate parabolic
equation with bounded measurable coefficients in the domain (—2,2) x (R} N Ba,-(0)) x (—2r,2r)
and that vanishes continuously for (t,z,y) € (=2,2) x {(z/,0,y) : (z')? +y? < (2r)%}.

Now we can apply the boundary Harnack inequality of Ishige [27] to Us to get

sup u(t,x) = sup (72(16,3:,0) < Cﬁg(to,%o,O) = u(tp, zp),
(—1,1)x (2N B,(0)) (—1,1)x (R NB,.(0))

where Zg is the point obtained from x( via the two transformations. O
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Remark 3.1.4. If in Theorem 3.1.3 we substitute Ba,(Z) by an open set and B,(Z) by another

open subset of the first one, the result remains still valid and the constant C' also depends on both

open sets.

3.2 Transference Method

In this section, we develop a transference method for the fractional powers of parabolic operators
that allows us to transfer the Harnack inequalities and Holder estimates of the solutions to (9; +
L)*u = f in Theorems 3.1.1 and 3.1.3 to the solutions of other Master equations of the form
(0y + L)*u = f. Here, formally, L = (Uo W)™ ' o Lo (U o W), where U is a multiplication operator
by a smooth positive function and W is a smooth change of variables operator. This method is

particularly useful when L is one of the following elliptic operators having gradient term.

(A) The Ornstein-Uhlenbeck operator L = —A + 2z - V in Q = R" with the Gaussian measure.

(B) The Laguerre operators

o L=37", <_95i597l2 — (i + 1)31 + %)7

o L=1(-At a2 -, 2t 0

T

for a; > —1in Q = (0, 00)", with their corresponding Laguerre measures.

(C) The ultraspherical operator L = —% — 2\ cot x% + A2, for A > 0 in Q = (0,7) with the

measure dn(z) = sin?) z dz.

(D) The Bessel operator L = — o _2d for N> 0in Q= (0,00) with the measure dn(z) =

dx? T dx

2 dx.

These are related to classical orthogonal expansions and can be obtained by transference from the

operators L listed in (2)—(6) in Chapter 2. Transference techniques in the elliptic case have been
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widely used in harmonic analysis, see [2], and also for fractional elliptic PDEs, see [43]. We also
point out that pointwise formulas for the nonlocal operators (9;+ L)*u(t, x) when L is as in (A)—(D)
can be deduced exactly as in Theorem 2.1.2 by using the corresponding heat kernels. Details are

left to the interested reader.

Theorem 3.2.1 (Transference method). If Theorems 3.1.1 and 3.1.3 hold true for solutions u €
Dom(H?®) to (0¢ + L)*u = 0, where L is as in (2.0.1), then they also hold true for solutions

@ € Dom(H?®) to (0, + L)*u = 0.
In this section we assume that
Lu = —div(a(z)Vu) + c¢(x)u in Q

is an operator as in Section 2.3.

3.2.1 Change of Variables

Let  C R” be a domain and h : © — Q be a smooth change of variables from z € Q
into T = h(x) € SNZ, that is, h is one-to-one, onto and differentiable with inverse h~! : Q- 0
differentiable as well. We denote by Jj,(z) = | det Vh(z)|, for x € Q, and J,-1(Z) = | det VA~(T)],

for 7 € Q. Let us define the change of variables application
W : L3(Q, Jy,-1dT) — L*(9, dx)

as

It is readily seen that

W Fll 2 (0de) = ||f||L2(ﬁ,Jh_1di)'
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Let {¢y,}32, be the orthonormal basis of L?((2, dz) consisting of eigenfunctions of L. We claim

that {gk = W1y }2°, is an orthonormal basis of LQ(Q, Jp,-1dx). Indeed, by changing variables,

[ S (@) FT) Ty (7) dT = / or(2)00(x) dz = Oy
Q Q

Also, if fE LQ(Q, Jp,-1d) is orthogonal to each 5/% then

0= /Q F @) T () di = /Q W(F) (@) e () de

for all £ > 0, which gives f: 0, and the orthonormal set {Ek}ggo is complete in L2(§, Jp-1dT).
If u € Dom(L) and we define = = W~lu = uw o h™! then we can write u = W = o h and the

change rule gives

g, () = Y Uiz, (h(x)) (V)i
k=1

where (Vh(z))k = (8%,;(;:)) .; denotes the ki-th entry of the matrix VA(z). From the definition of

the action of L on u we have, for any v € Dom(L),

(Lu,v) = /Q ( z": a% (), (z)ve, () + c(a;)u(:z:)v(:c)) dx

ij—1
— [ 12 (X e Thea)a (Vh(e)es ) (1) () + cloutalot) | d
QLlp =1 ij=1

= /5 (@(F) VAV + d@)iv) Jy- (F) dz

where
n

a'(@) =Y a?(hN@) (VR @))wi(VA(hH(@)))eg

1,j=1

and

With this identity we define a new operator L in the following way. Let u,v € L2(§~2, Jp,-1dx) such

that u = Wu and v = W7o belong to Dom(L). We define

(L, ?) == (Lu,v).
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With this, (Ag, &k)zozo are the eigenvalues and eigenfunctions of E, where \; are the eigenvalues of
L. Moreover,

Dom(L) = {17 € L2(Q, Jy-1dT) Z)\kﬁi < oo},
k=0

where uy, = /~ﬂqgk<]h_1(%) dZ. We also notice that, if & € L2(Q, J,-1dZ) and v € L%(Q, dz) then
Q

/ (W) (2)o(z) dz = /~ 4@ (W) (3) Iy () dF.
Q

Q

Then we can formally write
(LU, ) = (L(Wa), (WD)) = (WL LWu, ),
or
L=WloLoW.
3.2.2 Multiplication Operator
Let M = M(x) € C*°(R) be a positive function. We define the multiplication operator
U : L*(Q, M(x)%dz) — L*(Q,dx)
as
Ula)(x) = M(z)u(z),

for 4 € L*(Q, M (x)%dx). If {¢1}32, is the orthonormal basis of L?(2,dz) consisting of eigenfunc-
tions of L then {d), = U~ '¢y}32, is an orthonormal basis of L?(Q2, M (z)?dz).

Now given u € Dom(L) we define u(z) = U~ tu(z) = M (z) tu(z), so that
Uz, () = M ()i, () + My, ()0 (2).

Therefore, for any v € Dom(L), we have

(Lu,v) = /Q (a7 (2)tz, vz, + c(x)uv) d

_ /Q [am‘(m) <ux n Aﬁ(g%) <qvxj + Z\]{;J(S) 5) + c(@ﬂﬁ} M(x)? dz.
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This allows us to define the operator L in the following way. For @, € L(, M(x)2dz) such that
u=U(u) =M -uand v=U(v) =M -0 are in Dom(L), we define
(Lit, ®) := (Lu,v).

With this, (A, gEk)EOZO are the eigenvalues and eigenfunctions of f), where \g are the eigenvalues of

L. Hence we define,

Dom(L) :{a € L*(Q, M(2)’dz) : Y Ml < oo},
k=0

where 1, = / ﬂ(Z)kM(x)Q dr = / u@y, dr = uy. Observe that
Q Q

/ U (i) (2)o(x) dz = / (@)U Lo(2) M (2)? dz.
Q

Q

Then we can formally write
(L, ) = (L(UW), (UD)) = (U~ LU, v),
or
L=U"'oLol.
3.2.3 Composition of Multiplication and Change of Variables

We consider the following composition of the multiplication operator U with the change of

variables operator W:
UoW : L2(Q, M(h™ (%)) J),-1dT) — L*(, dz).
Notice that if f € L2(Q, M(h~Y(%))2.J,-1d%) then

/ (U o W) f) (@) dar = / F@PM (7)) () d.
Q Q

By using a similar technique as we used in cases of W and U separately, we can define a new
operator L in the following way. For 4,7 € L2(Q, M (h~(%))2J}-1d%) such that u := (U o W)a and

v:= (U o W)v are in Dom(L), we let

(Lu,v) = (Lu,v).
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By proceeding as in the previous cases we can formally write

L=UoW) " oLo(UoW).

3.2.4 Transference Method from (9; + L)* to (9; + L)*

Now we consider the parabolic operators H = 0; + L and H = 0; + L, where L and L are as
above. If u = u(t,z) is a function of t € R and z € Q then the composition operator will act on @

by leaving the variable t fixed:
(UoW)au(t,z) = M(x)u(t,h(x)), forxzeQ,
so that
UoW : L*(R,dt; L*(Q, M(h™ (%)) J),-1d%)) — L*(R, dt; L*(Q,dz)) = L*(R x Q).

Recall that

Dom(H) = {ueL2(RxQ Zy i+ o)l (p )y2dp<oo}

R k=0
and, for v € Dom(H) any v € C°(R x Q),

(Hu,v) 2(mx0) = // — vy + Z T)Ug, (t, T)vy, (t, ) —i—c(x)u(t,x)v(t,x)) dx dt.
B,j=1

Now, for @ € L2(R,dt; L2(Q, M (h~1(%))2J,-1d%)) such that u := (U o W)a € Dom(H), and

v := (U o W)v, we define the parabolic operator

(Hu,v) := (Hu,v).
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As a matter of fact, we can write,

(o) = [ [ [—M<x>a<t,h<x>>M<x>m<t,h(x))

+ 3 a(@) (Ma @)alt, h(a)) + 3 M(@)az, (t h(x)) (Vh(z))

4,j=1 k=1

By using a similar argument as before we can formally write
H=UoW) oHo(UoW).

Next, for u € Dom(H) set ug(t) = / u¢y dz, and write
Q

u(t,x) = Z ug (t) P ().
k=0

We know from the previous discussion that (Mg, ¢x)2, is the family of eigenvalues and eigenfunc-

tions of L, where
- 1

ok(T) = mgf)k(h‘l(@) for x € Q.

So if we have u(t,z) € L2(R, dt; L2(2, M (h~(%))2J),-1d%)), then

3) = 3 wnlt) gy @)
k=0
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But as we know

a(t) = /ﬂ(t,z)ék(aM?(h—l@))Jh1df= / ult, 2)bu(x) de = ur(t),

Q Q

hence,

(Hu,v) = (Hu,v) = [ > (ip+ M)ur(p)ok(p)dp = | D (ip+ \e)ur(p)or(p) dp.
R =0 R =0

Therefore, for any 0 < s < 1, we prove

Whence, we can formally write
HS=UoW) toH o (UoW).

Proof of Theorem 3.2.1. Let us first show how to transfer Theorem 3.1.1. Let @ € Dom(H?®) be a

solution to

H54 =0 in (0,1) x O

<l

>0 in(—o0,1) x Q,

for some open set O C Q. From the definition, (H*a,%) = (H*u,v), where u = (U o W)u and
v = (U o W)3. Then, by taking any v € C((0,1) x O), where O = h='(0), we can let 7 =
(UoW)~tv e C((0,1) x O) and thus conclude that Hu = 0 in (0,1) x h~1(0) = (0,1) x O. Also
we notice that u > 0 in (—00,1) x A= 1(Q) = (=00, 1) x Q. Let J be a compact subset of O. Then

hil(j ) is a compact subset of O and, by Harnack inequality for H®, (see Remark 3.1.2),

sup u<C inf U.

(3,1)xn=1(J) (3. 1) xh=1(J)

Since M (x) is strictly positive, continuous and bounded in hil(j ),

sup Wa < ' inf Wa.

(3,5 xn=1(J) (3. 1)xh=1(J)

The change of variable h is a smooth diffeomorphism, so that
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Thus Harnack inequality holds for H*. Let K be a compact subset of (0,1) x O. Then K = h~}(K)

is a compact subset of (0,1) x O and w is parabolically Holder continuous in K with

HUHC&/E?@(K) < CH“”B(RW) = C”aHL2(R,dt;L2(ﬁ,M(h*l(i)ﬁJh,ldi))'
Notice that @(t, Z) = [(UoW) tu](t,2) = mu(t, h=1(%)), which, for any (t;,7;) = (t;, h"1(%;)) €
K,i1=1,2, gives

u(t1,$1) u(tg,l'g)

M (1) M (x2)
u(ty,z1)  w(ty,z1)

M(z1)  M(x2)

|a(t1, 1) — u(te, T2)| =

u(ty,zy)  u(te,z2)

M (z2) M (z2)

_l’_

< CHMAHC;;(K)HUlngg/Ez,a(K)d((tla5'31)7 (t2, x2))"
< C,HEHL2(R,dt;L2(§,M(h—1(g))2Jh_1d5))d((t1a 51)’ (t2’ %2))0[

where d denotes the parabolic distance. In the last identity we used the fact that h~! is a smooth
diffeomorphism.
Let us next transfer the boundary Harnack inequality of Theorem 3.1.3. Again, for simplicity

and without loss of generality, we consider & = 0. Let 4 € Dom(H?) be a solution to
Hsu=0 in (=2,2) x (Qo N Bs,(0))

>0  in(—00,2) X Q,

|

such that % vanishes continuously on (—2,2) x ((Q\ Qo) N Ba,(0)). Let (to, %) be a fixed point in
(=2,2) x Qg such that to > 1. Then H%u = 0 in (—2,2) x (Q N A~ (Bayr(0))), where Qo = h (),
u>01in (—00,2) x Q and, as h is a smooth diffeomorphism, we can also see that u = (U o W)u
vanishes continuously in (—2,2) x ((©2\ Qo) N A~ 1(By,(0))). We assume, again for simplicity, that
h(0) = 0 and let K = h~1(B,(0)). Then 0 € K and K is compactly contained in h~(Ba,(0))). We

know that (see Remark 3.1.4)

sup U(t, l’) < CU(to, 1:0)7
(—1,1)x (QNK)
for C' > 0. Since M > 0 is bounded and continuous, and A is a smooth diffeomorphism,

sup u(t,x) < C'u(to, Zo).
(—=1,1)x (0N B (0))
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O]

Remark 3.2.2. As it was explained in Remark 2.3.2, one can check that if the differential operator

L has continuous spectrum, then all the previous transference results are still valid.
Now we use the transference method of Theorem 3.2.1 to prove the following result.

Theorem 3.2.3. Theorems 3.1.1 and 3.1.3 hold true for solutions u to (0y + L)*u = f, where L

is any of the elliptic operators in (A)—(D).

Proof. We have already proven Theorems 3.1.1 and 3.1.3 for the elliptic operators L in (2)—(6) in
Chapter 2. Now we will transfer these theorems to the operators with L in (A)-D.

Transference from (2) to (A). In this case, H* = (0; — A + |z = n)* in R x Q = R x R" with
Lebesgue measure and with zero boundary condition at infinity whereas H® = (0; — A + 2x - V)*
in R x Q =R x R" with Gaussian measure 7~"/4¢~12*/2dz. For the transference we use h(z) ==z
and M(z) = /4 121/2,

Transference from (3) to (B). In all these examples we have Q = . In the first three cases we
start with H® = (9, — 3 (A + [z]2 + X114 % (a2 — 1)))®, for a; > -1, in R x Q = R x (0,00)". By

using the transference method we can obtain the result for the other Laguerre systems.

A

e For H® = (8t+2?:1(—xi§—; —(ai+1) 22 +2))* with measure 27" 28" dzx, which is related to

the Laguerre system [, we choose h(z) = (23, 3,...,22) and M (z) = 2“/255?1“/2 Co Q2

e For H® = (0, + (A + [z]?) = 27 20‘4;':18%1_)5 with measure 221 ... g2en+1dz which is

related to the Laguerre system #f', we choose h(x) = x and M (x) = 1‘?1+1/2 gl 2

2
a;
X

e For H® = (0, + E?:l(—xiaa—;z — 8%1 + % + 7-))® with Lebesgue measure, which is related to

the Laguerre system L&, we choose h(x) = (22, 22,...,22) and M(z) = 2”/%1/2 e

In the last case, we start with H® = (8, — }(A + [z + X1, x% (a2 — 1)) — «)s. Thus, we

apply the transference method for H® = (9; + 2?21(_3“1'38722 — (o +1— xi)a%i))s with measure

a1 ,—x1
Ty

e - xpe”*rdx, which is related to the Laguerre polynomials system L, by choosing h(x) =

a2 1/2 1/2
(x3,22,...,22) and M(z) = 2"/ 2e 1@l /2x?1+/ CogQn T2
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Transference from (4) to (C). In this case, H®* = (0 — % + )‘S(ii‘l;i))s in Rx Q=R x(0,7)
with Lebesgue measure, and H® = (9; — % — 2\ cot x% +22)%in R x Q=Rx (0, ) with measure
sin®* zdz. For the transference method we use h(x) = z and M(x) = (sinz)*.

