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NONLOCAL MODELS

what I use nonlocal models for

e peridynamic model for mechanics

e jump processes/fractional operators

e image processing
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NONLOCAL MODELS

what I use nonlocal models for

e peridynamic model for mechanics
e jump processes/fractional operators

e image processing

how do they look like?

Cu(z) = / (u(y) — u(x)) y(x, ) dy

M. D'Elia — mdelia@sandia.gov
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NONLOCAL MODELS

e interactions can occur at distance, but are localized

e used in many scientific and engineering applications,
where the material dynamics depends on microstruc-
ture
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NONLOCAL MODELS

e interactions can occur at distance, but are localized

e used in many scientific and engineering applications,
where the material dynamics depends on microstruc-
ture

e example: nonlocal continuum mechanics theories, e.g.
peridynamics[l] and physics-based nonlocal elastic-
ity[2] which can model fractures and material failures

[1] S.Silling, R.B.Lehoucq, Advances in Applied Mechanics, Elsevier, 2010.
[2] M.Di Paola, G.Failla, and M.Zingales, Journal of Elasticity, 2009. ductile fracture,
Wikipedia
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NONLOCAL MODELS

facts: e the nonlocal vector calculus allows us to study nonlocal problems
similarly to the local counterpart

e we have several discretization schemes and numerical convergence
results for finite element approximations
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NONLOCAL MODELS

facts: e the nonlocal vector calculus allows us to study nonlocal problems
similarly to the local counterpart

e we have several discretization schemes and numerical convergence
results for finite element approximations

challenges: e the numerical solution might be prohibitively expensive

e prescription of nonlocal “boundary conditions” is not straightforward
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COUPLING

Goal: merge two fundamentally different
mathematical descriptions of the same physical
phenomena: PDEs and nonlocal models

overlap

' nonlocal |
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COUPLING

Goal: merge two fundamentally different
mathematical descriptions of the same physical
phenomena: PDEs and nonlocal models

overlap

'nonlocal |

Local-Nonlocal coupling

(2012) Han and Lubineau: extension of the Arlequin method to continuum
mechanics, energy blending

(2012) Lubineau et al.: morphing approach, blending of material prop-
erties

(2013) Seleson et al.: force blending
(2015) Silling et al.: variable horizon

(2017) Tian and Du: heterogeneous localization via trace theorems

M. D'Elia — mdelia@sandia.gov



COUPLING

Our strategy split the computational domain in a local and a nonlocal domain
and couple the models at the interfaces or overlapping regions [*|

} overlap {

"nonlocal | | local

| physical BC

- virtual BC

[*] Du 2000,2001; Gunzburger 1999,2000; Lions 2000;
Bochev 2009, 2011, 2016; Discacciati 2013; Olson 2014.
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COUPLING

Our strategy split the computational domain in a local and a nonlocal domain
and couple the models at the interfaces or overlapping regions [*]

} overlap \

| physical BC

"nonlocal | | local { virtual BC |
. 1 2
m1n j(un, ul) -5 Hun - ull *,overlap
Unp,u;,Vn,Vj 2
( —L,u, = b nonlocal ( —L;u;= b local domain
s.t. ¢ U, = g physical BC < w;, = g physical BC
\ u, = v, virtual BC \ u; = v; virtual BC
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COUPLING

Contribution: design a local-to-nonlocal coupling method that

e passes the patch test

e allows for separate softwares/solvers/meshes

for the local and nonlocal problems
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COUPLING

Contribution: design a local-to-nonlocal coupling method that

e passes the patch test

e allows for separate softwares/solvers/meshes

for the local and nonlocal problems

Novelty: design a method that differs fundamentally from previous strategies
reversing the roles of coupling conditions and models

e coupling conditions = optimization objective

e models = optimization constraints

M. D'Elia — mdelia@sandia.gov



OUTLINE

e Nonlocal Vector Calculus

e Nonlocal diffusion

1. formulation and analysis
2. finite dimensional approximation

3. numerical results

e Static peridynamics

1. formulation and finite dimensional approximation

2. numerical results
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A NONLOCAL VECTOR CALCULUS

— Q. Du, M.D. Gunzburger, R. Lehoucq, and K. Zhou, Analysis and
approximation of nonlocal diffusion problems with volume constraints.

SIAM Review, 54, 667-696, 2012

— Q. Du, M. Gunzburger, R. Lehoucq, and K. Zhou, A nonlocal vector
calculus, nonlocal volume-constrained problems, and nonlocal balance laws.

