LECTURE NOTES

L. CAFFARELLI

1. SECOND ORDER ELLIPTIC EQUATIONS

When learning complex analysis, it was a remarkable fact that the real part, u, of a
complex analytic function, because it satisfies the equation:

Ugz + Uy = 0 = A(u)

(Laplace equation) is real analytic, and furthermore, the oscillation of w in any given
domain D, controls all the derivatives of u, of any order, in any subset D, compactly
contained in D_. For our discussion, an important consequence of this theory are the
Schauder and Calderon-Zygmund estimates.

Heuristically, they say that if we have a solution of an equation

Aij(x)Diju = f(x)

and A;;(x) is a small perturbation of the Laplacian in a given functional space, then D;;u
is in the same functional space as A;; and f. (For instance, if [A;;] is Holder continuous
and positive definite, we can transform it to the identity (the Laplacian) at any given
point xy, and will remain close to it in a neighborhood.)

One can give three, essentially different explanations of this phenomena.

a) Integral representations (Cauchy integral, for instance). This gives rise to many
of the modern aspects of real and harmonic analysis: fundamental solutions, singular
integrals, pseudodifferential operators, etc..

b) Energy considerations. Harmonic functions, u, are local minimizers of the Dirichlet
integral

Ew) = /(Vv)2 dx .
That is, if we change u to w, in D CC D (that is, u = w in D\ D), then
Ew)|p = E(u)lp -

This gives rise to the theory of calculus of variations (minimal surface, harmonic maps,
elasticity, fluid dynamics).
One is mainly concerned, there, with equations (or systems) of the form

(1.1) DiFy(Vu,X) =0 .
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For instance, in the case in which u is a local minimizer of
E(u) = /]:(VU,X) dx

(1.1) is simply the Euler equation:
F,=V,F.
If we attempt to write (1.1) in second derivatives form, we get
F,;(Vu,X)Dju+---=0.

This strongly suggests that in order for the variational problem to be “elliptic”, like
the Laplacian, F;; should be positive definite, that is F should be strictly convex that
in principle is in L? (finite energy). It also leads to the natural strategy of showing that
Vu is in fact Holder continuous to then apply the (linear) Schauder theory.

That would imply that Djju is ¢®, thus Vu is C*, and so on.

The passage from Vu € L? to Vu € O, is, of course, no trivial matter. It is the
celebrated De Giorgi theorem, that then evolved into the De Giorgi-Nash-Moser theory.
In fact, the De Giorgi theorem is much more powerful than that. It considers a variational
solution of the linear equation
but without assuming any regularity on the coefficients A;;(x), only ellipticity, and it
proves that such a w is Holder continuous.

Furthermore

||w||ca(31/2) < C||w||L2(Bl) :
In doing so, De Giorgi makes a jump of invariance classes.
(*) From equations
D;Qi;j(z)Dju=0
that are a small perturbation of the Laplacian, that is, that under dilations become

asymptotically the Laplacian. We are now confronted with an equation that no
matter how much we dilate, remains in the same class.

Finally, a third approach is

c¢) Comparison principle. Two solutions u;,us of Au = 0 cannot “touch without
crossing”. That is, if uy —us is positive it cannot become zero in some interior point, Xg,
of D.

Again, heuristically, this is because the functions

F(D?*u) = Au = Trace[D*u]

are monotone functions of the Hessian matrix [D;ju| and, thus, in some sense, we must
have F(D?u) “>" F(D?usy) at X, (or nearby).

The natural family of equations to consider, then, is

F(D*u) =0

for I a strictly monotone function of D?u.



Such type of equations appear in differential geometry. For instance, the coefficients
of the characteristic polynomial of the Hessian

P(\) = det(D*u — \)

are such equations where D?u is restricted to stay in the appropriate set of R™*™. If \;
denote the eigenvalues of D?u

Cy=Au= Z i (Laplace)

Co=> Nehe...

i#]

C, = H \; = det Dy (Monge-Ampere) .

In the case of C,, = det D?>u = []\; is a monotone function of the Hessian provided
that all \;’s are positive. That is, provided that the function, u, under consideration is
convex.