Transference from (6) to (D). Here Q = Q = (0,00), H® = (9, — % + 2205 in R x (0, 00)

2

with Lebesgue measure and H® = (0; — j—; — %%)s in R x (0,00) with measure 2> dz. For the

transference method we use h(z) = z and M (z) = 2. O
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CHAPTER 4. PARABOLIC HOLDER SPACES

In this chapter, we define and prove Campanato-type characterizations of parabolic Holder

spaces.

4.1 Definition of Parabolic Holder Spaces

Parabolic Holder spaces. Let €2 C R™ be a bounded Lipschitz domain with Lipschitz constant
M > 0, and let I C R be a bounded interval. Fix any 0 < 5 < 1.
The classical parabolic Holder space C’f 42’6 (I x Q) is the set of continuous functions u = u(t, z) :

I x © — R such that

Hu||cgz/c273(m) = ||u||L°°(I><Q) + [U]CEQ/CZB([XQ) <00

where

[u] /2.8 _ sup \u(t,:c) - U(T7 Z)|
Cro "Xy er o eq max(|t — 7|12, |z — 2])8

It is also customary to define the space C’fifﬁ /2218 (I x Q)= Ct{;w [2:2+6 (I x Q) by requiring that
ug, D%u € 059/52’6(1 x Q). For these two definitions see [29, Chapter 8§].
We define the space Ct(;rﬁ)p’prﬁ (I x ), as the set of continuous functions u = u(t,z) : I x Q —

R such that

e v is (14 f)/2-Holder continuous in ¢ uniformly in x, that is,

[u] = sup[u(-, z)] = sup su fult, z) — u(r, z)] < 00
L?(Q;C§1+B)/2(1)) xeg ) Ct(1+/3)/2(1) xegmg = T](l-i-ﬁ)/? .

e V,yue C(I xQ) and

|Vau(t,x) — Vyu(r, 2)|
V.u = su < 0.
Vatlopounm =, 5% o max(lt — 7172, o — )7
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The norm in Ct(};ﬁ )/21+8 (I x ) is given by

|’u!\c§};ﬁ>/2,1+ﬁ(m) = [[ull Lo (rx) + [[Vaull L rxa)
e ooz + Vattlop2o gy

For a point (¢,7) € R"™! and r > 0 recall that Q,(t,x) = (t — r%,t +1?) x B,.(z). Notice that

|Qr(t, )| = Cpr™*2, for some universal constant C,, > 0. For the rest of this section we let
. 1/2 3:
ro = min{|I|"/*, diam(Q)} > 0.

Observe that there exists a constant C' > 0 depending on n and M such that for any (¢,2) € I x Q

and 0 < r < ro we have (see, for instance, [19, eq. (1.1)])
1Qr(t,x) N (I x Q)| = |(t — 2, t +7r*) N I||B(z) N Q| > Cpr™ 2.
Let P; be the set of polynomials of degree 1 in z, that is,
Pi={P(z) =Ao+A1-2: Ay € R, A e R"}.

Theorem 4.1.1 (Campanato-type characterizations). Let 0 < 8 < 1. Suppose that uw = u(t,z) €
L*(I x Q). Then:

(1) ue 0542’5(1 x Q) if and only if there is a constant C' > 0 such that

1
inf u(r,z) — c|?drdz < Cr?® 4.1.1
ek [Qr(t,2) N (I X Q)] S, (a)n(rx9) fulr,2) — e (4.1.1)

forall (t,x) € I x Q and 0 < r < 1o small. In this case, if we denote by C, > 0 the least constant

. . . 2 . . 2
for which the inequality above holds, then HuHLQ(IXQ) + C is equivalent to H“Hcﬁf’ﬁ(m)'

(2) ue C't(;rﬁ)/Q’H'B(I x Q) if and only if there is a constant C > 0 such that

1
inf
PePy |Qr(t,2) N (I X Q)| Jo, tx)n(1x0)

lu(r, z) — P(2) > dr dz < Cr?0+0) (4.1.2)

for all (t,x) € I xQ and 0 < r < 1o small. In this case, if we denote by Cu > 0 the

least comstant for which the inequality above holds, then HUH%Q(IXQ) + Cix is equivalent to

2
”uHCt(};ﬂ)/z,lw(m) .
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4.2 Proof of Theorem 4.1.1(1)

The integral quantity in (4.1.1) is a quadratic polynomial in ¢. Hence, if u, (¢,z) and r are
fixed then the infimum is achieved at a unique constant ¢ = ¢((t, z), r,u). Therefore, we can restate
condition (4.1.1) in the following equivalent way: for any (t,x) € I x Q and 0 < r < 1o there is a
constant c((x,t),r,u) such that

1
Qr(t, ) N (I X Q)| Jg, (t0)n(1x)

We will use the notation for such constant ¢ repeatedly along this section.

lu(r, 2) — c((t,2),r,u)|* dr dz < Or*®

Lemma 4.2.1. Let u € L?(I x Q) satisfy (4.1.1). There exists C > 0 such that, for any k > 0 and
O<r S 70,

e((t,2), 7 w) = e((t,2),7/28)| < C(C) V2,
Proof. We have

"ot z),ru) — e((t, ), r/2,u)]?

<C (|C((ta ZL')a T U) - U(Ta Z)|2 + |U(’7’, Z) - C((t7 x)? 7"/2, u)|2) drdz
Qr/2(t,m)N(IXQ)
(4.2.1)
<C le((t, x),7,u) — u(T, 2)|? dr dz + CC.(1/2)**
Qr(t,x)N(IXQ)
< CC, r2ynt2,
From here, it follows that
k k+1 o 1/2 .«
Z]c t,x),r/2% u) — c((t,xz),r/2 SZWT = C(C)V 2=,
k=0 k=0
The conclusion follows by noticing that for any k, we have
’C((t, .’L‘), T, u) - C((t7 1’), T/Qkﬂ < Z ’C((t, .’L‘), ,r,/2k’ u) - C((t, a:), 7n/2k+17 U)’
k=0
O

Lemma 4.2.2. Let u € L*(I x Q) satisfy (4.1.1). Then

sup__|e((t, 2),m0,u)| < C((C)'? + |lull 21 x0) < o0
(t,x)eIxQ



65

Proof. We have

]c((t,x),ro,u)|2 < lu(T, z) — c((t,x),ro,u)lsz dz

— Tn+2

0 /QTO (t2)N(IxQ)

C

n+2

/ lu(r, 2) 2 dr d
67 Jau i)

_l’_

C

2 2

< CC*TOQ + T’n+2 Hu||L2(I><Q)'
0

Lemma 4.2.3. Let u € L*(I x Q) satisfy (4.1.1). Then

u(t,z) = }1_1?% c((t,z),r,u)

exists and is finite, for all (t,z) € I x Q. Moreover, for any 0 <r < rg,
le((t, @), r,u) — Ut z)| < C(C) 2.
Proof. Let 0 < r <rgand k > j integers. We have
e((t,2),7/27,u) = e((t,2),7/2%, W) <D le((t @), /2 u) = e((t,2),7/2 ).

We saw in the proof of Lemma 4.2.1 that the series

i . .

D lel(t,2),r/2' u) = e((t, @), r/27 ! w)

i=0

converges. Whence,

lim ¢((t,z), /2%, u)

k—o0
exists and is finite. Moreover, we claim that the limit does not depend on the choice of r. For, if
0 <7 < ry <ro, then, by a parallel computation to the one we did in (4.2.1), we find that

cC Tn+2+2a + Tn+2+2a
k k
e((t,2),11/25,u) — e((t, ), 72/2", )2 < (mg‘a( e )

Hence,

lim |e((t,z),r1 /28, u) — e((t, z),ro/28, u)| = 0

k—o0
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and the claim follows. For any fixed 0 < r < rg, let us define

u(t,z) = lim e((t,x),r/2%, u).

k—o0

By taking k¥ — oo in Lemma 4.2.1, it follows that
le((t,2), 7 u) — alt,z)| < C(Cy)V 2o,
O

Theorem 4.2.4. Let u € L*(I x Q) satisfy (4.1.1) and let u be as in Lemma 4.2.3. Then U €
L>(I x Q) with

1]l oo (75200) < C((C)? + [[ull 210

and

u=u for a.e. (t,z) € I x Q.
Proof. For the boundedness of u, by Lemmas 4.2.3 (with r = r¢) and 4.2.2,
[a(t, )| < [a(t, @) = e((t, ), ro, w)| + |e((t,x),mo, u)| < CCLr§ + C((Co)? + |[ull L2(1x2))

for all (t,z) € I x Q. To verify that & = w a.e. in I x Q, in view of Lemma 4.2.3, we need to show

that
lim ¢((¢, z),r,u) = u(t, x) a.e.
r—0
Indeed,
el(t,2),7,) — u(t,2)? < e((t,2), 7,u) — u(r, ) dr d
o((t,z),ru) —ult,2)” < g LX), T, T, T
Qr(t,2)N(IxQ)
c 2
+ s lu(T, 2) — u(t, z)|* dr dz
r Qr(t,z)NIXQ)
< CCr™ + n+2/ lu(r, 2) — u(t,z)|* dr dz.
r Qr(t,x)N(IXQ)

As r — 0, the last term above converges to zero for a.e. (t,z) € I x Q because a.e. point in I x

is a Lebesgue point for u with respect to the parabolic distance, see [18]. ]
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Lemma 4.2.5. Let u € L*(I x Q) satisfy (4.1.1). For any (to, 7o), (s0,y0) € I x Q such that

do = max(|to — so|'/?, |zo — yo|) < 70 we have
|e((to, %0), 2do, w) = e((50, 90), 2do, w)| < C(CL)'/2dg.
Proof. Let K = Qaa,(to,z0) N Q2d,(S0,y0) N (I x ). Then, by noticing that
K| > |Qay (to, mo) N (I x Q)| > Cdyyt?
we find that

’C((t()v .%'0), 2d07 U) - C((SO7 y0)7 2d0> U)|2

C
< n+2/ le((to, z0), 2do, u) — u(T, 2)|? dr dz
an? [

C
+ n+2/ lu(T, 2) — c((s0,Y0), 2do,u)\2 dr dz

C
< M/ e((to, 20), 2do, ) — u(r, =) dr d=
Ay J Qady (to.w0)N(IXQ)
C
+ n+2/ lu(T, 2) —c((so,yg),ng,u)|2dez
dy Q24 (50,90)N(IxQ)
< CC,d%
as desired. O

Theorem 4.2.6. Let u € L(I x Q) satisfy (4.1.1) and define i as in Lemma 4.2.3. Then U is in
C%Q’O‘(I x Q) and for every (t,z), (s,y) € I x  we have

[at, x) = (s, y)| < C(C)"? max(|t — 5|2, |z — y|).

Proof. Let (t,z),(s,y) € T x Q such that d = max(|t — s|'/2,|z — y|) < ro/2. Then, by Lemmas

4.2.3 and 4.2.5,

u(t, z) —uls, y)| < [u(t,z) — c((t, x),2d, u)
+ |a(57y) - C((S, y)v 2d’ u)| + |C((t,$>, 2da u) - C((Svy)a 2d7 u)‘

< C(C)2d* = C(Cy) Y max(|t — |2, |z — y|)™.
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In the case when d = max(|t—s|'/2, |z —y|) > r0/2, we can connect (¢, z) and (s,y) with a polygonal
contained in I x €2, whose segments have length less than (/2 and apply the inequality above to
each pair of consecutive vertices. Notice that the number of segments needed for any pair of points

(t,z) and (s,y) can be universally bounded in terms of the size of I x Q, see [19, p. 184]. O

Corollary 4.2.7. Let u € L*(I x Q) satisfy (4.1.1). Then u € CfL>*(T x Q) with

llull oo (rx) < C(C)V? + ullz2(rx0))

and

[“]0242’“(1x9) < GG

Conversely, if u € C%z’a(f x ) then u satisfies (4.1.1)

Proof. The first part of the result follows from Theorems 4.2.4 and 4.2.6. For the converse, suppose

that u € C’%Q’Q(I x ). For any (t,z) € I x Q and 0 < r < ro we let ¢ = ¢(t,z) = u(t,x). Then,

1 2
w(T,2) — c|*dr dz
Qr(t, ) N (I x Q)| /g, (t2)n1xQ) ful,2) =l

< CZQ / lu(r, 2) — u(t, z)|* dr dz
T2 J Qe (ta)N(IxQ)
&[u]z (|7 = |+ |2 — z[**) dr d=

= pnt2 o (1x ) Qr(t.0)N(Ix)
Cn 2 2c 2 2c

- ,,«n+2 [U]CEQ/CZUC(IXQ)T ’Qr(t7x)| S Cn[u]cﬁéla(IXQ)r .

In addition, C, < C"[u}éf/z’a([xsz) and HUH%Q(IXQ) < |I x Q\HUH%W(IXQ), whence

2 2
||u||L2(I><Q) + C* S CTL,I,QHUHC«?;/EQ,Q(IXQ)'

One can also see the these works, [32, 38] for the alternative proofs of Theorem 4.1.1(1).

4.3 Proof of Theorem 4.1.1(2)

We have the following preliminary result.
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Lemma 4.3.1. There exists a constant ¢ = cp 0 > 0 such that for any P(z) € Py, (to,xo) € I x Q

and 0 < r <rg,

C
| P(x0)[* <

< o |P(2)|? dz dr.

/Cvgr(to,xo)ﬁ(fxﬂ)
and, for anyi=1,...,n,

C
10, P(0)|” <

2
S e |P(2)|” dz dr.

/Qr(to,xo)ﬂ(fxﬂ)
Proof. Observe that if 8 is a multi-index with |3| < 1 then

1 [(to — %, to + r?) N I
n+2+2[3] |P(2)|* dz dr = n+2+2[8] [P(2)|* dz
r Qr (to,xo)ﬂ([XQ) r By (wo)ﬂﬂ
1
> P(2)|? dz.
= 2Tn+2|ﬁ| BT(Z‘())OQ‘ ( )|

Notice that there is a constant A = Aqg > 0 such that |E| = |B,(z9) N 2| > Ar™. Then, by [19,

Lemma 2.1I], there is a constant ¢ > 0, depending only on n and A such that

C
_— P(2)]?dz > |DPP(z0)|%.
s [ g [P 2 D7)

O

It is easy to see that the infimum for the integral quantity in (4.1.2) is achieved at a unique
polynomial (see [19]). Therefore, (4.1.2) is restated as follows: for any (t,x) € I x Q and 0 < r <rg
there is a unique polynomial P(z, (t,x),r,u) € Py such that

1
1Qr(t,2) N (I X Q)] Jo, (t2)n1x0)

A generic polynomial P € P; is written as

lu(r,z) — P(z, (t,x),r,u)|* dr dz < O 2(1+8)

n
P(z) =ap+ Zaj(zj — xj).
j=1
For the unique polynomial P(z, (t,x),r) = P(z, (t,x),r,u) above we have
ao((t, l’), T) = P(Z, (ta IL‘), T)‘

zZ=x

and
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Lemma 4.3.2. Let u satisfy (4.1.2). There exists ¢ = c(n, 3) > 0 such that for any (to,z9) € I x £,

0<r<rygandk >0, we have

/ (2, (to, 70),1/2%) — P(2, (to, o), 7/25F1)|2 dr d=
QT/2k+1(t0,J}0)ﬂ([XQ)
< Clc(r /28y 22055

Proof. We have

/ |P(2, (to, w0),7/2") = P(2, (to, o), r/2¥T") 2 dr dz
Qr/zkﬂ(to,zo)ﬁ(IxQ)

: 2/ [P (2, (to, 20). 7/2%) — u(r, 2) | dr dz

Q,. ok (to,0)N(I%€2)
+2/ lu(r, z) — P(z, (tg, zo), /281 |2 dr dz
Q.. jok+1 (to,z0)N(I%xQ)

< C**C(T/Qk)n+2+2(1+ﬁ)-

O]

Lemma 4.3.3. Let u satisfy (4.1.2). There exists ¢ = c¢(n, ) > 0 such that for any (to, xo), (S0, Y0) €

T % Q, if we denote by dy = max(|to — so|'/?, |zo — yo|) < 70, then
|ao((to, o), 2do) — ao((s0, 7o), 2do)|* < cClxlto — 50|+

and, fori=1,...,n,

|a;((to, z0), 2do) — ai((s0, Y0), 2do)|* < cChndly”.
Proof. Consider first the case ¢ = 0 and the polynomial

P(z) = P(2, (to,v0),2do) — P(2, (50, 70),2do)-
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By Lemma 4.3.1 with r = dp,

lao((to, o), 2do) — ao((s0,20),2do)|* = |P(z0, (to, o), 2do) — P(x0, (s0,20),2do)|*

c
< n+2/ |P(z, (to, x0), 2do) — P(z, (s0,%0), 2do)|* dT dz
dy Qag (to,x0)N(IXQ)
2
< nj—Q/ |P(z, (to, 7o), 2do) — u(T, 2)|* dT dz
dO Q2dg (to,20)N(IX)
2
- nJcr2 / lu(r, 2) — P(z, (30,$0),2d0)]2d7dz
d Q24 (50,20)N(IXQ)

< CC**dS(HB) = cCislto — so|1+'8.
For i =1,...,n, the proof is similar using Lemma 4.3.1. ]

Lemma 4.3.4. Let u satisfy (4.1.2). There exists ¢ = ¢(n,3,9Q) > 0 such that for any (to,xo) €

IxQ,0<r<ryandk>0,

|ao((to, z0), 1) — ao((to, o), 7/2%)| < c(C 1/22 r/20)1+8
7=0

and, fori=1,...,n,

‘ai((thx@; )— az((t(],l'()) T/Qk ] < c 1/22 7“/27

Proof. By applying Lemmas 4.3.1 and 4.3.2, for i = 1,...,n

k—1
|ai((to, z0), ) — ai((to, x0),7/2")| < " lai((to, x0),7/27) — ai((to, x0), r/27 )]
=0
k—1 ‘
= |aZzP L0, to,xo) T/Q ) 0 iP(xov(tova)aT/2]+1)’
7=0
k—1 ' , 1/2
<ec [ — / |P(z, (to, zo),r/2) — P(z, (to,xo),r/23+1)\2dzd7
= 7“/23‘Irl T2+2 Q, /3541 (t0,20)N(IxQ)
< ¢(Cun)? Z(T/Qj)ﬁ
=0

The case 7 = 0 follows the same lines. O
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Lemma 4.3.5. Let u satisfy (4.1.2). Then there exists a family of functions {v;(t,z)}}_, defined

in I x Q such that for all 0 < r < g,
lao((t0, x0), 7) = wolto, z0)| < C(Cue) 7'+
and, for allt=1,2,...,n,
|ai((to, o), ) — vi(to, z0)| < C(Cus)/*r”.
Moreover, for all i =0,1,...,n,

lim ai((t(], CC(]), T) = Ui(t07 l‘o)
r—0

uniformly with respect to (to,xo).