Math. Model. Meth. Appl. Sci, 23, 493-540, 2013




NONLOCAL VECTOR CALCULUS

e generalization of the classical vector calculus to nonlocal operators

e allows us to study nonlocal diffusion similarly to the classical, local, counterpart
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NONLOCAL VECTOR CALCULUS

e generalization of the classical vector calculus to nonlocal operators

e allows us to study nonlocal diffusion similarly to the classical, local, counterpart

Nonlocal operators: u(x), v(z,y), a(x,y)=—a(y,x)
o divergence of v: D(v)(z) = /(V(ac,y) +v(y,x)) - alz,y)dy

e gradient of wu: Q(u) (x,y) = (u(y) — u(a:))a(w,y)

M. D'Elia — mdelia@sandia.gov



NONLOCAL VECTOR CALCULUS

Interaction domain of an open bounded region 2 € R¢

Q={y eRIN\Q: a(r,y) #0, z 0},
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NONLOCAL VECTOR CALCULUS

Interaction domain of an open bounded region 2 € R¢

Q={y eRI\Q: a(r,y) #0, z €},

Kernel: we assume

{v(w,y) >0 Vy € B:(x)
Y(z,y) =0 Yy eQuUQ\ B.(z),

B.(x)={yeQUQ: |z—y|<e, xzeQ}

M. D'Elia — mdelia@sandia.gov



NONLOCAL VECTOR CALCULUS

energy norm and energy space

el = [ | Gvudyda
Q+ JO+
V() ={ve L*(QF) : [||v]llo+r < oo}

Vo(QF) = {v cV(Q") : v=0in ﬁ}

M. D'Elia — mdelia@sandia.gov

semi-energy norm

energy space

constrained energy space
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NONLOCAL VECTOR CALCULUS

kernels and equivalence of spaces

71

Y2
@ — y[ntes <7z, y) <  — y[n+2s

case 2: 73 < / v(x,y)dy Ve
Q+tNB:(x)

/ V(x,y)dy <v4 Ve
QtNB:(x)

M. D'Elia — mdelia@sandia.gov

= W(Q7) = H'(Q")

= Vo(QT) = L3(QT)

Sandia
National
Laboratories




NONLOCAL VECTOR CALCULUS

Variational form of a diffusion problem

—Lu = f xe€(

strong form: ~
u = 0 xe€Q,

weak form: /Euvda}:/fvdw Yovel,
Q Q : :
[ integration by parts ]

//ngvdydw:/fvdm Voel,
QJQ Q

— _J/

/Q /Q(u(w) —u(y))(v(x) — v(y))y(z,y) dy
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THE LtN OPTIMIZATION PROBLEM

— M. D'Elia, M. Perego, P. Bochev, D. Littlewood, A coupling strategy for local
and nonlocal diffusion models with mixed volume constraints and boundary
conditions, Computers and Mathematics with applications, 2015

— M. D'Elia, P. Bochev, Formulation, analysis and computation of an
optimization-based local-to-nonlocal coupling method, submitted, 2016




MODEL PROBLEMS (Poisson — Dirichlet)

The nonlocal problem

{Eun = fn x€

U, = o, x€7I,

where o, € V(Q) and f,, € L%(Q)
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MODEL PROBLEMS (Poisson — Dirichlet)

The nonlocal problem

{Eun = fn x€

U, = o, x€7I,

where o, € V(Q) and f,, € L%(Q)

The local problem: Poisson equation

—Auy; = fl x € ()
u = 0y CBE(?Q,

where oy € Hz (99Q) and f; € L2(Q)
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MODEL PROBLEMS (Poisson — Dirichlet)

The nonlocal problem

{Eun = fn x€

U, = o, x€7I,

where o, € V(Q) and f,, € L%(Q)

as € — 0
converges to

The local problem: Poisson equation

—Auy; = fl x € ()
u = 0y CBE(?Q,

where oy € Hz (99Q) and f; € L2(Q)

M. D'Elia — mdelia@sandia.gov



LtN COUPLING




LtN COUPLING

State equations:

—£un = fn T < g” —Aul = fl x €
u, = 0, xefl, w = 0, xxel,
u, = 0 x € uy = 0 xelj.
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LtN COUPLING

Optimization problem:

1 1

: 2 2
min ~ J(up,u) = = / (up, — ) de = —||un — w||g Qp
unaul’gnael 2 Qb 2 ’
—Cun = fn T € gn —Aul = fl €Tr & Ql
S.t. u, = 0, xecfl, w = 0, xxel,
u, = 0 x € wy = 0 xel;.