If F(D%u,X) is uniformly elliptic, that is, if F' is strictly monotone as a function of
the Hessian, or in differential form, if

FZ(M) = sz‘jF

is uniformly positive definite, then solutions of F/(D%*u) = 0 are C'®. As in the divergence
case, first derivatives u, satisfy an elliptic equation,

(1.2) Fij(D*u)Dyjuy =0

now in non divergence form, and again with bounded measurable coefficients.

The a;j(x)D;ju, = 0 corresponding to De Giorgi type theorem, is due to Krylov and
Safanov, and states again that solutions of such an equation are Holder continuous.

We point out that, again this result has “jumped” invariance classes. Unfortunately,
this is not enough to “bootstrap”, that is, we still cannot use Schauder estimates, as in
the divergence case: The coefficients, A4;;(x) = Fj;(D?u), depend on second derivatives.
If we managed to prove that D?u is Holder continuous, then from equation 1.1 D,u would
be C%2 i.e., u would be C** and we could improve and improve, as long as F(-) is very
smooth.

To prove this, once more convexity reappears. If F/(D?u) is concave (or convex) then
all pure second derivatives are super (or sub) solutions of the linearized operator. This,
together with the fact that D?u lies in the surface F(D?u) = 0, implies the Holder
continuity of D?u, and, by the bootstrapping argument via Schauder estimates, u is as
smooth as F' allows.

2. DE GIORGI

Theorem 1. Let u be a solution of D;a;;Dju =0 in By of R with 0 < M < a;;(x) < Al
(i.e., a;j is uniformly elliptic). Then u € C*(By/2) with

[ullca(s, ) < Cllullrzs,)
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(a0 =a(\ A, n).

Proof. The proof is based on the interplay between Sobolev inequality, that says that
||u||2+< is controlled by ||Vu|r2 and the energy inequality, that says that in turn, u
being a solution of the equation means that ||Vugl||z2 is controlled by ||ugl|z2 for every
truncation 0: ug = (u — )%,

We recall the Sobolev and energy inequalities:
Sobolev. If v is supported in By, then
[vllzrsy) < ClI VU L2(8))
for some p(n) > 2.

If we are not too picky we can prove it by representing V' (z) as

U(IO)Z/ vv(x)Oxo_xd:B:Vv*G.
B

|x — o[

(Check why!). Since G belongs “almost” to L™"~! any P < 2n/n — 2 would do. p =

2n/n — 2 requires another proof. O
Energy inequality. Ifu > 0, D;a;;Dju > 0 and ¢ € C5°(By) then
/ (Vou)? dz < Csup |Vg0|2/ u? .
By BiNsupp ¢

(Note that there is a loss going from one term to the other: Vou versus u.)

Proof. We multiply Lu by ¢?u. Since everything is positive we get (after integrating by
parts)

—/VT(<p2u)AVu >0.
We have to transfer a ¢ from the left V to the right V.

We use a Cauchy-type inequality whenever we have a term of the form

[vteuauve e [Ven) AVen) + 2 [ IVoPal
(Try it!!). O
Now, the proof of Theorem 1 is split in two parts:
Step 1. (From an L? to an L* bound.)
Lemma 1. If [|[u™||12p,) is small enough (< S(n, A\, A)), then

suput <1 .
By )2

Proof. We will consider a sequence of truncations
PrUE

where ¢y, is a sequence of shrinking cut off functions converging to xp, , -
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More precisely:
1 for |z| <14 2-k+D)
- {0 for |z| >1+27F
and we only ask |V, < C 28 everywhere.
Note that ¢, = 1 on supp pri1

\_’-Y_J
B2

while uy is a sequence of monotone truncations converging to (u — 1)*:
up = [u—(1—=2"F (in |z] <1427 *D)

Note that where w1 > 0, uy > 2-*+0),
Therefore if (Qrp1trr1) > 0, (prug) > 27FFD,
We will now show that, if ||u||r2(s,) = Ao is small enough then

B1

In particular (v — 1)*[p,, = 0 a.e.. This is done through a (non linear!!) recurrence
relation for Ay.

We have

Sobolev inequality.

2/p
{/(‘Pk+1uk+1>p} < C/(V<Pk+1uk+1)2 .