Proof. Using Lemma 4.3.4, for i = 1,2,...,n, if j < k then we find that
k—1

|ai((to, 20),7/27) — ai((to, 20),7/2%)| < c(Ci)'/? Z.(T/Qm)ﬁ-

m=j

If j, k are large then the sum above can be made very small. Hence the limit
lim ai((to,l’o),r/Qk) = ’Ui(t(),.fv()) (4.3.1)
k—oo
exists. We claim that the limit does not depend on r. Indeed, let 0 < r; < ro < rg. Then we have,
|ai((to, 0),71/2%) = ai((to, x0), 72/2")|?

= |0, P(z0, (to, z0),71/2%) — 0., P(x0, (to, z0), 72/2"))|?

CQk(n+4) X 2
< M/ IP(2, (to, 20),11/2%) — P2, (to, 70), 12/2%) 2 dr d=
Tl er J2k (to,xo)ﬂ([XQ)
ok(n+4)+2 i )
< —g— |P(z, (to, z0),r1/2%) — u(r, 2)|* dr d=
5] @, 2k (to,20)N(IXQ)
cok(n+4)+2
M/ lu(r, 2) — P(z, (to, 7o), 72/25)|? dr d=
’rl er/gk (to,xo)ﬂ([XQ)
2%k
< — |P(z, (to, zo),71/2F) — u(r, 2)|* dr d=
Tl er/gk (to,zo)ﬁ(IXQ)
22k +2 ey 12
+ n+24/ lur, =) — P(z, (to, o), 7/ 2)|? dr dz
51 @, 2k (t0,m0) (I Q)

1\ 28 1 23 T;+2+2(1+6) cC,. r?f+4+25 +T721+4+25
< CC** (27]{:) + CC** (2’“) 4 - 22k‘5 P

™ 5]
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Hence,

klglolo \ai((t,x),rl/Qk) — ai((t,x),r2/2k)| =0

and the limit (4.3.1) does not depend on 7. Now, recall that we have
|a; ((to, o), ) — ai((to, zo),7/2%)] < ¢(C. 1/22 (r/29)P

Then taking the limit k — oo, |a;((to, z0),7) — vi(to, 0)| < ¢(Cix)/?rB. For i = 0, the proof is the

same. OJ

Theorem 4.3.6. Let u satisfy (4.1.2) and define v; as in Lemma 4.3.5 for i = 1,2,...,n. Then

v; 18 in C’ff’ﬂ(l x Q) and for every (t,x),(s,y) € I x  we have
j0i(t, ) = vils,y)| < C(Cu)? max([t — 5|2, |& - y|)”.

Proof. Let (t,z),(s,y) € T x Q such that d = max(|t — s|'/2,|z — y|) < ro/2. Then, by Lemmas

4.3.3 and 4.3.5,

vi(t, ) = vi(s,y)| < fvilt, 2) — ai((t, z), 2d)]
+vils,y) — ail(s,y), 2d)| + |ai((t, ), 2d) — ai((s, ), 2d)]

< C(Ch)?dP = C(Ch)* max(|t — 5|2, |z — y|)’.

In the case when d = max(|t — s|'/2, |z — y|) > 70/2, then we can construct a polygonal connecting
(t,7) and (s,y), contained in T x Q, whose segments have length less than ro/2. After that we can
apply the inequality above to each pair of consecutive vertices. Again notice that the number of
segments needed for any pair of points (¢,x) and (s,y) can be universally bounded in terms of the

size of I x Q, see [20, p. 149]. O

Theorem 4.3.7. Let u satisfy (4.1.2) and define v; as in Lemma 4.3.5 for i =0,1,...,n. Then,

for every (t,z) € I x Q
avO(tv :U)

oz, =vi(t,x) fori=1,...,n
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Proof. Let (t,z) € I x Q be any point and r > 0 sufficiently small such that Q,(t,x) C I x Q. Now
we see that

ao((t,x +re;), 2r) = P(z, (t,x + re;), 27“)‘

z=x+re;”

Using Taylor series expansion we can write,

P(z, (t,x + re;), 27")!2:96 = P(z,(t,z + re;), QT)‘Z::CMEZ_ — 0, P(z, (t,x +re;), QT)‘Z::H_TEZ_T
= ao((t,x + re;), 2r) — ra;((t,z + re;), 2r).
Then,
ap((t,z +re;),2r) — ap((t, z),2r)
r
Pz, (t,x+re;),2r)|. — P(z,(t,x),2r)|_
_ ( ( Z) )‘z_a: ( ( ) )‘Z—I + ai((t7 T + 7“67;), 27’) (432)

r

Now using Lemma 4.3.1 we see that

— P(z, (t, I),Q’I”)‘ 2

Z=XT Z=X

r

’P(z, (t,x +re;), 27‘)‘

= PG (b4 res), 20| k

2 — P(z, (t,x), 27“)‘

Z=X Z=X

C
< —— P(z,(t,z +re;),2r) — P(z, (t, ), 2r)|* dr dz
o /Q X ),2r) — P2, (t, ), 2r)]

c
e |P(2, (t,x +re;), 2r) — u(r, 2)|? dr dz
r2tnt2 /er(t,a:-i-rei)ﬂ(IXm Z
c
+ / |u(T, 2) — P(z, (t,x),2r)|* dr dz
r2+n+2 Qr(t,z)N(IXQ)
< %T"+2+2(1+ﬁ) = cC**Tw =0
T

as r — 0. Next we see that, by Lemma 4.3.5 and since v; are continuous functions (see Theorem

4.3.6),

la;((t, x 4+ re;), 2r) —vi(t, )| < lai((t,z + re;), 2r) — vi(t, z + re;)|
+ [vi(t, @z + rei) — vi(t, @)

< e(Co) V2P it + re;) — vit, z)] — 0
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as 7 — 0. Thus, it follows in (4.3.2) that

lim ap((t,x +re;), 2r) — ap((t, x), 2r) ———

r—0 r

But now observe that

lim aO((tvl‘ + Tei)? QT) - ao((t,$), QT) — lim fUO(taZE + Tei) B Uo(t,l')

r—0 r r—0 T

= Oy, vo(t, )

because, by Lemma 4.3.5,

vo(t, x + re;) — ap((t, x + re;), 2r)
r

< e(Cy) %08

and

vo(t, z) — ap((t,x),2r)

< e(Co) 208,

The following result is a direct consequence of Theorems 4.3.6 and 4.3.7.

Corollary 4.3.8. Let u satisfy (4.1.2). If vy is as in Lemma 4.5.5 then vy € Cﬁﬁw’”ﬁ(l x Q)

with the estimate

[vo]Lgo(Ct(Hﬂ)/z) + [vvo]cff’ﬁ < o(Cy)Y2.

Proof. Let (t,x),(s,z) € T x Q such that d = |t — 5|'/? < r9/2. Then, by Lemmas 4.3.3 and 4.3.5,
lvo(t,x) — vo(s, z)| < |vo(t, z) — ao((t, z),2d)]|
+ |’U0(S,.’IJ) - ao((sat)a 2d)’ + ’ao((t,$),2d) - (Zo((S,LL‘),Qd)‘

< C(Cu)Y2d™P = C(C) 2t — s|1HA/2,

In the case when d > ry/2 we can apply a polygonal argument as in [19, p. 149]. Also we have

already shown that, v; = ?)%? is in Cfg/jz’ﬂ foreach i =1,2,...,n and
[i(t, ) = vi(s,y)| < C(Cr) /> max(|t — s/, |& — y])°.
See Theorems 4.3.7 and 4.3.6. Hence by definition of C’t(};rﬁ V2148 e have
vo € Ct(’1$+ﬁ)/2,1+ﬁ(m)

with the corresponding estimate. O
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Theorem 4.3.9. Let u satisfy (4.1.2). Then u € C;?B)/ZH/B(I x ) with the estimates

[U]Lgo(Ct(HB)/Q) + [vu]cgig’g S C(C**)l/z

and

||u||L°°(I><Q) + ||VUHL°°(IxQ) < C((C**)1/2 + ||u||L2(I><Q))-

Proof. For any (tg,z9) € I x 2, we have, by Lebesgue differentiation theorem,

1
lim

r—0 |Qr(to, zo) N (I x Q)| /Qr(to,zo)ﬁ(IXQ)

lu(t, z) — u(to, z0)|* dt dz = 0

see [18]. Then, for any 0 < r < 7y,

C
|ao((to, v0),7) — ul(to, zo)|* < s

/ P, (to, 20), ) — ao((to, 20), )| dt da
Q7'(t07$0)m(IXQ)

C

Tn+2

C

rn+2

T |P(, (to, m0), ) — u(t,z)|* dt dz

/Qr(to,xo)ﬁ(IXQ)

+ lu(t, z) — u(to, z0)|? dt da.

/QT(to,xo)ﬁ(IXQ)

Now, using (4.1.2) and the following equation,

P(z, (to, x0),) = ao((to, x0), ) + > _ a;((to, x0),7)(w; — (z0);)
j=1

We get

1

s |P(x, (to, z0),7) — ao((to, zo), )| dt dz < C’Z la;((to, xo),7)|*r?.

j=1

/;r(to,ro)ﬁ(IXQ)

For a fixed (to, o), |a;((to,=o),7)|* converges as r — 0, see Lemma 4.3.5. Hence, as 7 — 0, using

all the previous results and estimates we see that

vo(to, x0) = }g% ao((to, zo), ) = u(to, xo).

Therefore, u© can be modified on a set of measure zero so that u = vy. In particular, by Theorem

4.3.7, u is differentiable in I x €2 and, by using Corollary 4.3.8, seminorm estimates follow. For the
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boundedness of u and Vu, we use Lemmas 4.3.1 and 4.3.5 to bound in the following way. On one

hand,
lu(t, 2)[* < Clu(t,z) — ao((t, ), 70)|* + Clao((t, z), 70)|?
= C|/U0(t7 l‘) - aO((tv .T), T0)|2 + C|P($, (t7 :U)’ T0)|2
< cC**rg(HB) + gz / |P(z, (t,x), 7’0)\2 dz dr
To Q((t,z),r0)N(IxQ)
C
< CC**T§(1+B) + n+2 / |P(Z, (ta l‘), 700) - U(Tv Z)|2 dzdr
To Q((t,x),ro)N(IxQ)
C / 9
+ - u(T, 2)|*dzdr
Tl (T, 2)|
201 C
0
Similarly,

‘uli(tvx)‘z < C’ufﬁz (t,.%') - ai((t,l'),To)’Q + C‘ai((t7x)7r0)’2

2 C e
< CC**’"OB + it HUHLQ(IXQ)'
0
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CHAPTER 5. SCHAUDER ESTIMATES

In this chapter, we present our results on Schauder estimates for solutions to the nonlocal
equation (1.0.1):
Hou(t,z) = (00 + Lult,z) = f(t,7), 0<s<1

for t € R and x € 2, where §2 is a bounded Lipschitz domain of R”, n > 1, and L is an elliptic
operator, i.e.

L =—div(A(x)V)

Here A(x) = (AY(x)) is a bounded, measurable, symmetric matrix defined in €, satisfying the

uniform ellipticity condition, that is, for some A > 1,
AT < ¥ (@)8:85 < Alg?

for a.e. x € Q, for all £ € R". The operator L is subject to an appropriate boundary condition.

Here we consider the boundary condition to be either Dirichlet or Neumann, that is
u=0 or Jdagu=A(x)Vzu-v=0 onR x99,

where v is the exterior unit normal to 9€2. From now on, we fix 77 < 0 < T3 and we call [ = (11, T5).
For other notation, let us denote D = {(z,y) : € Q, y > 0} C R"*1 as in Section 2.4.2 . We recall
from the definition of Muckenhoupt weight that |y|* belongs to the Muckenhoupt class Ag(R™+1).

Again we define Hiy(D) as the set of functions w = w(x,y) € L?(D,y*dxzdy) such that
2 L > a > a 2
[w]Hi,y(D) -—/0 /Qy A(m)vmwvadl'dy+/o /Qy |0yw|* dx dy

:/0 y”ZAklwk(y)Qdy+/0 /anlaywl%lﬂcdy<oo,
k=0

where w(y) = / w(z,y)dr(z) dz, under the norm
Q

2

2 2
HwHHi’y(D) = HwHL2(D,y“dardy) + [w]Hby(D)'
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Recall that {e~ 77}, denotes the semigroup generated by H = 9; — div(A(x)V,). We refer the
reader to Section 4.1 for the definition of parabolic Holder spaces. In the first two statements, we
present the interior regularity when f is parabolically Holder continuous in I x  and when f is in
LP(I x Q), respectively, under precise continuity assumptions on A(x). Interior regularity in both

cases does not depend on the prescribed boundary conditions nor on the regularity of the boundary.

5.1 Main Theorems

Theorem 5.1.1 (Interior regularity for f Holder). Let 0 < aw < 1 and suppose that f € Cgf’a(I X

Q). Let u € Dom(H?®) be a weak solution to (1.0.1) such that w =0 or dau =0 on R x 9Q.

(1) Assume that 0 < a4 2s < 1 and that A(x) is continuous in Q2. Then

uc C(a+2s)/2,a+2s(l % Q)

t,x,loc

and for any open subset K CC I x ) we have the estimate
Hu||Ct(z+25>/2,a+2s(K) < C(llullpom(rs) + ”f”cza/f’o‘(jxg))'

(ii) Assume that 1 < o+ 2s < 2 and that A(x) € C%*T2-1(Q). Then

ue C(a+25)/2,1+(a+2571)(1 % Q)

t,z,loc

and for any open subset K CC I x ) we have the estimate
HuHCt(3+2s)/2,1+(a+2s—1)(K) < C(HuHDom(HS) + Hf“cf:éZ’o‘([XQ)>'

The constants C' > 0 above depend only on s,a, K, I x Q and the modulus of continuity of A(x).

Theorem 5.1.2 (Interior regularity for f in LP). Suppose that f € LP(I x Q) for some 2 < p < c0.

Let u € Dom(H?®) be a weak solution to (1.0.1) such that u =0 or dau =0 on R x 0.