(0n,0;) € ©,, X ©;: control variables

Sandia
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LtN COUPLING

LtN solution e optimal solution: (6},60) € ©,, x 6,

uk (0%) x € Q,
e LtN solution: u* =
u; (07) x € Q\Q
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IS THE SOLUTION UNIQUE?

Reduced form:

1

' 1
min J(6,.0;) = & / (tn (0) — 1 (0))2 A = < [[tun (0) — w (0|20,
00,0, 2 Jq, 2
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IS THE SOLUTION UNIQUE?

Reduced form:

1

1
Immu%ﬁgz—/"mﬂﬁy—m@»%m:—mmﬁg—mwg
0,01 2 Ja, 2

2
O,Qb

Solution splitting:
Up = Up (0n) + ud and w; = vy (60;) +

harmonic components v,, and v;

—Lv, =0 T Qn —Avyy =0 x ey
v, =260, xc ﬁc and vy =6, xxel,
+VC +BC
homogeneous components u? and u)
—Lud =f, TzEQ, —Au) =f; e
W =0 xeQ. and w =0 =zel.
+VC +BC

M. D'Elia — mdelia@sandia.gov




IS THE SOLUTION UNIQUE?

Reduced functional:

1
J(0r,01) = = [lon(0n) =01 (0[5 2, + (g —u], 00 (0n) —01(61)),
2 b

Y

Sandia
A . . @ National _
M. D'Elia — mdelia@sandia.gov Laboratories



IS THE SOLUTION UNIQUE?

Reduced functional:

1
J(0r,01) = = [lon(0n) =01 (0[5 2, + (g —u], 00 (0n) —01(61)),
2 ,p

Lemma: The reduced space problem has a unigue solution
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IS THE SOLUTION UNIQUE?

Reduced functional:

1
J(0n,01) = = llon(0n) —vi(0)115 0 + (un—1], 00 (0n) —vi(61)),
2 b

Y

Lemma: The reduced space problem has a unique solution

Key result: /Q (vn(an) — vl(al)) (vn(,un) — vl(,ul)) dx := ((op,071), (fn, 141))«

defines an inner product in the control variable space

= [Jon(0n) =02 (0) 13,0, := ll (o, 00) ]

defines a norm in the control variable space
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FINITE DIMENSIONAL APPROXIMATION

— M. D'Elia, M. Perego, P. Bochev, D. Littlewood, A coupling strategy for local
and nonlocal diffusion models with mixed volume constraints and boundary
conditions, Computers and Mathematics with applications, 2015

— M. D'Elia, P. Bochev, Formulation, analysis and computation of an
optimization-based local-to-nonlocal coupling method, submitted, 2016




FINITE ELEMENT DISCRETIZATIONS

1D simulations: discretize local and nonlocal models with FEM

e the discretized problem has a unique solution
e the method passes a patch test

e the convergence rate is optimal

M. D'Elia — mdelia@sandia.gov



FINITE ELEMENT DISCRETIZATIONS

1D simulations: discretize local and nonlocal models with FEM

e the discretized problem has a unique solution
e the method passes a patch test

e the convergence rate is optimal

but the real world

e isnot in 1D

e does not have Dirichlet conditions

M. D'Elia — mdelia@sandia.gov



MODEL PROBLEMS (Poisson — Dirichlet & Neumann)

The nonlocal problem

{ —Lu, = fn xe

W, = 0, @x€D
NGu,) = n, xEN

M. D'Elia — mdelia@sandia.gov

Dirichlet (D)

Neumann (N)

T ——J




MODEL PROBLEMS (Poisson — Dirichlet & Neumann)

The nonlocal problem »

—Lup = fn x €N
u, = o0, €D  Dirichlet (D)
N(Gu,) = n, x&€N  Neumann (N)
N
as € — 0

converges to

The local problem

Ay, = fi zeQf
w = o xed Dirichlet (d)
—Vu,-n = n xTEn Neumann (n)

M. D'Elia — mdelia@sandia.gov



COUPLING CONFIGURATION

Note: the Dirichlet-Neumann problem is well-posed.