But, from Holder

2/p
/(<Pk+1Uk+1)2 < {/(%waﬂ)p} - k1t > 0}[°
so we get

Apr < C/[V(<Pk+luk+1)]2 - H{rt1tp41 > O}

We now control the RHS by Aj.
From energy we get

/V(S0k+1uk+1)2 <C 2%/ uz+1

Supp ¥r+1
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(But ¢ =1 on supp ¢p11)

To control the term:
{ornurs > 0} < [{ppup > 27%}°

We use Chebyshev’s inequality
< 24k€</(<ﬂkuk)2) )

Ak+1 < C 24k(Ak)1+a )
Then, for Ay = § small enough A, — 0 (prove it).

So we get

Corollary 1. Ifu is a solution of Lu = 0 in By, then
[ull oo (1) < C llullz2sy)

Step 2. Oscillation decay:
Let oscpu =suppu — infpu

Theorem 2. If u is a solution of Lu = 0 in By then 3 o(\,A,n) < 1 such that
0SCp, ,, U < ooscp U .
The proof is based on the following lemma.

Lemma 2. Let 0 < v <1, Lv > 0 in By. Assume that By, N {v = 0} = p (u > 0)
Then supp, , v < 1—¢(n).

Idea of the proof. We will consider a dyadic sequence of truncations
ve=[v— (127"
and their renormalizations
Wy = 2kvk

B12

N —

U3

C_/-\ /U
IS DA — 2
[T 7777 TN

(%1
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{v=0}=>p>0



We will be interested in the set Cy = {vx > 0}. Its complement A = {vx = 0} and
the transition: Dy = [C — C_1]

We will show that in a finite number of steps, kg, ko(\, A, 1),

|Cr] =0 .
Then e(u) = 27",
Note that
a) AO = U

b) By the energy inequality, since |wy|p, <1,

/ Va2 < C
B2

c¢) If Cy gets small enough
4/(wk)2 <|Ck| <0,

and 2wy|p,,, <1, by Step 1 we would be done (prove this).

O

We contend now that, since ||wy|| g is bounded and [{wy = 0} = |Ag| > p, wr “needs
some room” to go from 0 to 1/2, that is we should have an inequality of the type

| Di| = C(|Akl, |Cral)
The precise statement is as follows
Sublemma. Let 0 <w <1
a = [A] = [{w =0} N By
¢=|Cl={w=1}N0Byp|
d=|D|=|{0<w<1}N Byl .
Then if [ |Vw|* < Co,
D] => Ci(JA]|C])* .
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Proof. For xy in C' we reconstruct w integrating along all rays that go from x( to a point
in A

1 = w(zo) :/wrdr

or

|A] < Area S(A) < M dy
p w0 —y|*~

|Vw|r™=t dr da)

Tn—l

dx
el [ |Vw<y>|( / 7)@
D C |950 —yI

Among all C' with the same measure |C|, the integral in xy is maximized by the ball of

radius |C[Y/"
| <term.
C

1/2
Alc] < |0|1/"( / |Vw|2) D2
D

Since [ |Vw|?* < C}, the proof is complete. O

(wr drdo <

Integrating xg on C'

So

Proof of the theorem. We iterate this argument with 2(ka%) = w. If C} stays bigger
than 0 after a finite number of steps k + 0 = k(6, 1), we get

> [Di| = [Bijs  (which is impossible.)
So for some k < ko, |Cy| < 0 that makes |Cii1| = 0 from the first part of the proof.
Corollary 2. 08Cp,_, U < AP 0sCp, U.
Corollary 3. u € C%(By3) with A = 27% (defines o).
Corollary 4. If ||u||e@ny < C (for any C') = u is constant (Liouville-type theorem,).
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Note. This argument in Lemma 1 is very useful when two quantities of different homo-
geneity compete with each other: area and volume (in a minimal surface) or area and
harmonic measure, or harmonic measure and volume as in free boundary problems.

3. KRYLOV SAFONOV
Let u be a nonnegative solution of Lu = > a;;D;ju = 0 in By C R™ with

Then, in By s:

supu < C'inf u
By s By /2

with C'= C(\, A, n).
Proof. We start by remarking that an equation Lu = 0 as above is totally infinitesimal
in nature.