(1) Assume that (n+2)/(2s) <p < (n+2)/(2s — 1)+ and that A(z) is continuous in 2. Then

we C* I x Q)

t,x,loc
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where a = 2s — (n+2)/p € (0,1) and, for any open subset K CC I x 2, we have the estimate
ol g gy < © oz + 1 v

(ii) Assume thats > 1/2, p > (n+2)/(25s—1) and that A(z) € C*%(Q) for a = 2s—(n+2)/p—1 €
(0,1). Then

we C(1+a)/2,1+a(l Q)

t,x,loc

and for any open subset K CC I x §) we have the estimate
||UHC§,1I+a>/2,1+a(K) < C(lullpom(msy + 1 flzr(rx0))-

The constants C' > 0 above depend only on s,p, K, I x Q and the modulus of continuity of A(z).

Next we state our results on global regularity. The first one, Theorem 5.1.3, deals with solutions
satisfying the Dirichlet boundary condition v = 0 on R x 9Q when f is Hélder continuous in I x
and, in addition, is allowed to be nonzero on the boundary I x 92. The fact that f is nonzero on
the boundary will affect the global regularity of the solution. Instead, when f is identically zero
on the boundary, we get better global regularity which is consistent with the interior estimates
of Theorem 5.1.1, see Theorem 5.1.4. This is in high contrast with the local case of parabolic
equations, namely, when s = 1, see [32]. Such feature had already been observed in the case of
fractional elliptic equations in divergence form in [17]. Our statements are also precise in terms of

the sharp regularity of the coefficients and the boundary 0f2.

Theorem 5.1.3 (Global regularity for Dirichlet and f Holder). Let 0 < a < 1 and suppose that

fe Cgf’a(f x Q). Let u € Dom(H?®) be a weak solution to (1.0.1) such that u =0 on R x 0N.
(i) Assume that 0 < a+2s < 1, 9Q is C1 and that A(z) € C*¥*(Q). Then
u(t, z) ~ dist(z, 0Q)% + v(t, z) foralltel

where

ve C£z+28)/2,a+28(m)



(iii)

81

and we have the estimate
H’l)”ct(3+2s)/2,a+25(m) S C(l + HuHDom(HS) + ||f”czg/g2,a(m))

Assume that s = 1/2, 9 is CL+¢ and that A(x) € C%T4(Q), for some e > 0 such that

0<a+e<l. Then
u(t, ) ~ dist(x, 0Q)| log dist(x, Q)| + v(t, x) forallt el

where

ve O T)

and we have the estimate
[oll o150 gy < COL+ Rollbomire) + 111 gy
Assume that s > 1/2, 1 < a+ 25 < 2, 90 is CLHT25~1 and that A(x) € CYF25-1(Q). Then
u(t,x) ~ dist(z, 0Q) + v(t, z) foralltel

where

= C§3+28)/271+(a+2371)(m)
and we have the estimate

HUHct<3+2s>/2,1+<a+2s—1)(m) < C(l + HUHDom(Hs) + ”f”cgff’“(m))'

The constants C' > 0 above depend only on n, s, and the modulus of continuity of O and A(x).

Theorem 5.1.4 (Global regularity for Dirichlet and f Holder, f = 0 on the boundary). Let

0 < a <1 and suppose that f € C’gf’a(l x Q) is such that f =0 on I x 0. Let u € Dom(H?®) be

a weak solution to (1.0.1) such that u=0 on R x 09.

(i) Assume that 0 < a+2s < 1, 0Q is C! and that A(x) is continuous in Q. Then

= ng+2s)/2,a+23(m)
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and we have the estimate
ol 22 gy < Clulbomirey + 17 oo )
(i) Assume that 1 < a+ 25 < 2, 0Q is CL*2571 and that A(z) € COF2~1(Q). Then
we Ct(;+25)/2,1+(a+2s—1)(m)
and we have the estimate
HU”Ct(3+2s)/2,1+(a+2571>(m) < C(HUHDom(HS) + ”f”cgg/fa(m))

The constants C' > 0 above depend only on n, s, and the modulus of continuity of O and A(x).

In the following, we turn our attention to global regularity results for the case of the Neumann
boundary condition dqu = 0 on R x 9f), when f is Holder continuous. In contrast with the case
of Dirichlet boundary condition, here the global estimates do not depend on the values of f on the

boundary and, therefore, are consistent with the interior regularity obtained in Theorem 5.1.1.

Theorem 5.1.5 (Global regularity for Neumann and f Hoélder). Let 0 < o < 1 and suppose that

fe C%Q’O‘(I x ). Let u € Dom(H?®) be a weak solution to (1.0.1) such that dau =0 on R x 9.
(i) Assume that 0 < a+2s <1, 9Q € C! and that A(x) is continuous in Q. Then
uc Ct(a+2s)/2,a+23(m)
T
and we have the estimate
Jullgosasrsmsas gy < Clelloomre) + 11l o )
(ii) Assume that 1 < a+ 25 < 2, 0Q € CHF2571 gnd that A(x) € C*F25-1(Q)). Then
we Ct(a—&—2s)/2,1+(a+2s—1)(m)
T
and we have the estimate

Hu”C§3+2S)/2,1+(a+2571>(m) < C(H“”Dom(HS) + ”f”sz’o‘(m))'
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The constants C > 0 above depend only on n, s, and the modulus of continuity of OQ and A(x).

Finally, we state our global Schauder estimates for the case of LP right hand side, which are in

accordance with the interior estimates of Theorem 5.1.2.

Theorem 5.1.6 (Global regularity for f in LP). Suppose that f € LP(I x Q) for some 2 < p < 00.

Let u € Dom(H?®) be a weak solution to (1.0.1) such that u =0 or dau =0 on R x 0.

(i) Assume that (n+2)/(2s) <p < (n+2)/(2s — 1)y, 9Q € C* and that A(z) is continuous in
Q. Then
ue CPP I < Q)

where o = 2s — (n+2)/p € (0,1) and we have the estimate
lell oz gy < CMullbomers) + 1 ller(rxe)-

(ii) Assume that s > 1/2, p > (n+2)/(2s—1) and that A(z) € C**(Q) for a = 2s—(n+2)/p—1 €
(0,1). Then

u e Ct(71x+06)/271+a(‘[7>< Q)
and we have the estimate
el giserrzive gy < C(llullpom(ersy + [1fllzr(1x0))-

The constants C' > 0 above depend only on n,s,p and the modulus of continuity of 0Q and A(x).

5.2 Caccioppoli Estimate and Approximation

Before we state the Caccippoli energy inequality lemma we want to state the following propo-

sition.

Proposition 5.2.1. Let U be as in (2.4.1) and assume that f = H%u € L*(R x Q). Then

Uy € L3(R; (Hia(D))*) and, in particular, U € C(R;L*(D,y*dX)). Furthermore, for every
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¢ € HY([-1,1]; L*(Bt,y*dX)) N L2([—1,1};H£7G(Bik)) such that ¢ = 0 on 0Qi\(Q1 x {0}) and

a.e. t1,ts € [—1,1], we have

to to
/ ‘(U] d / YU dX dt + / / 2)VUVedXdt
* t1 By t1 By
I'(1-s) t2
Proof. We claim that
U=y *div(y*B(z)VU) € (Hia(D))* (5.2.1)

in the weak sense, namely, that for any ¢(¢) € C°(R) and any ¢(z,y) € H}J,a(D)v

/OOO?/“/Q</RU¢tdt)¢dxdy
// / VUV¢dX¢dt+cs//ftx d(x,0) da 1 dt.

Indeed, notice that, by Theorem 2.4.2, U € L?(R; H}J’ZL(D))7 so that

UL($) = /R Uiy dt € HY (D).

U (6))(@) = — /O Ty /ﬂ ( /R Uy dt> b dy

is well defined. On the other hand, for a.e. t € R,

Therefore,

[y~ div(y*B(z) / / x)VUV ¢ dz dy—i—cs/ f(t,x)op(x,0) dx

is a well defined bounded linear functional on H} (D), because U € L*(R;H} D)), € L*(RxQ)
and the trace inequality [|¢[|z2(q) < Cs|9|| H, ) holds true. On the other hand, from Theorem

2.4.2, we see that

A /[/ / VUngd:zdy—cs/Qf(t,x)qﬁ(x,O)dx b dt.

Thus, (5.2.1) holds.
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Moreover, it is clear that

H/ / T)VUVdzdy —c, /Q F(t,2)¢(x,0) do

L2(R)

C(HUHL%R,Hia(D)) + HfHLQ(IRxQ))H¢HH£@(D)

This gives that U; € L*(R; (H} «(D))7) and (5.2.1) holds a.e., namely,

/ /thbd:z:dy _/ / VUVgZ)dmdy—cs/ F(t, 2)o(x,0) dw (5.2.2)

for a.e. t € R.
For the second claim, notice that U € H!([-1,1]; (Hia(D))*) Then, for any ¢ € C°(—1,1)

and a.e. t1,ty € (—1,1), by using a standard mollifier argument, we have

to

to
U9])=% = (U9) (t2) — (U) (1) = / Uyt + / U, d.

t1 t1

Whence, multiplying by ¢ and integrating from t; to t2 in (5.2.2), we find that

/ / U], — b da dy — / //: Utprop dt dz dy
_ /tt /O /Q YV B(2)VUV 6 da dy b dt — cs /: /Q £t 2)6(x, 0) da b dt.

The conclusion is true by approximation. ]

In view of Proposition 5.2.1, we define weak solutions to the extension problem in Q)] in the

following way. Consider the problem

Y8, U — div(y*B(z)VU) = — div(y°F) in Q*
(5.2.3)

—yaUy‘yzo =f on (1.
Here F = F(t,x) = (Fy,...,Fy, Fuy1) is an R" lvalued vector field on Q% such that Fy, 1 = 0
and |F| € L*(Q}), and f = f(t,z) € L*(Q1). We say that U € C([-1,1]; L?(B},y*dX)) N

L3([-1,1]; Hia(Bi‘)) is a weak solution to (5.2.3) if for every —1 < t; <9 <1

to
/ v Ue|,_, thX / Y UOp dX dt + / / 2)VUV¢dXdt
B* T t1 1

1

| N (5.2.4)
/ f(t,x)p tmO)dmdt—l—/ / y*FV¢odXdt
t1 By *
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holds for every ¢ € H([-1,1]; L?( B}, y*dX))NL*([-1,1]; Hia(Bf)) such that ¢ = 0 on 9Q7\(Q1 X
{0}). Any such ¢ will be called a test function. In the following let us state the lemma about the

Caccippoli energy inequality.

Lemma 5.2.2. Suppose that U is a weak solution to (5.2.3) in the sense of (5.2.4) with F as

described above. Then, for any n € C°(Q1 x [0,1)) and for any —1 < t; <ta <1,

to
sup / y“Uznde+/ / yn?|VU > dX dt
t1<t<to Bf t1 f
to
sc{ [ ] v o)+ [wuPy? + [#2) axar
t1 T

w7 e a0 P00 det] £ [ v, X x) ix

1
where C' > 0 depends only on ellipticity, n and s.
Proof of Lemma 5.2.2. First we will define the Steklov averages of U and state some of their prop-

erties (see, for example, [30]). Let —1 <t < 1 and h > 0 such that ¢t + h < 1. We define
1 t+h
Un(t,z,y) = h/ U(r,z,y)dr fort € (—1,1 — h]
t

and Up(t,z,y) = 0 for t > 1 — h, for all (z,y) € B}. Since U(-,z,y) € L*([-1,1]) for almost
every (z,y) € BY, it follows that Uy, is differentiable almost everywhere in (—1, 1), for almost every

(z,y) € B}, and
U(t + h,a;y) - U(ta x, y)
h

Moreover, since U € C([—1,1]; L?(B};y*dX)), we have that

OUn(t,z,y) = € L*([~1,1]).

}llin%) U,=U in L?(B};y*dX), for every t € (—1,1 — §)
H

for any ¢ € (0,2). Additionally, for any ¢ € (0,2),
lim U, =U  in L*([-1,1 - 6]; L*(B;;y%dX)).
h—0

Now we see that U}, satisfies

/* [ya(Uh)t(P + y“B(:c)VUthp] dX
1 (5.2.5)

= [ ult.2)p(x,0)dz + / Y F Vi dX
B B;
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for almost every —1 < t < 1 — h and for every ¢ = o(x,y) € H'(B}) such that ¢ = 0 on
O0B7 \ (B; x {0}), where Fj, fj, are defined in the similar fashion. This follows by choosing ¢; =t
and to =t + h such that [t1,t2] C [—1, 1] and ¢ = ¢ (which is independent of the time variable) in
the weak formulation (5.2.4).

Next, fix a subinterval [¢1, 2] C [—1,1] such that to +h < 1. In (5.2.5) we take ¢ = ¢, where
¢ = ¢(t,x,y) is a test function as in the definition of the weak formulation (5.2.4). Then (5.2.5)
holds for almost every t € (—1,1 — h) and, if we integrate in the ¢-variable over [t1, 2] and use
integration by parts in ¢, we finally get

to
/ [y Ungli? dX+ / / Yy Undr + y*B(z) VULV ¢] dX dt
* ! (5.2.6)

to to
/ Fult, 2)é(t, z,0) dadt + / / VA F, Vb dXdt.
t1 B1 *

Observe that, from the earlier properties of Steklov average, by taking h — 0 in (5.2.6) one arrives
o (5.2.4).

For the proof of the Caccioppoli inequality, let ¢ = n?Uj, in (5.2.6). Since

to \ .
/ / y*Un0r(n Uh )dXdt = / / aUhat dth+ / / 23t Uh ) dXdt
t2
= 2/ / yaU,gat(rﬁ) dXdt + 2/ [yaﬁ2U;%]ide
tl f T

it follows that

1 t2
2/[ a2UR)L dX+/ / 2> VU, VU, dX dt
t1 *
to to
/ / Y UROy (%) dX dt — 2 / / z)nU, VULV dX dt
t1 * t1 *

t2 to
+/ / y“UQFhVUh dth—l—Z/ / y*FrUpnVndXdt
to '
/ / (t,x,0))2Un(t, z,0) fr(t, z) dzdt.

By the properties of Steklov averages, we can take the limit as h — 0 above to deduce that the

same identity holds for U, F' and f in place of Uy, F}, and fp, respectively. Then, by ellipticity and
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the Cauchy inequality with £ > 0,

1 "2
2/ [y%n 2U“2dX+A/ / yn?|VU|? dX dt
t1 *

to
<5 [ ] vvrao)dxa
t1 T

C 2 arr2 2 "2 a, 2 2
+— Y U?|Vn|> dXdt + e Y n?|VU|* dX dt
t1 1‘ t1 ik

to to
/ya772|F\2dth+s/ / yn?|VU|> dX dt
1 1 t1 I

t2 to
+C / yn?|F|* dXdt + C / YU V|2 dX dt
t1 T t1 T

to
+/ / U\ f| dzdt.
t1 B’lk

The conclusion follows in a standard way by choosing £ > 0 sufficiently small. O

Let us consider a test function ¢ € H'([—1,1]; L?(Bf,y*dX))NL3([-1,1]; Hia(Bf)) with ¢ =0
on 9Q;\(Q1 x {0}). Let U € C([-1,1]; L*(Bf,y%dX)) N LQ([—l,l];Hi’a(B’f)). If U is a weak
solution to (5.2.3) in the sense of (5.2.4) then, by letting to2 — 1 and ¢; — —1, we find that

—/ y*UOp dXdt +/ y*B(z)VUV ¢ dXdt
1

! (5.2.7)

ft,x)o(t, z,0) dacdt—i—/ y"FVodXdt.
Q1 1

Conversely, if U satisfies (5.2.7) for all such ¢ then, by using arguments similar to Proposition 5.2.1
we get that (5.2.4) holds. Therefore, when referring to weak solutions to (5.2.3), we will mean that

(5.2.4) or, equivalently, (5.2.7), hold for the corresponding test functions.

