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ABSTRACT

We prove regularity estimates for elliptic equations involving fractional Neumann boundary
conditions. In particular, we consider solutions which are harmonic in a Lipschitz domain with a
fractional normal derivative boundary condition. To establish various estimates, we utilize the
extension problem characterization for the normal derivative, and develop a De Giorgi type
theory for our case. In total, we prove interior and boundary Schauder estimates for the

aforementioned solutions.



CHAPTER 1. INTRODUCTION

The goal of this dissertation is to build a regularity theory for solutions to a class of equations
involving a nonlocal boundary condition. In particular, we aim to make sense of the following

fractional Neumann problem:

Au=0, in
(1.1)
09w = f, on 0,

where (2 is a bounded Lipschitz domain and 07 is defined as a fractional power of the classical
normal derivative 0,. In Chapter 2 we define the fractional normal derivative, relevant spaces in
which we work, the notion of solution, and consider the well-posedness of the fractional Neumann
problem (1.1). The definition of the fractional normal derivative is given spectrally in terms of
so-called Steklov eigenfunctions, that is, let {sg, Ax} be the family of Steklov eigenfunctions and

eigenvalues solving
Ask. = O, in Q
0y Sk = MRSk, on 0.
Then the family of traces, tr(sy) := 3, on 0§ form an orthonormal basis of L?(99). If
g =120 9Kk € L*(99) we have
o0
0vg =Y \kgkk-
k=1
Thus, for 0 < o < 1, we define

o0
9= Mo
k=1
As we will see later in this dissertation, this fractional normal derivative operator can be

described in the case when 02 is smooth as

80g(x) = /8 (9(e) = 9(2) Ko (2. ) .



where the kernel K, enjoys the following estimate

1
Ko (z,2) ~ d(z, 2T+
where d is the geodesic distance between x and z on 9€). In particular, this is a nonlocal operator
operator on 0f2. Moreover, it interpolates between the identity operator (¢ = 0) and the normal

derivative (¢ = 1). Therefore, it is interpreted as a fractional normal derivative of order

0 < o < 1. This will be made clear when we present the Schauder estimates in chapter 7.

1.1 Motivations and Applications

As motivation, we discuss various applications and examples where nonlocal equations on the

boundary occur.

1.1.1 Radiative Transfer Equation

The process of radiative transfer is the physical phenomena of energy transfer via
electromagnetic radiation. The propogation of this radiation through a given medium is described
by absorbtion, emission, and scattering processes. The simplest example of a physical law of light
scattering is that of Rayleigh scattering, which can be used to account for blue color of the sky.
The radiative transfer equation in a medium free of absorbtion and emission in free space is given
by

Ou+0-Vyu=7TI(u) in (0,7)xR?x Si1

u = U on {t =0} x R% x S,

We call u = u(t, z,0) the radiation distribution,

Z(u) := /Sdl(u(el) —u(0))bs(6,0") db’

the scattering operator, and b; the angular scattering kernel. In the forward-peaked regime, the
angular scattering kernel is approximated by

b(0,0)
(1-0-0)7*

-1
bs (9, 9’) = where s € (0, min{1, dT})



and b has certain smoothness properties about the singularity. Note that, in general, 7 is a
nonlocal operator on the boundary of the unit ball in d dimensions. Alonso and Sun [2] study this
equation. In their paper, they consider a well-known angular scattering kernel called the

Henyey-Greenstein kernel. When d = 3, we can write this kernel as

2
X (9’9/) _ 1—yg
HG (1 +gz —2¢0 - 9/)3/2

where g € (0,1) is called the anisotropic factor. We call the case when g is very close to 1 the

highly peaked regime. In particular,

b, (0,6 1
el ) — 373 89— 1.
l—g V2(1-6-0)%
To understand the scattering operator Z as the nonlocal operator 97, one can solve the

Poisson problem in B; C R?

A’U):O, in Bl

w = f, on 084

to obtain

1—r2

0) =
w(r,0) 6/031 (11220092

Notice that the kernel in the above expression is the Henyey-Greenstein kernel in the case that

F(8) dSpr.

n = 3. Using the method of semigroups, formalized in Chapter 3, we can write

oow(1,0) = 07 1(6) = /6 _(£(0) = 1(0) Ko (0-0) S

where the kernel K, has the following estimate:

1

Kol0,0) ~ G g re:

In particular, Z = 97 for the class of angular scattering kernels by arising from the process

described above.