Further, since no regularity of the coefficients a;; is required. The only information
that Lu = 0 is giving us is that at every point the largest eigenvalue of D?u, fiy,. must
be nonnegative, the smaller pi,;, must be nonpositive and

Hmax ~ —Hmin -

Therefore, the passage from the infinitesimal to the global is a very delicate issue that
depends on a very special equation that has simultaneously divergence and nondivergence
structure, the Monge-Ampere equation:

MA(u) = det D*u = f(x) .
The MA equation,
det D*u = H 1

is elliptic only when all y; are positive (or negative), that is when u is convex (or concave).
On the other hand, det D?u is the Jacobian of the map

r— y(x) =V u(x)

and as such it has a hidden divergence structure. This is reflected in the celebrated
Alexandrov-Bakelman-Pucci theorem.

Theorem 3. Let v be a solution of a;;D;jv = f in By. Suppose that v > 0 on 0B — 1.
Then

sup(v)" < C / (FHde < [0

7

Remark 1. The domain of integration, 7?7, will be very important for us and will be
specified below.

Remark 2. This Theorem plays, in some sense, the role of the Sobolev inequality for
De Giorgi’s theorem, asserting that a combination of second derivatives controls v.
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Proof of the Lemma. We consider —v = min(v,0). We extend it by zero to By and form
its convex envelope I'(v) in By, that is, I'(v)(x) is the supremum of ¢(x) where ¢ ranges
over all linear functions that lie blow v~ in By, the set where v agrees with I'(v) will be
called the “contact domain” and will be denoted by D.

[ = {v=Toy:
k contact domain

We now consider the gradient map

r — y(x) = VI'(v)

and estimate its volume by above and below:
By above:

Vol (VI'(B,)) = / det DI .

By
But |, B, det D?I"(v) is connected to fT by the following two observations

a) det D?T'(v) is supported on the contact set D, since through any other point T’
contains at least a segment (prove it). In particular we will take 77 = D.
b) At a contact point

0 < D’T(v) < D*v
Therefore

det DI'(v) < f[uj < (pmax)” < C(fF)"

j=1

(p; denotes the eigenvalues of D?v). Recall that a;; D;;v = f means that fumax ~
—min + f, which gives the inequality on the right.

Therefore, we can estimate by above:
Vol (VI(B,)) < / (F)"de .
D

Now the estimate by below: Consider any plane II:

. sup(v™)
II={y= ijxj +a} with slope, |w| < 1 i
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Translate it far down the constant very negative so that it stays fully below the graph of
['(v), and then raise it continuously: (a; = a +t).

\\ | /Supvl/ |

! /
Mg,

The plane II,,, for ¢ large enough will cross the graph of I'(v), away from the edge of
By. In fact, inside By, since D C Bj. Therefore any such w € VI'(B;) which only means

that the ball of radius %4”7) is contained in VI'(By). Therefore

(S“pi”_>)n < C Vol (VI(By)) < C/D(f+)" '

This completes the proof with ?? = D the contact set of I with v. U

We now go back to our v nonnegative solution of
Lu=0.

We will assume that «(0) = 1 and show that supy, ), U < Co. This is done in two parts:

In the first we only assume that u is a supersolution, (we call it @, Lu < 0) and show
that:

Lemma 3. Ifu >0, and u(0) = 1, then u belongs to a “weak L=, for some small €:
Hu >t} <CtF for e=¢e(\,An).
For that we need a sublemma:
Sublemma. (first rough version) u as above, then
Hu<2}NBy|>60>0 (0 =06(\An)) .
(Remark: Note the similarity with De Giorgi theorem.)

Proof. We consider
v=1-—2(1— |z}
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and we apply the ABP Theorem, note that 4(0) = 1 means v~ (0) = 1, so

L <sup(e )" < [ (L))"
I B D
We note that
a) Since Lu <0, Lv < C.
b) On the contact set D, 0 > I'(v) = v, therefore u < 2.
We thus get
1 < CHI(v) = v}| < C{u <2} .
0]

Remark. On the set where I'(v) = v, v has a “global” tangent plane, ¢, by below (that
of I'(v)), and thus, @ has a global tangent paraboloid P = ¢ + 2 — 2|z|? by below, giving
control on first and second derivatives from below.

Now we want to iterate this argument at every scale to obtain the L° estimate. For
that, we need two tools. One, the possibility of localizing better the set where @ is
bounded. The second a Calderon Zygmund type lemma for iteration.