Corollary 5.2.3. Let U be a weak solution to (5.2.3). Suppose that
/ Ul(t,z,0)? dzdt +/ YU dXdt < 1.
Q1 @1
Then for every e > 0 there exists 6 = d(¢) > 0 such that if

dede/ y“|F|2dth+/ |A(z) — I? dz < 62
Qi

Q1 B
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where I denotes the identity matrix, then there exists a weak solution W to

yr oW — div(y*VW) =0 in Q5
3/ (5.2.8)

—y“Wy‘yZO =0 on Q3/4
such that

/ YU — W2 dXdt < 2.
Q3/4
Proof. We will prove this by contradiction. Let us assume that there exists € > 0, coeflicients
Ay (z), data fy, vector fields F* and solutions Uy in Q%, k > 1, such that
/ U? dxdt +/ Y UR dXdt < 1,
1 QF

1
f,fdxdt+/ y“|Fk|2dth+/ |Ap(z) — IP do < —
@ Q; By k

and such that, for any weak solution W to (5.2.8),
/ YUy — W2 dXdt > &2 (5.2.9)
Q3/4
If in Lemma 5.2.2 we choose 1 such that n = 1 in Q’g‘/4, 0<n<1in @], and we let t; — —1
and to — 1, then we find that

/ Y VU2 dXdt < C
@374

for all £ > 1. Let us define T} = —9/16, T, = 9/16. The previous estimate says that the
sequence {Uy}72, is bounded in LQ([Tl,TQ];Hl(B§/4,yad_X)). By the Aubin—Lions Lemma, this
space is compactly embedded in L2([T7, T3); L2(B§ / 1 ¥*dX)), so that there exists a subsequence,

again denoted by {U;}72,, and a function Uy, such that

Uy — Uso strongly in L*([T1, To); L*(Bj,, y*d X))

Uk, — Uso weakly in L*([T}, Ty]; H' (B3 1 Y°dX)).
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We show next that U is a solution to (5.2.8) and this will give a contradiction to (5.2.9). Indeed,

for any k£ > 1 and any test function ¢,

/ y*UrpOrd dX dt +/ Yy Bi(z)VULV o dXdt
Q@34 Q@34
= fr(t,z)o(t, x,0) dedt + / yaFngb dXdt.
Q34 Q@34

By letting k — oo, the equation above reduces to
Y UsOrp dX dt + / Y'VUxc Vo dXdt =0

/Q Q34

as desired. 0]

"
3/4

Similarly as with (5.2.3)—(5.2.4), we can define the notion of weak solutions to
Yo, U — div(y*B(z)VU) = — div(y*F) in (Q])*

_yaUy‘yzo =f on Qii' (5.2.10)

U=0 or 04U =0 on Q7 N{z, =0}

with test functions ¢ such that ¢ = 0 on (Q7)*\(Q] x {0}) (for Dirichlet boundary condition), or
¢ =00nd(Q7)"\[(QF x{0HU(Q;N{x, = 0})] (for Neumann boundary condition). Then, exactly

as with Corollary 5.2.3, we can prove the following approximation result up to the boundary.

Corollary 5.2.4. Let U be a weak solution to (5.2.10). Suppose that
/ Ul(t,z,0)? dzdt +/ yU%dXdt < 1.
Qf @)
Then for every e > 0 there exists 6 = §(e) > 0 such that if
f? dzdt +/ y*|F|* dX dt +/ |A(z) — I)? da < 62
Qf @) Bf

where I denotes the identity matriz, then there exists a weak solution W to

(

yr oW —div(y*VW) =0 in (Q;/4)*

a _ +
A Wy|y:0 =0 on Qg

W=0 or 0, W=0 0nQ§/4ﬂ{:cn:0}

\
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such that

/ YU — W2 dXdt < 2.
(@Q30)*
Next, we present the regularity of W.

Proposition 5.2.5. Let W be a weak solution to

y* oW — div(y*VIW) =0 in Q7
(5.2.11)
_yaWy‘y:o =0 on Q.

Then following estimates hold.
1) For every integer k > 0, multi-index 8 € N{ and each Q. (tg,x9) C Q1, we have
0

sup |oF DEW | < w osc
Qu o (to.a0)x[0.7/2) rRHBL @ to,20)x [0.7)

(2) For each Q. (to,zo) C Q1,

wli<cC W adxat):
Quatiomiiony = OO MW@ o an)xior yeaxan

(3) We have

sup  [Wy(t,z,y)| < C(n, s)[W|r2(qQ: yaaxany forall0 <y <1/2.
(t,x)EQ1 )2

Proof. The proof of (1) follows as in the proof of Corollary 1.13 of [42].

To prove (2), we see from [42] and [10] that W (t,z,y) = W(t,z, |y|) is a weak solution to
ly|*0,W — div(|y|*VW) = 0 in Q1 x (=1,1). Then, by [21], W is locally bounded and controlled
by its L%-norm.

To prove (3), we see that, since the coefficients of the equation in (5.2.11) are smooth in Q7, we

can differentiate through to get

yOOW — o (AxW n gwy n Wyy> -0  inQ.
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It is easy to check that V' = y®W, is a weak solution to

y 4oV —div(y*VV) =0 in Q]
V‘yZO =0 on Ql

(the test functions for this equation vanish on 0Q)7). Let

V(t,z,y) for y >0
Vit,z,y) =

—V(t,z,—y) fory <O0.

Then V is a weak solution to the degenerate parabolic equation
ly|49,V — div(|y|*VV) =0 for (t,z,y) € Q1 x (—1,1).

Since |y|* is a Muckenhoupt As-weight, it follows that V is locally Holder continuous [21]. Therefore,
1—-a
y*W, — 0 locally uniformly as y — 07. Now, by substituting z = (13—‘) in the equation for W

above, we find that

W — (AW + 2°W..) = 0

or z > ( small, where o« = —7—. 1tionally, y = W,, so that 1s differentiable wit
f 0 1, wh f“a Additionally, y*W, = W, hat W is diff iable with

respect to z up to the boundary z = 0, with WZ‘z:O = 0. Next, for z > 0 small, by (1) and (2),

oW+ AW C
[We| < P < WHWHLQ( * yadXdt)

which in turn implies that, for zg > 0 small,

(W (t, 2, 20)| = < CHWHH(Q{,yadth)Z(lfa

20
/ W,(t,x, z)dz
0

for all (¢,z) € @, /2. After transforming back to y we get the final result. O
Corollary 5.2.6. Let W be a weak solution to

ye oW — div(y*VW) =0 in (Q])*

—yaWy‘yzo =0 on Qf

W=0 or 0, W=0 onQin{z, =0}

\
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Then Proposition 5.2.5 holds for this W if we replace the cubes Q by half-cubes QT in all the

estimates there.

Proof. This is an immediate consequence of Proposition 5.2.5. Indeed, the odd reflection of W with
respect to x, (for Dirichlet boundary condition) and the even reflection of W with respect to z,

(for Neumann boundary condition) are weak solutions to (5.2.11). O

Lemma 5.2.7 (Trace inequality). There exists a constant C' > 0, depending only onn and s, such
that, for any U € L?((—1, 1);H}J7G(Bf)),
2

[ 0 o), de

-T

2

<C ya( HU(tv ) ')H%P(B;f,yadX) + r? HVU(t’ ) ')H%Q(B;f,y“dX) ) dt

-

for all 0 < r < 1. The same is true if we replace B, by B;'.

Proof. The general estimate follows by scaling from the case r = 1. From [34], we have that, for

aete (—1,1), ||U(t, '70)H2L2(Bl) <C|U(t,- ')H%Il(Bf,yadX)- Then we just integrate in time. O

5.3 Proofs of Interior Regularity Theorems

In this section, we present the proofs of the interior regularity results contained in Theorems
5.1.1 and 5.1.2. We say that a function f € L?(Q1) is in L*/%%(0,0), for 0 < a < 1, whenever

1 /
2 2
o/2,a = sup ——=— — £(0,0)|* dt dx < o0
UTrer2a0,0) 0<r21 pt2ia [ o |f = £(0,0)]

1
where f(0,0) = lim — f(t,z)dtdx. In view of Theorem 4.1.1, we see that if f satisfies
r—0 |Q7" Q'r
this property uniformly in balls centered at points close to the origin then f is parabolically a-
Holder continuous at the origin. Futhermore, Theorem 5.1.1 will follow directly from the following

statement after rescaling and translation, and by using estimate (2.4.2).

Theorem 5.3.1. Let u € Dom(H?®) be as in Theorem 5.1.1, with f € L*(R x Q). Suppose that

By C Q and that f € L*%%(0,0), for some 0 < o < 1.
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(1) Assume that 0 < o+ 2s < 1. There exist 0 < § < 1, depending only on n, ellipticity, o and s,
and a constant Cy > 0 such that if

sip — [ A(z) = A(0)2da < 8

0<r<1 ™™ J B,
then there exists a constant ¢ such that

1

Tn+2/Q lu(t, z) — ¢|? dt do < Cyr3(@+2s)

T

for all r > 0 small. Moreover,

1/2
el + C1"* < Colllullpemgae) + 1£(0,0)] + [£lzer20(00)
where Cy > 0 depends on A(z), n, s, o and ellipticity.

(2) Assume that 1 < a+2s < 2. There exists 0 < 0 < 1, depending only on n, ellipticity, o and s,
and a constant C1 > 0 such that if

1 2 2

0<r<1
then there exists a linear function {(x) = A+ B -z such that

1

rn+2\/Q |U<t,$) — E(;p)‘Z dtdx < Clr2(a+25)

r

for all r > 0 small. Moreover,
1/2
A +1B] + €1 < Colllullpemae) + (0, 0)] + [f] or2x(0.0))
where Cy > 0 depends on A(z), n, s, o and ellipticity.

We say that a function f € L?(Q) is in L=°t®/2=25%2((,0), for 0 < a < 1, whenever

1

2 2
etz —astagy g = SUP — 5o t,z)? dtde < oo
[f]L +a/2,~2s+a(,0) 0<r21 n+242(—2s+a) /Qr | f(t,2)]

and that is in L—st(1+®)/2,=2s+a+1(0 () whenever

1
2 2
Sl7=s a)/2,—2s+a = su t,x)|* dtde < oo.
[ ][ +(1+4a)/2,~2s+a+1(0,0) 0<rI<)1 Jnt2+2(—25ta 1)/ |f(t 2]

T

Then we have the following consequences
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o If f € L?(Q) is also in LP(Q1), for (n+2)/(25) <p < (n+2)/(2s — 1), then we have the

estimate [f];—stas2,—251a(00) < Cn [ fllpp(q,), for o= 2s — (n +2)/p.

o If s > 1/2 and f S Lp(Ql) for p > (n + 2)/(28 — 1), then [f]L_S+(1+O‘)/27_23+°‘+1(0,0) S

Coll fll oy for @ =25 — (n+2)/p—1.
In view of these observations, Theorem 5.1.2 will follow immediately from the next result.

Theorem 5.3.2. Let u € Dom(H?®) be as in Theorem 5.1.2, with f € L*(R x ). Suppose that

BiCcQandlet0 < a<1.

(1) Assume that f € L~st®/2=25+2(0,0). Then there exist 0 < & < 1, depending only on n,
ellipticity, o, s, and a constant C; > 0 such that if

1
sup — |A(z) — A(0)|*dz < &
o<r<1 7" JB,
then there a exists constant ¢ such that

1

7“"+2/Q lu(t,z) — c|>dt doe < Cyr*®

T

for all v > 0 small. Moreover,

el + C1"* < Collullpom(rrs) + [fl-srar2-2esa(00))

where Cy > 0 depends on A(x), n, s, o and ellipticity.

(2) Assume that f € L=st(H)/2=2sta+1(( (). Then there exist 0 < § < 1, depending only on n,
ellipticity, a, s, and a constant C7 > 0 such that if

1
sup nm/ A(z) — A(0)2 dz < 6

0<r<t T B
then there exists a linear function {(x) = A+ B - x such that

1
,r.n+2

/ lu(t, z) — 0(z))? dt dw < Cyr2(1+e)
Q

for all v > 0 small. Moreover,

AL+ B] + €1 < Co(Ilullpom(rre) + [£]p-s+0ta12-20tat1(0.0))

where Cy > 0 depends on A(x), n, s, o and ellipticity.
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Therefore, the rest of this section is devoted to the proofs of Theorems 5.3.1 and 5.3.2.

5.3.1 Proof of Theorem 5.3.1(1)

In view of the extension problem characterization in Theorem 2.4.2, we only need to prove the
theorem for u(t,z) = U(t, x,0), where U is a solution to (5.2.3) in Q7 with F' = 0. We will consider
normalized solutions U as defined next. Without loss of generality, we can assume that A(0) = I

an ,0) = 0 (otherwise, one needs to take U — 1_af 0,0)). Given 6 > 0, we say that U is a
d (0,0 0 (oth d ke U — ¥

1—a

d-normalized solution if the following conditions hold:
1

1. sup — |A(z) — I)?dz < 6%
0<r<1 7" JB,

1
2. [f]%a/za(op) = iup M/Q ]f\thdx < 52;

3. / U(t,x,0)? dt dx +/ YU dtdX < 1.
1 Q7
Notice that (1) can always be assumed by scaling, while (2) and(3) hold after normalizing
1 -1
U(I‘,y)</ U(t7$70)2 dtd.’E—F/Q* yaU2 dtdX + 5[(}0]%&/2@(070)) . (531)
1 1

Lemma 5.3.3. Given 0 < a+ 2s < 1, there exist 0 < 0, A < 1 depending on n, s and ellipticity, a
constant ¢ and a universal constant D > 0 such that, for any §-normalized solution U to (5.2.3),

1

2
W/@]U(t,x,O)—c dt dr +

——— | YU —cfdtdX < N\t
An+3+ /Qi

and |c| < D.

Proof. Let 0 < & < 1 be fixed. We use Corollary 5.2.3 to get a function W which satisfies (5.2.8).

Then, since U is a normalized solution,

J

Define ¢ = W (0,0,0). Hence, by Proposition 5.2.5(2), we get that |c¢|] < D, for some universal

Yy W dtdX < 2/ YU —WAdtdX + 2/ YU dtdX < 2% +2< 4.
1/2 @)z 1/2
constant D. Now, for any (¢,X) € Q’{M, by Proposition 5.2.5,
|W(t7X) - C| < |W(t,:v,y) - W(t7x70)‘ + |W(t7$70) - W(t7070)| + |W(t70a0) - C|

< N+ |2] +]t) < N(X|+]1?)
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for some universal constant N > 0. Then for any 0 < A < 1/4,

1 2
W/Q;?JC‘IU—d dtdX
< 2 [ yu—wPddx + —— [y w — 2 dtdx
= ¥ Jo Yy \nt3ta Qiy ¢
2e2 2N? 5
< o+ e /Q X+ ) deax
A
2¢? 2
S W +Cn7aA .

Next we apply the trace inequality of Lemma 5.2.7 to (U — ¢) to get
A1+a/ \U(t,z,0) — ¢|* dtdz < C’/ YU — ¢|? dt dX + sz/ Y| VU|? dt dX
Qx Qx @3
<20 4+ Cep AT 4 ON? / Y| VU2 dt dX.

A

Now we estimate the last integral by applying Lemma 5.2.2 to (U — ¢). For this purpose, take

n such that n = 1 in @3}, n = 0 outside Q3,, and |0yn| + |Vn| < % in @3,. Then
)\2/ Y VU2 dt dX
3

1
< C>\2</ ya)\2|U—C|2dth+/ |U(t,x,0) —c||f(t,x)|dtd:z:)
Q*

22 Qax

<C o y|U = clPdtdX + (U, 0)ll 2qyy + 1ell@a?) £l L2gu)
2

< 20% + Cep NPT+ C(1 + |c))d.

Thus, for any 0 < A < 1/8,

1 1
)\n-l—Q/ \U(t,z,0) — c‘2dtdx—|— /\n+3+a/* YU — c[zdth
Qx o
Ce? \2 cs
< ywrra e+ S
Next if we make A sufficiently small we have ¢, q A2 % 22(@+25)  Then we can choose & small such

1 a+2s
§)\2( +2s)

that /\Hsﬂ < . Finally, with this ¢ in Corollary 5.2.3, we can let § small enough such

that C(1 + [c[)§ < SA2a+2s), O



98

Lemma 5.3.4. Assume the conditions on Lemma 5.3.3. Then there exist a sequence of constants

¢, k>0, and a universal constant D > 0 such that

’Ck - Ck+1‘ < D}\k(a-i-?s)

and
1
)M/ ‘U(t,xao) — Ck‘th dx + )\k(n—i-3+a)/ ya|U — Ck‘Zdt dX < >\2k(01+28)
Q)\k Q;k
for all k > 0.

Proof. We prove this lemma by induction. First we consider the base k = 0. We let ¢y = 0 and
notice that the estimates on U hold because U is a normalized solution. Next, we let ¢; be the
constant ¢ from Lemma 5.3.3, so clearly the conclusion holds in this case. Now we assume that the
lemma is true for some k > 1. We define

U 2k k
nd X
U(t, X) = (A L A ) Ch

for (t, X) € Q7.