THE DISCRETIZATION

Goal: exploit the flexibility of the method and use two fundamentally dif-
ferent discretization schemes for the local and the nonlocal models

—Lu, = [, x€], —Au; = fi x €
u, = 60, weﬁc uy = 60, xel,
+VC +BC
strong form 4 particle method weak form + FEM

M. D'Elia — mdelia@sandia.gov
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THE DISCRETIZATION

Goal: exploit the flexibility of the method and use two fundamentally dif-
ferent discretization schemes for the local and the nonlocal models

—Lu, = [, x€], —Au; = fi x €
u, = 60, weﬁc uy = 60, xel,
+VC +BC
strong form 4 particle method weak form + FEM

Llx;] ~ 2 EZN (u(xy) = u(x:)) v(xi:%5) Vj

Ja(U,,U)) = Z\ — (U):*V;
%ENb

M. D'Elia — mdelia@sandia.gov
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THE DISCRETIZATION

Goal: exploit the flexibility of the method and use two fundamentally dif-
ferent discretization schemes for the local and the nonlocal models

—Lu, = [, x€], —Au; = fi x €
u, = 60, weﬁc uy = 60, xel,
+VC +BC
strong form 4 particle method weak form + FEM

Llx;] ~ 2 EZN (u(xy) = u(x:)) v(xi:%5) Vj

.
TiU0) = 5 3 0): = (U f’“\‘/\

%ENb

M. D'Elia — mdelia@sandia.gov
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QUICK EXAMPLE

- o o x ;..
SRS SRRIRR S

B L Y - T e VY

- mmw'b*h'w v

i

2..
3 1

kernel: y(z,y) = —; , le—y| <e
et |x — y|

analytic solution: u = (x,0,0), linear patch test

Z patch test
: @ Sania
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STATIC PERIDYNAMICS

— D. Littlewood, M. Perego, M. D'Elia, P. Bochev, A coupling approach for static
peridynamics and classical elasticity, in preparation

— M. D'Elia, P. Bochev, D. Littlewood, M. Perego, Optimization-based coupling of
local and nonlocal models: Applications to peridynamics, Chapter in Handbook of
nonlocal continuum mechanics for materials and structures, Springer, 2017




THE PERIDYNAMIC MODEL

Peridynamic (PD) equilibrium equation:

~Lful(w) = — | {Tlal(@’ ~ @) - Tl')(w ~a')} dVar = b(x)

u: displacement field, b: given body force, T: force state field

M. D'Elia — mdelia@sandia.gov



THE PERIDYNAMIC MODEL

Peridynamic (PD) equilibrium equation:

~Llul(@) == | {Tle)(@’ - @) — Tl (@ — ')} dVer = b(x) —
7y

u: displacement field, b: given body force, T: force state field

PD model: linearized linear peridynamic solid (LPS) model

£®¢
€[°

{(BK —5G) 0(x)€ + 15G (u(x+ &) — u(m))}

K: bulk modulus, GG: shear modulus, #: linearized nonlocal dilatation

M. D'Elia — mdelia@sandia.gov



THE PERIDYNAMIC MODEL

Peridynamic (PD) equilibrium equation:

~Llul(@) == | {Tle)(@’ - @) — Tl (@ — ')} dVer = b(x) —
7y

u: displacement field, b: given body force, T: force state field

PD model: linearized linear peridynamic solid (LPS) model

£®¢
€[°

{(BK —5G) 0(x)€ + 15G (u(x+ &) — u(m))}

K: bulk modulus, GG: shear modulus, #: linearized nonlocal dilatation

LPS equation: —Lrpgslul(x) =b(x) x € Q,,

M. D'Elia — mdelia@sandia.gov



THE LOCAL MODEL

Local equation: Navier-Cauchy model of linear elasticity

—Lnc[u](x) = b(x), with

Lnclul(z) = [(K + %G) V(V-u)(z) + G V3u(z)]

Note: e for a quadratic displacement field LPS = NC

e for ¢ — 0, Peridynamics — Linear classical elasticity

Sandia
A . . National _
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THE COUPLING STRATEGY

Optimization-based coupling

1
min  J(u,,u;) = —/ lu, — w|* dx
Uy, U, Vn, Y 2 Ja,
( —Lrpslu,](x) = bx) xe€Q, [ —Lnc[wl(x) = b(x) ze
s.b. 4 u,(z)= 0 x e Q; < w(z)= 0 xelp
\ u,(x)= v,(z) x¢€ Q. \ w(zx)= vi(r) xzel,