An improved sublemma 1. % as above, then for any cube contained in (), with sides
of size 1/8
(Qus(o)) — {u < 73 N Qyys(xo)| =2 0> 0
for some 7,0 (A, A,n).
Proof. For 0 = a(\, A, n) large, v = —|x| ™7 is a supersolution of Ly < 0.
Then instead of the auxiliary function v = @ — 2(1 — |z|?), we use
U:ﬂ—l—’?(l'—llfo) )

with 4 being v where we remove the singularity at xy by chopping off a little piece of the
tip and replace it with a paraboloid:

\ﬁ%/

y<-2

(e)
—Ix—xol -C

< .
\ paraboloid
¥7 inside Qy/g (Xo)

Then Lv < 0 outside @Q1/3(z9) and Lv < C' inside Q1/5(o).
Then I'(v) = v can occur only inside Qq/s, i.e., D C Q175 and as before

—v(0) < / Lv < C|D| = C|DNQyys]
D
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The second ingredient is a Calderén-Zygmund type lemma:

Lemma 4. Let A C B C @)1 be two measurable sets with the following properties

a) Al <o
b) Whenever |An‘8:|(x)| > ¢, this implies that for any Qo4(y) that contains Qs(y) C B
Q2S(y) CB
Then
|A] < 0|B| .

Proof. We make a C'Z decomposition: We split @; into 2" cubes ()12

If % > 0, we keep it, if not we keep subdividing. This way we build a sequence

of diadic disjoint cubes @; that contain A (a.e.). Each one of the predecessors A} (the
last cube we did not choose) has the property that

a) lAr;?Q;‘ <0
b) Q: C B.

We may assume the Q7 are disjoint. Since they still cover A, we get
A =Y"14nQi <6 |Q; <4|B] .
We are now ready to prove the L¢ estimate.

Proof. Consider

A = {u > tk}| .
We will apply the previous lemma to
B =A;
A= Ak+1
c =77
and B
L, U

Then, we know from the lemma that |Ax| < |A;] < (1 —60) = . Let’s check that Ay,
Apyq satisfy the A-B conditions. Indeed if

| Apr1 N Q)
Q)

13

>0



that means that
{u">13NQI = (1-0)|Q
or
{u” <t} NQI <0/
that means that there cannot be any point nearby (in 4Q)) where u* is less than 1. (If
not we contradict the lemma.) Thus Q* C Ay = B.
By applying this argument inductively, we get that

Al < (1=-0)" = (")~

for € chosen so t7¢ = (1 — #). The final step in the proof uses only that u € L and w is
a subsolution (we will call it u):

Lemma 5. Suppose that 0 < u in Qa, Lu > 0 and ||u||r;, < 1. Then

supu < My .
Q12
Proof. Suppose that supg, U= Mjy. We want to find an apriori bound on M. The idea
is the following:
If u(xg) = a generic constant M, and we tube around zg, a large enough cube Qo
then u must cross (1 + )M in @, if «y is chosen small enough.
Let’s see why:

...... ----t---M/2

T
ux) =M

We look simultaneously in Qa2 at the sets

A = {u Z M/Q} N QZ(M)/2
B = {u < M/2} N QZ(M)/Q
Obviously
|A| + | B] = |Qeary 2] -
From the L® estimate that we are assuming
M~ —¢
4= (%)
2

(independently of Q).
We want to make both A and B < %|Q4(M)/2| to get a contradiction.
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2 2

That is ((M) = M~ a small negative power of M will do. For B, we look at

(1+~v)M —u
yM '

Then on Qan:

a) w > 0 since we are assuming (by contradiction) that v < (1 +~v)M
b) Lw < 0, since Lu > 0
c) w(zg) =1

From the Lf estimate of Lemma.....,

<t Qe 2| -

{w > 1} N Quanys

—
o] —

+7)

If we choose t = , we get

|B| = HQ < %} N Qe /2

f}/ 6‘ ‘
<_ |: ] l 2
é 5 Q (M)/

We choose v small so that [+ 1«,]8 < % (independently of M and we get a contradiction.
2

Recapitulating: For ~, & small enough (v, (X, A, n)), if u(zg) = M then,

sup u > (14+~v)M
QMfé:

We are ready to complete the proof: Let xg € Q1/4(0) and u(zo) = M, large. By repeating
the argument above we can find a sequence of points x;, such that

Mj = u(x;) = (1+7) M1 = (1+7) My

and
u(zjp1) € Qer;)
with
UQj) = (M) = (1 +7)" /Mg~ .
That is

201 — ;] < Mg e(147)7%.
If My is large enough, the sequence x; stays in @1/, and u(z;) — co. A contradiction.
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4. EvaANs-KRYLOV

Theorem 4. Let u be a solution of F(D?*u) = 0, with F uniformly elliptic and concave
(or convex). Then for some a(\, A, n),

||u||CZ’Q(B1/2) < Clluflpeesy) -
Proof. a) We prove first that u is C'!. We may assume that F;;(0) = d;;. In particular,
tran (M) > F(M)
so Au > 0.
Also, if F(M) = 0 any solution v of F'(D?v) = 0 satisfies
E;(M)(Dijv) =2 0
or more generally, if u, v are solutions
Fij(Dz’LL)DZ'j’U Z 0
it follows that given a solution u, the second order incremental quotient
One = u(x + he) + u(x — he) — u(x)
is a subsolution if
Fy(D?u(x)) Dy (6) = 0
Corollary 5. (from weak Harnack)
[ Daatllzoo(B, ) < Cllulle(sy)

Proof. Au is a subsolution, bounded by below, and in LZ, (from its divergence structure).
From the weak Harnack inequality Aw is bounded. This implies that u € W?2* and thus,
the weak Harnack applies to (Dyqu)™ for all a.

(Do)~ is controlled then by the fact that Au > 0.
b) We are now ready to prove the C** estimate.

A couple of preliminaries
b;) Renormalization:

If u is a solution of F(D?u), then # Au(uz) is again a solution of

F(D*) =0

with F being just a dilation of F (if X\ = pu=2, F = F, or if F is homogeneous F = F).
The important fact is that the structural conditions of F’ remain the same. Therefore, it
is enough to prove, that if u is a C'%! solution in By, then the oscillation of D?*u decreases
a fixed amount when we go from B to B, for some fixed 0 < p < 1.

bs) Second observation is that if F" is uniformly elliptic and both M and M + N satisfy

F(M)=F(M+ N) =0 then A < H%—i” < A, and n particular
[N~ N~ N7
We now proceed as follows.
Let us normalize the situation so that

diam(D?*u(B;)) = 1
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We want to show that for some 0 < py,
diam(D*u(B,,)) < 1/2 .

Let us call I' = {D?u(B;)}. Then diam I' = 1, that means that 3 My, M; = My + N,
two matrices in I' with

|Moy — My|| =1 .
At this point, we do two coverings of I' by balls B;, and Bj with finite overlapping. The
first family, of radius 9, the second of radius € < ¢, both the be chosen.

The number of B; ~ 6" and that of Bj ~ e~ We first inspect the inverse image
of the B; (H the Hessian map)

H :x = Du

M= D2u
B1 (x, variable)

Since H™!(B;) covers By, there exists one B;, B, such that [H(B%)[6™*™ (in B; of ).
But in H(B;) we have that

Bs (M)
M;
M,
since diam H(B;) =1 > 1/2, there exists M, such that
— 1
24, 81 >

(note that we use diam > 1/2 instead of 1).
In particular, from bo

_ 1
|0, = M||* 2 = 6> 0
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we have that if
My = D*u(x,)
and
M = D*u(z)
for some «
D2 u(wy) > D? u(z) +6 .
If we choose § < 6, we have further that

D2 u(s) > DZu(a) + ¢

for any z in H~!(B;) and therefore

0
sup D2 _u(z) > sup <D§au + 5) :
B

1 H(By)

But D?_u is a subsolution and this implies that
sup Daou(z) < sup Dyqu —C 0 .
81/2 B1
We now inspect the covering by balls of radius e.
If e < C 0, there is at least one ball of the B; that we do not need anymore to cover
H(Bi2).
As long as diam H(Bj/2) > 1/2 we may repeat the argument. After a finite number
of steps, if diam remains above 1/2 we run out of B;. A contradiction.
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