MNe(a+2s)
Recall that, in particular, U satisfies
— / y* U0 dX dt + / y*B(z)VUV¢dX dt = flt,x)o(t, x,0)dx dt
;k Q;k Q)\k

for suitable test functions ¢. Therefore, by changing variables here, it is easy to see that U satisfies
- / y2Udp dX dt + / Y B(x)VUV¢dX dt = [ f(t,2)d(t,z,0) dxdt
Q Q7 Q1

where ¢(t, X) = ¢(A\2Ft, N X)), B(z) = B(M\Fx), f(t,z) = A5 f(A%*¢, \Fz). Furthermore, A(0) = I,

f£(0,0) = 0 and, by changing variables and using the induction hypotheses,

*
1

1

~ 1 ~

and

/ U(t,x,O)zdxdt—l—/ yoU%dX dt < 1.
. Qi

In other words, U is a d-normalized weak solution to
y29,U — div(y*B(z)VU) =0 in Q}

_yaUy|y=0 = f on Q1.
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Thus we can apply Lemma 5.3.3 to U to get the existence of a constant ¢ such that

1

] 1 ~
S U(t7x,0)—c|2dtda:+”/ yo|U — c2dtdX < N\2@+29),
Ant2 /QX AF3Ee fo.

If we change variables back we obtain

1
NEDED / U(t,,0) = o = eAMF2) 2 dt do
Q/\k+1
1 a k(a+2s) 2 2(k+1)(a+2s)
+)\<n+3+a)(k+1)/Q YU — ¢ — cA PdtdX < X .
Ae+1
Defining cj41 = ¢ + A\ (@F25)¢ we see that |cpyq — | < DAF(@F25), O

Proof of Theorem 5.3.1(1). If {cg}x>0 is the sequence of constants from Lemma 5.3.4 then we see
that ¢ = limy_,o0 ¢ exists and is finite. Indeed, to show that {cx}r>0 is a Cauchy sequence of

real numbers, let m, k > 0 and suppose that m = k + j for some j > 1. Then

7j—1
ek = eml = lek = el <D lewse = crerl
=0
J—
Z k+€ (a-2s) < D)\k(aJrZs Z)\é (a42s)
=0 =0

< C(D A, o, s)NOF29) 0 as k — oo,

Given any 0 < 7 < 1/8, let k > 0 such that A**1 <7 < A\*. Then, by Lemma 5.3.4,

1
r”+2/ |U(t,x,0) —coo\thdac
Qr
< 2/ U(t,2,0) — cxl2 dt dz + 2Cin|cx — cao?
=~ ’I“n+2 o y Ly n 0
< 21 \U(t,z,0) — cx|* dt dz + LD%\%(O‘*?S) < O, p2lat2s)
RRGEPUCN A s k (1 — \ot2s)2 =1
where Cy = Ci(n, A\, D, a, s) > 0. O

5.3.2 Proof of Theorem 5.3.1(2)

As before, we will prove Theorem 5.3.1(2) for u(t,x) = U(t, z,0), where U is a solution to (5.2.3)

in Q7. We will consider normalized solutions U as defined next. Again, without loss of generality,
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we can assume that A(0) = I and f(0,0) = 0. Given § > 0, we say that U is a J-normalized
solution (with F' not identically 0) if the following conditions hold:

1

1. su — %
O<7"I<)1 rn+2(o¢+23—1)

/ |A(z) — I)*dx < 6%
B,

1
2. [f120/na = sup / fI?dtds < 6%
[ ]L /2:(0,0) 0<r<l rnt+2+2a QT’ |

1
n+3+a+2(a+2s—1)

3. sup
O<r<1 T

/ Y| F|?dt dX < 6%
Q*

T

4./ U(t,x,O)thd:ch/ YU dtdX < 1.
1 Q

i
Notice that (1) can always be assumed by scaling, and (2), (3) and (4) hold after an appropriate

normalization, see (5.3.1).

Lemma 5.3.5. Given 1 < o+ 2s < 2, there exist 0 < §,\ < 1 depending on n, s and ellipticity,

a linear function (x) = A+ B-x and a universal constant D > 0 such that for any d-normalized

solution U to (5.2.3),

1

>\n+2

/Q)\ |U(t,3§‘,0) —€($)‘2dtdl‘+ W

/ Yo|U — £(z)|? dt dX < A2a+2s)
Q%
and |A| + |B] < D.

Proof. Let 0 < e < 1. Then, as in Lemma 5.3.3, there exists a function W which satisfies Corollary
5.2.3, the smoothness estimates of Proposition 5.2.5 and also
/ y WdtdX < 4.
1/2
Now define
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By Proposition 5.2.5, there exists a universal constant D such that |A| + |B| < D. Next, for any

(t, X) € Q7 , we have, for some universal constant N > 0,

W (0,2,0) — W(0,0,0) — VW (0,0,0) - |
< O|Wy(t,z,8)|y + Ct + Clz|?

< Céy+Ct+Clz]? < N(IX)? +1)

where we used the mean value theorem for some 0 < ¢ < y and Proposition 5.2.5(3). Then, for any

0< A< 1/4,

——— | U — (@) dtdx
A3+ Qo

2 a 2 2 a 2
§)\n+3+a/Q§y U — W] dth—l—W/Q;y W — o) dtdX

2e2 2N?
< )\n+3+a + )\n+3+a

/ Yo (X[ + 1) di dX
Q%
2¢2

4
< Ytara T Cnad

In the next step, we apply the trace inequality (Lemma 5.2.7) to U — £. Hence, for 0 < A\ < 1/8,

AHa/ Ut 2,0) — 0(z) 2 dt da
Qx
<C | U - tx)dtdX +C/\2/ VIV (U — O dt dX.
Q3 Q%
Observe that V = U — ¢ is a weak solution to

¥,V — div(y*B(z)VV) = — div(y*(F + G)) in Q*

Y Vyly=0=f on (1



102

where the vector field G is given by G = ((I — A(z))V;¢,0) and G(0) = 0. Thus, by Lemma 5.2.2,

I,

A

1
|VKU-—wa%ﬁdXTgca/ gﬂ<A2uf—£F+¢ﬁh%GP>dt¢x
@3

+C |U(t,x,0) — £(z)||f(t,x)| dt dx
Qa2

C
<5 [ VI~ R X 4 CLF + Gy, yraa)

2X

+CHUL,NW@%ﬁWWH@m)WMWM)

/f UU — €2 dt dX + C§>\nT3tat2at2s=l)

+C(1+D)s

scj/ﬁ YU — 0> dt dX + C.
A2 [
Q35

Thus,
1/ U@xO%%@N%mh+:l/ Yo\ U — 0(x)]* dt dX
\n+2 O [ \nt3+a o
Ce? 4 c¢é 2(a+2s)
= NiF3ra T Cnak’ + \ista S A

where the last inequality follows by first choosing A small, then e sufficiently small and, for this

€>0,a0<9d<1in Lemma 5.2.3 small enough. O

Lemma 5.3.6. Assume the conditions on Lemma 5.3.5. Then there exist a sequence of linear

functions ly(x) = Ax + By - ¢, k > 0, and a universal constant D > 0 such that

|Ap — Apir| + N|By, — Biy| < DARF29)

and
1/ ’U(t T O) _£k|2dtdx+ 1/ y“IU—ék\thdX < )\Qk(a+28)
\k(n+2) Qi \e(n+3+a) @,

for all k > 0.

Proof. The proof is by induction. For the base step k = 0, we set ¢p(z) = 0 and hence the estimates

on U are true because U is a d-normalized solution. For & = 1 we choose ¢;(z) = {(z) from Lemma
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5.3.5 and obviously the conclusion holds. Suppose the result is true for some k& > 1. Define

- Uk, AR X) — £ (Nrz)
U(t’ X) - MNe(a+2s)

for (t,X) € Q7.

Recall that U satisfies

/ Y Udp dt dX + / y*B(z)VUV dt dX

*
Ak Ak

:/ YFVdtdX + | f(t,2)6(t,x,0)dt do

ik Qyx
for suitable test functions ¢. Now, by the change of variables X = A*X, ¢ = \?¢, we find that U
is a weak solution to
Y20, U — div(y*B(z)VU) = — div(y*(F + G)) in Q}
—y2Uyly=0 = f on Q1

where B(z) = B(M\fz), F(t, X) = A\kat2s=D p(\2kg NE X)) F(t, 2) = A7k f(AZFE, Meg) and

~ I — B(x) -
Moreover, by the hyptheses on f, A(z) and F,

1 - ,
7«n+2+2a/Qrf| dtdz < 6

and

1
rnt+3+a+2(at2s—1)

/ Y| F + G)? dtdX
Q:

2
< ()\kr)n+3+a+2(o¢+2s—1)

/ Yo (|12 + [T — B(x)P|By[?) dt dX
Q*

Ak

< 2(1+ D*C?%)6?

where we used that

k 0
|Bi| < Z |BJ — Bj_l‘ < DZ)\]’(O‘JFQS*U < DC
j=1 =0
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Additionally, by changing variables and the induction hypothesis,

/(?(t,x,o)dtda:+/ yU%dtdX <1
. Q

1
so that U is a d-normalized solution. Whence, by Lemma 5.3.5, there exists a linear function £(z)

such that

1

7 2
W/@yv(t,x,m—e(m)y dt da +

—— [ U — P dtdX < Nt
An+3+ /Qi

By changing variables back,

1
AED(T2) / U (t,2,0) — i1 (2)] dt dz
Q)\k+1
+ ; Y“U —+¢ ‘2 dt dX < \2(k+1)(a+2s)
AE+D (n+3+a) o, Yy k+1

Ak+1

where £p41(z) = £ (z) + \F@+29)¢(A\~F2). Then
i1 () — L ()] = AT oA F )| < DAMOF) (14 A 7F|a))

so that |Api 1 —Ak| = |[lrr1(0)—£4(0)] < DAF@+25) and, by construction, |Bjyi —By| < A@t+2s=1)|B] <

D )\k(at2s-1) ]
Proof of Theorem 5.5.1(2). Tt follows the same procedure as the proof of Theorem 5.3.1(1), but
instead we need to use now Lemmas 5.3.5 and 5.3.6. U
5.3.3 Proof of Theorem 5.3.2

The proof follows very similar lines to those for Theorem 5.3.1 with minor changes.

Proof. Indeed, in the proof of Theorem 5.3.1(1) we need to replace the exponent a by —2s + a,
while in the proof of Theorem 5.3.1(2) we substitute the exponent a by —2s + o + 1. Notice also

that we do not need the normalization f(0,0) = 0. O

In the next section we will discuss about the boundary regularity for fractional heat equations.
The analysis on the boundary regularity for fractional heat will provide us important tools which

will be useful later discussing the boundary regularity for fractional parabolic equations.
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5.4 Boundary Regularity for Fractional Heat Equations

In this section we perform a detailed analysis of boundary regularity and asymptotic behavior
of half space solutions for Master equations driven by fractional powers of heat operators. First we
state known estimates for the fractional heat operator from [42]. In the following we let A/21(R™+1)

be the Holder—Zygmund space of continuous functions u = u(t, z) such that the norm

— — 2u(t
ullavos ey = lull oo+ sup AT Funrds) - 2ult,2)
(), (7,2) R+ [t =72+ |z

is finite.

Proposition 5.4.1. Let u, f € L®°(R"*!) be such that
(O —AYu=f in R,
(1) Suppose that f € C/>*(R*1) for 0 < a < 1.
(a) If a + 2s is not an integer then u € C*/>+5a+2s(RPH1) with the estimate
”uHCa/2+s,a+25 Rn+1 S C( ||f||c’a/2,o¢ Rn+1 + ||u||Loo Rn+1 )
(Rn+1) (Rn+1) (Rm+1)
(b) If a + 25 =1 then u(t, x) is in the Holder—Zygmund space AY/21(R™1), with the estimate
el s/ sty < O lgormaqamssy + 6l oeqgnssy )-
(Rm+1) (Rn+1) (Rn+1)
The constants C > 0 above depend only on n, s and «.
(2) Suppose that f € L®(R™1).
(a) If s # 1/2 then u € CS25(R™Y), with the estimate
HUHCS,?s(RnH) <C( ||f||Loo(Rn+1) + ||U||Loo(Rn+1) ).
(b) If s = 1/2 then u is in the Holder-Zygmund space AV (R™1), with the estimate
Hu||A1/2v1(Rn+1) <C( Hf||Loo(Rn+1) + HUHLoo(RnH) )-

The constants C > 0 above depend only on n and s.
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5.4.1 Boundary Regularity in Half Space — Dirichlet

In the half space R x R’} we consider the heat operator 0; — AB, where AB is the Dirichlet
Laplacian in R} = {z € R" : 2,, > 0}. For a function u(t,z) defined on R x R" with u(t,z’,0) =0

and 0 < s < 1 we define

(0 — Ap) ult,z) =

h ™Mby —T,T x T
1—‘(_8)/0 ( (t ) (t’ ))T1+s

where {67A$}720 is the semigroup generated by Af. Let z* = (2/, —x,) for z € R" and ug(t, z)

be the odd extension of u(t,z) about the x,, axis given by

u(t, x) ifz, >0
uo(t, ) =
—u(t,x*) = —u(t,2’, —x,) if z, <O0.

Now

eTABu(t —1,2) = Pug(t — 7, )

:Mzzﬂ/‘G*“*Mﬂ—f”ﬁwaW%Wwwz
)" R”

for any 7 > 0, z € R"}. Hence, for z € R},

(0 — AD) ult,z) =

elo—2/(47) _ gmlo—z 2/ (4r)
(47) ”/2F / /n —n/2+1+s (w(t =1, 2) —u(t,z))dzdr

and

o0 + dr
(& — AB) " f(t,x) = réxﬂ A (b~ 7 ) T

e—lz—2?/(47) _ g—|z—2*?/(47)
(4m) ”/2F / /n n/241—s f(t—m7,2)dzdr.

Theorem 5.4.2 (Boundary regularity in half space — Dirichlet). Let u, f € L*(R x R") be such

that
(O —AL)u=f inRxR}

u=0 on R x OR} =R x {z € R" : x,, = 0}.
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(1) Suppose that f € C*/%*(R x R7) for some 0 < a < 1. In addition, assume that f(t,2’,0) =0,

for allt € R, 2’ € R*1.
a) If a + 2s is not an integer then u € C¥/2T50+25(R x R, with the estimate
+
||U”ca/2+s,a+2s(RX@) < C( ”f”ca/Za(RX@) + HUHLOO(RXM) )
(b) If a+2s =1 then u(t,x) is in the Holder—Zygmund space Y% (R x R%), with the estimate
s gy < OO lomme g + Il o))
The constants C' > 0 above depend only on n, s and «.
(2) Let f € L®(R x RT).
(a) If s # 1/2 then u € C**(R x RT) with the estimate
lullgeze ey < € (1 cipy + Ml iy )
b) If s =1/2 then u is in parabolic Holder-Zygmund space A2 (R x R™) with the estimate
( p 7 P n
lullasr2 ) < € (1 oo ) + 1l o uer) )
The constants C' > 0 above depend only on n and s.

Proof. This result follows by observing that if fo and wg are the odd reflections of f and u with
respect to the variable x,, respectively, then (9; — A)*ug = fo in R"*1. Thus we can invoke
Proposition 5.4.1. From the pointwise formula we see that (0, — A)%ug(t, z) = (9, — Af)%u(t,z) =

f(t,x) = fo(t,x) when x € R"}. Now, for some (t,x) such that x, < 0 we have

(O — A)’up(t,z) = (=) /Ooo (eTAuo(t,a:) — up(t, :C)) %

1 o + dr
=), (e - eduan) 5
= (O - Ap)yult,a) = —f(t,7%) = folt, )

Also we can see that if (¢,z) is such that z, = 0 then ug(¢,z) = 0 and

e—12?/(47)
(0r — A)’up(t,x) = (am) ”/2|F |/ /n s U uo(t — 7,2 — 2)dzdr =0

because ug(t — 7,z — z) is an odd function in the variable z,. O
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5.4.2 Boundary Behavior in Half Space — Dirichlet

We collect some particular one dimensional pointwise solutions that will be useful later. Con-
sider the problem
(0, — D )u=f iImRxR;
u(t,0) =0 in R

where D}, denotes the Dirichlet Laplacian in the half line [0, 00) and

T

1 when 0 < s < 1/2
f<t?x) =
Xjo,)(z) when 1/2 <s < 1.

Since f is independent of ¢, we have that u is also independent of ¢ and solves
(-Di)u=f nR,
u(0) = 0.

Then we have the following results (see also [17]).