Sandia
A . . National _
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THE COUPLING STRATEGY

Optimization-based coupling

1
min  J(u,,w;) = —/ lu, —w|*dx
Un,Uu;,Vn,V] 2 Qb
( —ﬁLps[un](m) — b(a:) x €,
s.t. 4 u,(z)= 0 x € Q,
\ u,(x)= v,(z) x¢€ Q.
Discretization:

local problem: variational form with FEM

b(%) x €
0 xel'p
I/Z<$> xecl,

nonlocal problem: strong form with mesh free method = modified operator

Liz;] .= > {Tzi|{x; — x;) — T]x;|{x; —x;)} V}(i)

JEN;

v = |B.(a;) N B.(x;)]

M. D'Elia — mdelia@sandia.gov




SOFTWARE*

Coupling Peridigm and Albany

peridigm.sandia.gov software.sandia.gov/albany/ trilinos.orq/packages/rol

Sandia
National
Laboratories

* advertisement slide



THE GEOMETRY

M. D'Elia — mdelia@sandia.gov



THE PATCH TEST

Analytic solution: u = 1073(z,0,0), linear patch test, b(z) = 0

Displacement (mm)

EOJO

£0.05

EO.OO

Z patch test
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THE PATCH TEST

Analytic solution: u = 1073(z,0,0), linear patch test, b(z) = 0

Displacement (mm)

0.10

0.09

0.08

0.07

0.06

0.05

0.04

0.03

0.02

0.01

0.00

1+ :
4
4 |
¥
4 1
4
Nonlocal Model @ |
Local Model |
| | | | | | |
10 20 30 40 50 60 70 80 90

Position along Length of Bar (mm)

100

Z patch test




THE PATCH TEST

Analytic solution: u = 107°(z2,0,0), quadratic patch test

Displacement (mm)

0.10
|

20.05

E0.00

Z patch test
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THE PATCH TEST

Analytic solution: u = 107°(z2,0,0), quadratic patch test

0.10 |

0.09 - -
0.08 - 7
0.07 - 7
0.06 - 7
005 [ 7

0.04 - y .
0.03 - _'_-1- -

I + ]
002 1,1'1- Nonlocal Model @ Z patch test

001 - Local Model |

Displacement (mm)

0 00 l | | | l | | I
0 10 20 30 40 50 60 70 80 90 100

Position along Length of Bar (mm)



CRACK TEST

Boundary conditions: opposite displacement (left and right) along the = direction.

ot nt el A O e b

ot et et e e

et e I e i
ot e S S S e et e e

U,1:k7a
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CRACK TEST

Boundary conditions: opposite displacement (left and right) along the = direction.

0.05 | |

0.04 -

0.03 -

0.02 -

0.01 |- .

0.00 |- i

-001 |

Displacement (mm)

-002 - .

-0.03 - Nonlocal Model @ 1

Local Model [

0.050= ! ! ! | | ! | ! !
-50 -40 -30 -20 -10 0 10 20 30 40 50

Position along Length of Bar (mm)




TENSILE BAR
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TENSILE BAR — WITH CRACK
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ANOTHER CRACK TEST

Boundary conditions: Neumann on the left, Dirichlet on the right along the x direction.

how can we guess nonlocal Neumann conditions???

pressure conditions can only be obtained on a surface

M. D'Elia — mdelia@sandia.gov



ANOTHER CRACK TEST

Boundary conditions: Neumann on the left, Dirichlet on the right along the x direction.

how can we guess nonlocal Neumann conditions???

pressure conditions can only be obtained on a surface, i.e. locally!

M. D'Elia — mdelia@sandia.gov
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Boundary conditions: Neumann on the left, Dirichlet on the right along the x direction.
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pressure conditions can only be obtained on a surface, i.e. locally!

Neumann:
p=—D
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ANOTHER CRACK TEST

Boundary conditions: Neumann on the left, Dirichlet on the right along the x direction.

how can we guess nonlocal Neumann conditions???

pressure conditions can only be obtained on a surface, i.e. locally!

bending crack (magnified) no displacement
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WHAT IS KEEPING US BUSY...

e current work: accuracy tests
e up next: performance improvement

e future work: recover Neumann constraints from the coupled solution
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WHAT IS KEEPING ME BUSY...

e developing a unified theory for nonlocal operators (more soon...)

e unifying the fractional and nonlocal communities (more in December)
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Thank you
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