Case 1: 0 < s < 1/2. There exists a constant ¢; > 0 such that
u(t, ) = cez®® for (t,z) € R x RT.
Case 2: s =1/2. We have
1
u(t,xz) = c/ (log|z + 2| — log |z — 2|) d=
0
1/x
:ca;/ (log |1 + w| —log |1 — wl) dw.
0
For 0 <z < 1,
1 1/x
u(t,z) = ca:/ (log(1+w) —log(l — w)) dw + ca:/ (log(1 +w) — log(w — 1)) dw
0 1
=c((1+2)log(1+z) — (1 — z)log(l — z) — 2z log z).
Hence, there exists C' > 0 such that, for any 0 < z < 1,

u(t,x) = —Cxlogz + n ()
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where n1(z) ~ x as x — 0. Therefore,
u(t,z) ~ —zlogx as ¢ — 0, uniformly in t € R.
On the other hand, if x > 1 then,
1/x
u(t,x) = cm/ (log(1 4+ w) —log(1 — w)) dw
0
= cx[(1/x+ 1)log(1/z + 1) + (1 — 1/z) log(1 — 1/x)].

Hence, for any « > 1,

u(t,z) = xng (é)

where
n2(z) = c[(1 + z)log(1 + z) + (1 — z)log(1 — x)].

To study the behavior of u(t, ) near infinity we need to study the behavior of 73(z) near 0. Using

2

the series expansion for log(1 &+ x) we see that n2(z) ~ 2 as  — 0. Therefore,

u(t,x) ~ — as r — 00.

T

Case 3: 1/2 < s < 1. We have
1
u(t,x) = c/ (]x — 27— |z + 2\2871> dz
0
1/x
= CZL'QS/ <|1 S e (I w)28_1> dw.
0
Let us consider 0 < z < 1. Then
1 1/x 1/x
u(t, z) = cx* [/ (1—w)®* Ldw+ / (w—1)*"1dw - / (1+w)?! dw}
0 1 0
= ¢4 [Q:UQS +(1—2)* -1+ 33)25].
On the other hand, if > 1, then

u(t, z) = cx® /01/90 ((1 —w)E o+ w)28_1> dw

=csz®[2— (1—1/2)* — (1 + 1/2)*].
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Whence, there exists ¢ > 0 such that

2c2% + ng1 () if0<z <1,

cox?s (2 — Ns2 (%)) ifzx>1,

where 7s1 and 72 are smooth up to x = 0. Using the series expansions of (1 4+ x)2%, we get

u(t,z) =

ne1(x) ~ —dsz  and  ne(x) ~ 2+ 2s5(2s — 1)z as ¢ — 0. (5.4.1)
Using these estimates we conclude that
u(t,z) ~x as x — 0, uniformly in ¢t € R,

and

2s5—2

u(t,x) ~x as ¢ — oo, uniformly in t € R.

Consider next the problem in a higher dimensional half space

(0 — ALY w=g inRxR"
b " (5.4.2)

w(t,z’,0) =0 on R x OR%

where

1 when 0 < s < 1/2
g(t,z) = (5.4.3)

X[0,1](9Cn) when 1/2 < s < 1.
The study of these solutions relies on the following observation. Suppose that ¢ : R»*! — R is

a function depending only on the z,, variable, that is, g(t,z) = ¢(z,,) for some function ¢ : R — R,

for all (t,z) € R"*L. Let w satisfy
(O —A)Y’w=g in R"L,

Then w is a function that depends only on z,,. More precisely, w(t,x) = v (x,) for all (t,x) € R**1,

where 1 : R — R solves the one dimensional problem

(-D)¥=¢ iR
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Indeed, that w does not depend on t is clear because g does not depend on t. Then w will satisfy
(—=A)*w = g and therefore the conclusion follows as in [17].

Thus, the pointwise solution w(t, x) to (5.4.2) with g as in (5.4.3) will be

csT2s if0<s<1/2,

—Cuzplogz, +m(z,) for0<z, <1, ifs=1/2,

w(t, ) TnM2 (i) for xz, > 1, if s =1/2, (5.4.4)

2¢57%5 + 11 () for0<z,<1,if1/2<s<1

csx,%s<2—nsg<ﬁ>> forz, >1,if1/2<s<1
for some constants ¢z, C > 0.

Now, if we consider the following extension problem
y* oW —div(y*VIW) =0 in R x R} x (0,00)

~y*Wyl,_, =0y on R x R? (5.4.5)

W =0 on R x dR" x [0, 00)
with ¢ as in (5.4.3) and 6 € R, then the pointwise solution W (t, z,y) will satisfy
W(t,z,0) = 0w(t,x) for all (¢,z) € R x R}

where w(t, x) is as in (5.4.4). Though these solutions W can be computed explicitly, we will only
need bounds for them and their derivatives in the z,-direction (see the proof of the following

Lemmas).
Lemma 5.4.3. The solution W (t,z,y) to (5.4.5) satisfies the following estimates.

(1) If s < 1/2 then W (t,z,y)| < C|0|225 for all (t,z,y) € R x R x (0,00), where C > 0 depends

only on s.

(2) If s = 1/2 then ||W || Lo rxrr x (0,00)) < C6l, where C' > 0 depends only on s.
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Proof. After dividing by 6, we can assume that § = 1. Recall that the solution W to (5.4.5) is
given by
2s

W(t,z,y) = ZP:UI‘@/O e_yg/(47)eTAwo(t —T,1)

dr
Tl-‘,—s

where w, denotes the odd reflection of w with respect to the z,, variable.

Consider first the case of s < 1/2. Then w(t,z) = c;22° and

e wy(t — 7, )

— % |:/ n e,zi/(ll‘r) (xn . Zn)QS dZn _ / 67z721/(47') (Zn . $n)28 dZn:|
T — 0o .

2s+1 71 r1 00
— Cxln/Q / efx%wz/(%')(l - w)2s dw — / 671‘,210.)2/(4T) (w - 1)23 dw:|
T —oo 1

2s+1 T o) o
— % / efx%w2/(4‘r)(1 + w)QS dw — / e—g;%w2/(4‘r) (w _ 1)25 dw]
T 1 1

2s+1 [ 2 e
< C:c{l/2 / o—2w? /(A7) g, Jr/ e~ N1 4+ W) — (w — 1)%] dw} :
T LJ-1 2

The first integral above can be estimated by

1/2

/ e~ /(47 gy = 0L (5.4.6)

Tn
For the second integral we use the mean value theorem to estimate (1 + w)?* — (w — 1) < C,

whenever 2 < w < oo. Therefore, by applying again (5.4.6), we conclude that
eTPw,(t — 1,2) < Cyx?s,

Hence, from the explicit formula for W we conclude (1).
For the case when s > 1/2, notice that w in (5.4.4) is bounded, so that there exists Cs > 0 such
that |eTAJ5w(t —71,x)| < Csforallt € R, 7 >0 and x € R. Whence (2) follows from the explicit

formula for W. O
Lemma 5.4.4. The solution W (t,z,y) to (5.4.5) satisfies the following estimates,

(1) If s < 1/2, then |9, W (t,z,y)| < Cy**~L for all (t,z,y) € (QF)*, where C > 0 depends only

on s and 6.
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(2) If s = 1/2 then |0, W (t,x,y)| < C|log(x2 + y?)| for all (t,z,y) € (QT/Q)*, where C' > 0

depends only on s and 6.

(3) If s > 1/2 then |0, W (t,z,y)| < C for all (t,x,y) € (QF)*, where C > 0 depends only on s
and 6.

Proof. The solution W to (5.4.5) for § =1 is given by

2s 00
Y _ A At dr
W(t,z,y) = PG )/ 1T AL 7 —
5.4.7
_ 1/°° eV IUN A gy 9T 4T
I'(s) Jo i

Consider first the case of s < 1/2. Using the second formula in (5.4.7) and the fact that g

depends only on x,, we get that
0o 00 —|zn—2n|%/(47) ef|mn+zn|2/(47') dr
w t,x, — CS —92/(47)/ (6 _ ) n) dzp ———.
(t,2,y) /0 € o S1/2 ~1/2 9(zn) dz s

We would like to apply Fubini’s Theorem above. Since g is bounded and x,, z, > 0, we only need

to check that

o 0/ o—len—2znl?/(47) —lzntzn?/(47) d
— —y?/(47) € _¢ .
01 := /0 e Y /0 ( 7 7 > dzn g < 00.

& 67y2/(47) e 2 0 2 dr
R e () /() g, / (e (47) n] dr
/0 172 [/0 ¢ “ L “n| 15

o0 n/(24/7) oo
— / 6_92/(47') |:/ e—w2 dw — / e—w2 dw] Clli
0 —o0 on/(24/7) T

= [T e enttan 2w S

0

Indeed

T

where we have denoted erf(r) = / e~ dw. One one hand, if 0 < 7 < 1 then erf(z,/(2/7)) < C

'

so that

1
/0 e V) erf(2,, /(2V/7)) —— C/ = < oo
On the other hand, when 7 is large, by using the Taylor expansion of e

erf(xy,/(2y/7)) ~ Cxy/(24/T) so we have
/ o~ Y2/ (47) erf(z,/(2v/7)) % < an/ F5—1/2 dl < 0.
T T

1 1

2 .
“" we can estimate
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Hence I is convergent. Thus, for each fixed (¢, z,y), after Fubini’s Theorem,

o 0 /o=y +|zn—2n|?)/(47) —(P+lzntznl?)/(41)\ ¢
& (& T
Wit z,y) = Cs/ Q(Zn)/ ( F1/2—s o F1/2—s > T dzn

= C4 ! L d
(Y2 + (25 — 20)2)(1729)/2 o (12 + (2 + 29)2)(1-29)/2 “n.-

Since s < 1/2, it is easy to check that we can differentiate inside the integral to finally obtain

Cs
(JI% + y2)(1—25)/2

8Z‘nW(t7 x? y) =

from which the estimate in (1) follows.
For s = 1/2, we use the second formula in (5.4.7) and a similar computation as in [40] to find

that, since g, is independent of ¢t and has zero mean,

W(t,z,y) = o / / —(y*+=7)/(47) (t—T,xn—zn)dznd—T
T T

dr
r(y*+27) _ dz, —
/ / o(mn Zn) Zn ,
/ / (e—r(y +22) _ X(0 1)(7«))go($n _ Zn) dzy, @
T Jo oo ’ T
1 (e.0)
=5 /OO log ((:cn — ) + yz)go(zn) dzy,
= o [log ((zn + 2,)? + yQ) — log ((zn — zn)? + y2)}g(zn) dz,.
Next, since g(zn) = X[0,1](2n), by using integration by parts,
W(t,,y) = (1+2n)log((1 + 20)* + ) — (1 = 2n) log((1 = 20)* + y?) — 2a log (a7, +3/%)
+ 2y arctan((1 + z,)/y) — 2y arctan((1 — ) /y) — 4y arctan(z, /y)
Therefore,

O W (t,z,y) = log((1 + 2,)* + y*) + log((1 — z,)* + y*) — 2log(z2 + y°)

from which (2) follows.

To prove (3) for s > 1/2, we notice that

o[22 4+ (1 — 2)* — (1 + 3,)%] for 0 <z, <1,
w(t,x) =

w22 — (1= 1/2y)* — (1 + 1/2y)*]  for z, > 1
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Then, for 0 < z,, < 1,

6znw(t737) = ¢4 [2125—1 _ (1 _ xﬂ)?s—l - (1 + xn)zs—l]

n

and, for x, > 1,

Oy, w(t, ) = cez?s™? 2-(1- /z,)* — (1+ 1/xn)25]

n

+ cssc,zf_2 [(1 — 1/xn)2$_1 +(1+ l/xn)QS_l}.

Now using the estimate for ns2(1/x,) in (5.4.1), we conclude that 0, w ~ C as z, — 0, and

Op,w ~ 22572 as x, — oo. Then we see that |0,,w| is bounded everywhere. From here and
the first formula in (5.4.7) is it easy to check that |8xn(eTAEw(t —71,2)] < C for all 7 > 0 and

(t,x) € R x R, which in turn establishes (3). O

5.4.3 Boundary Regularity in Half Space — Neumann

In the half space R x R} we consider the heat operator d; — A}, where AE is the Neumann
Laplacian in R’}. For a function u(t, ) defined on R x R with ug,, (t,2/,0) = 0 and 0 < s < 1 we

define

. _ 1 [y dr
(at - A}) u(t, l‘) = F(—S)/O (6 A u(t - T,.”L‘) - u(t,x)) Flts

where {eTAﬁ}TZO is the semigroup generated by A?\}. As before, let z* = (2!, —x,) for x € R™.
Denote by ue(t, x) the even extension of u(t,z) about the x,, axis given by

u(t, x) if z, >0
ue(t,z) =

u(t,z*) = u(t, o', —x,) if x, <O0.
Now

Eu(t —71,2) = eTPu(t — 7, 1)

_ <41>// (enlems/6) g oo B/ yp — 7 2) ds
)™ n

eTA
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for any 7 > 0, € R’}. Hence, for z € R},

(0 — AR ult, ) =

—lz—2?/(47) 4 o—lz—2*|?/(47)
€ +e
(47) "/2F / /n ( n/2+1+s ) (w(t —7,2) —u(t,r))dzdr

and

o d
(8t—Aj(])sf(t,:c):F(18)/O O £t 1)

—lz—2?/(47) | o—lez—2*|?/(47)
€ +e
(4m) ”/2F / /n ( n/241—s > f(t—m7,2)dzdr.

Theorem 5.4.5 (Boundary regularity in half space — Neumann). Let u, f € L®(R x R"}) be such

that [pn f(t,2)dz =0 for allt € R and
+

(O —AY)u=f inRxR}
—Ug, =0 on R x ORY.

(1) Suppose that f € C*/*>*(R x RY) for 0 < a < 1.
(a) If o+ 25 is not an integer then u € C/2+50H25(R x R7?) with the estimate
Sy T4 12 [ pp—
(b) If a+2s =1 then u(t,z) is in the Holder-Zygmund space AY/>1 (R x R™) with the estimate
HUHA1/271(RX@) < C( Hf”ca/za(Rx@) + [ull o RXR"))
The constants C > 0 depend only on n, s and a.
(2) Let f € L¥(R x R%).

(a) If s # 1/2 then u € C*?5(R x R') with the estimate

”“Hcsﬂs(Rx@) < C( HfHLoo(Rx@) + HUHLN(RX@) )
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(b) If s = 1/2 then u is in the Holder—Zygmund space AY?1(R x R™) with the estimate

HuHAl/Qvl(Rx@) < C( Hf”LOO(IRX@) + HUHLOO(RX@) )
The constants C > 0 above depend only on n and s.

Proof. We show this result by noticing that if f, and wu,. are the even reflections of f and u with
respect to the variable z,,, respectively, then (9; — A)*u, = f. in R"*!, so that Proposition 5.4.1
applies. From the pointwise formula we see that (9; — A)*uc(t,x) = (8 — AR)*u(t,z) = f(t,x) =
fe(t,z) for € R"}. Now, for € R" is such that x, <0,

T (e —7,7) —u.(t, dr
F(—S)/o (6 ue(t ) e(t; )) Tl+s

1 > AT dT
— T t— N ot xt
(e et —ua)

= (0 — AR) ult,2") = f(t,2") = fe(t, ).

(O — A)’ue(t,z) =

5.5 Proofs of Global regularity results

5.5.1 Global Regularity for Dirichlet Boundary Condition and f Holder:

Here we present the proof of the Theorem 5.1.3. For that we assume that  C R"} is a bounded
domain such that its boundary contains a flat portion on {z,, = 0} in such a way that B]” C Q.

We say that f € L2(Qf) is in LY/*%(0,0), 0 < @ < 1, if

+ o<r<1 T

1
2 R 2
[f]LQ,a/Q,Q(Ojo) = sup Cht2r2a /Q;r |f — f(0,0)| dt dx < 0o

1
where f(0,0) = lim |/+ f(t,z)dtdx.
Qr

r—0 |Q;”
Theorem 5.1.3 follows from the next result after flattening the boundary, translation and rescal-
ing, and by taking into account estimate (2.4.2) and the properties of half space solutions, see

subsection 5.4.2, and Theorem 4.1.1.
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Theorem 5.5.1. Let u € Dom(H?®) be a solution to (1.0.1) with Dirichlet boundary condition and

assume that f € Li/Q’a(O, 0), for some 0 < a < 1. Let w be the half space solution to (5.4.2).

(1)

Assume that 0 < o+ 2s < 1. There exist 0 < § < 1, depending only on n, ellipticity, o and s,

and a constant Cy > 0 such that if

1
sup MQ/B+ A(z) — A(0)2 dz < 6

o<r<1 T

then

1

rnt2 /Q+ u(t, ) — f(0,0)w(t,z)|* dt dw < Cyr?et2)

for all v > 0 small. Moreover,

1/2
01" < Co(L+ [[ullpomer + 1£(0 0)] + [ or20 g )

where Cy > 0 depends on A(z), n, s, o and ellipticity.

Assume that s =1/2 and 1 < a+2s < 2. Let 0 < e < 1/2 such that 0 < a+¢ < 1. There

exists 0 < 6 < 1, depending only on n, ellipticity, o and s, and a constant C1 > 0 such that if

1 2 2
0<SrL£/2 et /BT+ |A(z) — A(0)|*dx < ¢

then there exists a linear function l(x) = B - x such that

1
ot /Q+ [u(t, ) = £(0,0)w(t, x) — U()|* dt dw < Cyr e+

T

for all r > 0 small. Moreover,

12+ |B] < Co(1+ [[ullvom(arey + (0.0 + [f] jos2 g )

where Cy > 0 depends on A(x), n, s, a and ellipticity.

Assume that s > 1/2 and 1 < a + 2s < 2. There exists 0 < § < 1, depending only on n,

ellipticity, o and s, and a constant C7 > 0 such that if

1

- _ 2 2
S e [, 1A A0 dr <o
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then there exists a linear function l(x) = B - x such that

1

I _ _ 2 2(a+2s)
. /Qr. ult,) — £(0,0)0u(t, z) — () dt dw < Cyr

for all v > 0 small. Moreover,

O+ 18] < Co(1 + [ullbomrs) + £ 0.0+ [£] a2 )

where Cy > 0 depends on A(x), n, s, a and ellipticity.

Proof of Theorem 5.5.1. Here in the following we will give proofs of all three parts of the above

Theorem.

e Proof of Theorem 5.5.1(1)
Let U be the solution to the extension problem for u, so that U is a weak solution to
YO U — div(y*B(z)VU) =0 in (Q])*

_yaUy|y:O = f on Qi"_

U=0 on Q1 N{z, = 0}.

Without loss of generality, we can assume that B(0) = I. We need to compare U with the
solution W to the extension problem for the half space solution w. Let W solve (5.4.5) with
6 = f(0,0), so that it is a weak solution to

Yyl oW — div(y*VW) =0 in (Q])*

_yaWy‘yzo = f((): 0) on Qi—

W =0 on Q1 N{z, = 0}.

Let V. =U — W. Then V is a weak solution to
Y0,V — div(y*B(z)VV) = —div(y*F) in (Q])*

_yavy‘yzo —h on Q;r (5.5.1)

V=0 on Q1 N{z, = 0}.
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where
F=({I-B(x)VW, F,0.0 =0 and h=f— f(0,0), h(0,0) =0.

We observe that F satisfies a certain Morrey-type integrability condition. Indeed, when

s < 1/2, by Lemma 5.4.4,

1
2 )
[F]a,s = 03{51 yrn+3+a+2(a+2s—1) /(Q+)* y*|F|"dt dX
L 2
T oongy prt3tat2atas—D) /(Qﬂ* y*|(I = B(x)) VW[ dtdX
! C 2, 4s—2
< —_— .
- Oigglrn+3+a+2(a+2371) /B;“ /—7‘2/0 y'|(I = A(@))7y dy dtdx
2
= sup C'S/ /7" ’(I—A(l‘))|2dtdx
0<r<1 rnt2t2a B J_r2
Cs ) )
= I-A dx < Cso
S [0 AP <,

We say that, given 6 > 0, V' is a d-normalized solution to (5.5.1) if the following conditions

hold:
1 ) )
L Oiﬂglm/]ﬁ |A(z) = I*dx < 6%
1
2. [h]? = —— | |hfdtdz < &%
| ]Li/g’a(O,O) Oiﬂglrmma /Q;J | T <07

1 ) ,
n+34a+2(a+2s5—1) /(Qﬂ* Y| F|*dtdX < 6%

/ V(t,x,0)2dtdm+/ yV2idtdX < 1.
Qf @)

w
|
[$
|
w
=1
e}

=

By scaling and by considering

2 -1
V(t,z,y) [(/w V(t,z,0)?dt dz + /(Qﬂ* Y V2 dt dX> + 5([F]a,s + [h]Li/z,a(O’O))
1 1

we can always assume that V' is a §-normalized solution.

Now we follow similar steps as in the proof of Lemma 5.3.3 with necessary changes. Namely,

we replace balls by half-balls and use Corollaries 5.2.4 and 5.2.6 and Lemma 5.2.7. There is
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another change in the computation we need to consider because, unlike the proof of Theorem

5.3.1, here we have F' # 0. Indeed, we perform the following estimate:
)\2/ Y| VV|? dt dX
@)

1
2 a 2
< CA (/(Q+ )*y —)\2|V—c\ dtdX + HFHL?((Q;)*) +/Q+ |V (t,z,0) —C||h(t,$)|dtdzr>

2 2

< C/(Q+ . Y|V = clPdtdX + C5* + C (HV(-, SO L2y + ‘CHQ;)\P/Z) 121l 205,
2
< 20% + Cen NPT+ C(1 + )6

Therefore, we obtain the existence of 0 < §, A < 1 such that if V is a d-normalized solution

then

1

1
)\"H/+ ‘V(t,ﬂ?,O)’thd:cﬂ-W/ |V|2dth < \2(at2s)

QY @)~

Notice that here ¢ = V(0,0,0) = 0. Using the above result, if we follow similar steps as in
the proof of Lemma 5.3.4, with similar necessary changes as above, and setting ¢, = 0 for all

induction step k, and we can prove that

1

7%—}-2/+ |V (t,2,0)2dt de < Cyr2(@+2s)

for all r > 0 sufficiently small. The constant C satisfies the following bound

) < C&(/ Ul(t,z,0)% dt dx +/ YU dt dX + W (t,z,0)?* dt dx
+ +x +
Qf @) Qf

1 1
W2dtdX + —[F2 .+ =[f]? ,
+ /(VQT)* Yy W + 52[ ]Cv,s + 52 [f]Li/Q,a(QO)

Notice that, from Lemma 5.4.3,

W(t,x,0)2dtdx+/ Yy W2 dtdX
(@)

< OO0 | stttz CUOOF [ atrwax =ciso o

1 (@i

Q7

so we conclude that the estimate for Cy in the statement holds.
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e Proof of Theorem 5.5.1(2)

Let U, V, F and h be as in the proof of Theorem 5.5.1(1). Observe that, by Lemma 5.4.4, F’

now satisfies the following Campanato-type integrability condition:

Flay = 0<r1/2 Wﬁ /(Qr)* (I~ A) V=W dtdX
=0l W% /<Q,+.>* (= AlDFogyl"drdX
: 0<rglfa W% (@) (0~ APy~ deax
= s WZC(;H /Br (T = A(2)) de < C52.

By scaling and normalization, we can assume that V is a §-normalized solution to (5.5.1) in

the sense that

1 2 2.
1
2. [h]? = su / h|? dt dz < 6%
| ]Li/z’a(ovo) 0<r§11/2 et 2ta Q;L’ |
1
3. [F]2 = sup / |F|>dtdX < 6%
a,1/2 0<r<l /2 rn+3+2a (Qi)*

4. V(t,x,0)2dtdﬂc+/ V2dtdX < 1.
Qf (@)

Then we follow the proof of Theorem 5.3.1(2). We have a linear polynomial ¢(x) such that

V — /¢ is a weak solution to
OV —div(B(z)VV) = —div(F + G) in (Qjﬂ)*
—(V - g)y‘yZO =h on (Qf/z)

where the vector field G is given by

G =((I - A(x))V4£,0) and G(0) =0
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Then we can see that GG also satisfies the same Campanato-type condition as F'. Indeed, as
Vi < C,

1
G2 ,,= sup / I — A(x))V L* dt dX
[Gla)2 oo T (Qj)*\( (2)) V!

C
< sup / I— Ax)de < CH2.
S T Brl( ()]

With this we can continue as in the proof of Theorem 5.3.1(2) and get oo () = Boo - = such

that

1

m /+ ‘V(t,l’, 0) — loo(g;)‘th dx S Cl’f‘2(a+28)
Qr

for r > 0 sufficiently small. As in Theorem 5.5.1(1),

1/2
O 4 1Bool < Co(Lt [[wllpomrs) + £0. 0] + [ o2 g )

where Cy depends on §, n, s, a and ellipticity. In this particular case we observe that, the
term A from Lemma 5.3.5 will be 0 because the our approximating function W = 0 at the

origin and hence A, will be 0.

e Proof of Theorem 5.5.1(3) Let U, V, F' and h be as in the proof of Theorem 5.5.1(1).

Observe that, by Lemma 5.4.4, F satisfies the following Campanato-type condition:

C
FJ% < su a1 — A(z))2 dt dX
[Fla, ooyey rBtat2(at2s—]) (Q;L)*y I( ()]
C ) )
v B -
< Oiligl Tn+2(a+2s—1) /Bi |(I A(l'))’ dx < Cé-.

Then again we can normalize V' and follow the proof of Theorem 5.3.1(2). Details are left to

the interested reader.
O

As we have observed that Theorem 5.1.3 is a consequence of Theorem 5.5.1 similarly Theorem

5.1.4 is a direct consequence of the following result.

Theorem 5.5.2. Let u € Dom(H?) be a solution to (1.0.1) with Dirichlet boundary condition and

assume that f € Li/z’a(o, 0), for some 0 < a < 1, and that f(t,0) =0 for all t € [—1,1].
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(1) Assume that 0 < o+ 2s < 1. There exist 0 < § < 1, depending only on n, ellipticity, o and s,

and a constant Cy > 0 such that if

1
sup — [ |A(z) — A(0)]? dz < &
o<r<1 T Bt
then
1
rnt2 / N ’U(t,x)\Q dt do < Cyr2(@+2s)

for all r > 0 small. Moreover,

1/2
01" < Co(llullpomer + [0/ g )
where Cy > 0 depends on A(z), n, s, o and ellipticity.

(2) Assume that 1 < a+2s < 2. There exists 0 < 6 < 1, depending only on n, ellipticity, o and s,

and a constant C1 > 0 such that if

1
sup m /;4’ ’A(.ZU) — A(O)’leE < 52

0<r<1 T

then there exists a linear function l(x) = B - x such that

1
W /QJr ‘U(t,l') — l(g;)‘2 dt dx < CITQ(a+23)

for all r > 0 small. Moreover,

G + 18] < Co(lullpomrre) + [f] 272 g )

where Cy > 0 depends on A(z), n, s, o and ellipticity.
Proof of Theorem 5.5.2. The proof is very similar to the proof of Theorem 5.3.1 with minor changes.
If we replace @, by Q;" and follow the other steps then we get our result. O
5.5.2 Global Regularity for Neumann Boundary Condition and f Ho6lder:

Theorem 5.1.5 follows from the next statement.
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Theorem 5.5.3. Let u be a solution to (1.0.1) with Neumann boundary condition. Assume that

fe Li/z’a(0,0) for some 0 < o < 1.

(1) Assume that 0 < o+ 2s < 1. There exist 0 < 6 < 1, depending only on n, ellipticity, o and s,

and a constant C1 > 0 such that if
1
sup — |A(z) — A(0)2dz < 6

0<r<1 7" JBF

then there exists a constant ¢ such that

1
nte /Q+ lu(t, z) — c|? dt do < Cyr2(et?s)

for all r > 0 small. Moreowver,

1/2
Oy +1el < Co( [ullpomrrey + £(0,0)l + [f] /20 ))

where Cy > 0 depends on A(x), n, s, o and ellipticity.

(2) Assume that 1 < a+2s < 2. There exists 0 < § < 1, depending only on n, ellipticity, « and s,
and a constant C1 > 0 such that if

1 2 2

r

then there exists a linear function l(x) = A+ B -z such that

1

rn+2/Jr lu(t,z) — l($)|2 dt dox < 017“2(a+25)

for all r > 0 small. Moreover,

1/2
O + || + 18] < Co( llull pom(zze + 1£(0,0)] + [f]Li/Q*a(o,O))

where Cy > 0 depends on A(x), n, s, a and ellipticity.

Proof of Theorem 5.5.3. We prove the regularity of the solution for the extension problem about

the origin like we did in the case of Dirichlet boundary condition. The extension problem is

(

YO U — div(y*B(z)VU) =0 in (Q])*

_yaUy‘yZO =f on Qf

0AU =0 on Qf N{x, = 0}.
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Then the proof follows the similar steps as in the proof of Theorem 5.3.1 except we need to replace

the Q, by Q. O

5.5.3 Global Regularity for f in LP:

We say that a function f € L?(Q7) is in L;s+a/2’_25+a(0, 0), for 0 < a < 1, whenever

1
f? Ciaso—2sia = sup / ft,z)]? dt dz < oo
[ ]L+ +a/2,—2s+ (0,0) 0<r<1 rn+2+2(728+a) Qj— | ( )‘
and that is in LISHHO‘)/Q’*QHQH(O, 0) whenever
1
2 _ 2
[f]L;”“*o‘)/?”QS*““(0,0) N oi&gl pnt2+2(—2s+a+1) /Qi |f(t, )| dt dw < oo.

By Holder’s inequality (see the remarks before Theorem 5.3.2), it is clear that Theorem 5.1.6

will follow from the next result.

Theorem 5.5.4. Let uw € Dom(H?) be a solution to (1.0.1) with either Dirichlet or Neumann

boundary condition and let 0 < v < 1.

(1) Assume that f € L;s+a/2’72s+a(0,0). There exist 0 < § < 1, depending only on n, ellipticity,
a, s and a constant Cq > 0 such that if

1
sup — |A(z) — A(0) ] dz < 62
0<r<1 7 JB;t

then there exists a constant ¢ such that

1

s /+ lu(t, z) — c|? dt do < Cr®®
Qr

for all v > 0 small. Moreover,

1/2
01" < Co(llullpomazey + ] —wsarz-2010 g )
where Cy > 0 depends on A(x), n, s, a and ellipticity.

(2) Assume that f € L;s+(1+a)/2’_28+a+1(0,0). There exist 0 < § < 1, depending only on n,
ellipticity, o, s, and a constant C1 > 0 such that if

1
sup ——- A(z) — A(0)? dx < 62
S s [ 1A4G) — A0)
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then there exists a linear function l(x) = A+ B -z such that

1
7’”+2

/+ ‘U(t,w) — l(x)‘2 dt dz < 017“2(1+O‘)
Q
for all r > 0 small. Moreover,

1/2
O 4 A1+ 181 < Colullpomirn + ], orcaserrn-sorass o)
where Cy > 0 depends on A(z), n, s, o and ellipticity.

In particular, for the case of Dirichlet boundary condition, ¢ =0 and A = 0 above.

Proof of Theorem 5.5.4. The proof follows very similar lines to those for Theorem 5.3.2 with minor

changes, by replacing Q, by Q. O
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CHAPTER 6. GENERAL CONCLUSION

In this dissertation, we studied different regularity estimates for solutions to the nonlocal space-
time equation,

(O + L)’u(t,x) = f(t,x), for0<s<1,

for t € R and z € 2, where 2 is a Lipschitz domain in R", n > 1, that may be unbounded, and L

is an elliptic operator in divergence form, i.e.
L =—div(A(x)V)

Here A(x) = (AY(x)) is a bounded, measurable, symmetric matrix defined in €, satisfying the

uniform ellipticity condition, that is, for some A > 1,
—11¢2 ij .. 2
ATE < a¥(2)68; < AlE]

for a.e. x € Q, for all £ € R™. The operator L is subject to homogeneous Dirichlet or Neumann

boundary conditions, that is,
u=0 or Jsu=A(x)Vzu-v=0 onR x 09,

where v is the exterior unit normal to 9.

Our nonlocal equation appears in several different physical processes and it is also an example
of Master equation. In our work, we first defined the nonlocal operator (9, + L)® for 0 < s < 1
using spectral analysis and analytic continuation of the Gamma function. From here, we developed
a semigroup method that, in particular, provided a meaningful pointwise formula for the nonlocal
operator. In terms of regularity, we established interior and boundary Harnack inequalities and
interior and boundary Schauder estimates for the solution. To this end, we proved a local character-

ization of the nonlocal problem. We also proved interior and global Schauder estimates by means
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of the extension technique. Along the way, we obtained a characterization of the intermediate

parabolic Holder space Ct(};a)/ 21lta

, where 0 < a < 1, in the spirit of Campanato.

The results of this dissertation are contained in the papers [10, 11].
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