1.1.2 Dirichlet-to-Neumann on the Sphere

In [35], the authors present a fractional Laplacian defined on the unit sphere: (—Agn-1)%7.

The Laplacian on the sphere has eigenfunctions given by the spherical harmonics {Y} ¢}, which
form an orthonormal basis of L?(S"~!), with associated eigenvalues \; = k(k +n — 2). The
fractional powers of the Laplacian on the sphere are given spectrally, that is

0 dy,

(—Agn-1) " u(x) = Y AT o) Yi(x)

k=0 =1

for x € S*1.
The fractional normal derivative we define arises as the fractional power of the

Dirichlet-to-Neumann operator L = J,

0o dy,
L*u(z) = 0 7u(x) = > k> cxe(u)Yie(z)
k=0 (=1

for x € S"!. We present a detailed example of this fact in chapter 2. To see d, as a

Dirichlet-to-Neumann operator, one can solve the Dirchlet problem
Aw = 0, in B1
w = u, on 0By,

as we did in the previous section, and compute Lu = d,w|sq.

Moreover, it is shown in [35] that

_9 20
(—Agn1)? = (ay + - . ) + T,

where T is a fractional integral operator. We remark that the eigenvalues, A\, of the fractional
Laplacian on the sphere are essentially the square of those of the Dirichlet-to-Neumann map 9,
which is why the power on the right hand side is 20. Therefore, to understand the fractional

Laplacian on the sphere, it suffices to study fractional powers of the Dirichlet-to-Neumann map

and T seperately.



1.1.3 Applications to Probability

It is well known that harmonic functions satisfy the mean value property, and, consequently,
have a probabilistic interpretration. Moreover, one can consider the PDE intepretation of a long
jump random walk. We outline the construction in [36]. Let K : R™ — [0,00) be even and such

that

Y K(k)=1.

kezZm™

Now, consider a random walk on the scaled lattice hZ™ for small h > 0. The long jump feature is
introduced by allowing particles in this random walk to jump arbitrarily far with some
probability, that is, K (z — y) is the probability that hz € hZ™ jumps to hy € hZ"™. Let u(z,t) be
the probability that a particle is at the point x € hZ™ at time ¢t € 7Z and let o € (0,2). If we
suppose 7 = h® and

K(z) = |z~

we obtain the following expression by letting 7 = h* — 0:

+y,t) —u(x, t
8tu(:1;,t):/n u(x g‘/y|3+au($ )

It is then shown that the singular integral on the right hand side is related to the fractional

Laplacian of order «. In particular, one has
du = — (—A)Y?u.

This observation leads us to a probabilistic interpretation of the fractional Neumann problem.
In chapter 2, we show that the fractional normal derivative in the upper half plane is precisely the
fractional Laplacian. If we interpret the fractional Laplacian as in the above setting, we can
surmise that a particle reaching the boundary experiences instantaneous, long jumps along the
flat boundary. Moreover, we can intepret the general fractional normal derivative 07 in the same
way. A particle in 2 undergoes Brownian motion, as solutions to the fractional Neumann problem
are harmonic in the interior, and when the particle reaches the boundary, it experiences long

jumps as described above.



1.1.4 Quasi-geostropic equation on the sphere and Lipschitz boundaries

The quasi-geostrophic equation (QG) is an equation used to model atmospheric
quasi-geostrophic motion, that is, the motion of wind in an atmosphere where the Coriolis force
and pressure gradient forces experience an inertial effect. The dissipative quasi-geostrophic
equation has the form

du+v-Vu=—(—-A)u,for z € R", t > 0.

The fractional Laplacian represents fractional diffusion, and v is a velocity field. In the paper [12],
L. Caffarelli and A. Vasseur prove regularity estimates for the critical case 0 = 1/2. Note that the
equation is defined in a flat setting. When n = 2, the QG can be interpreted physically as
modelling temperature evolution on a 2-dimensional surface experiencing a 3-dimensional
quasi-geostrophic flow. For example, one can think of this as a toy model for the interaction
between the atmosphere and surface of the ocean. We remark that the fractional normal
derivative we define is exactly (—A)G/ 2 in the upper half plane.

Let us now consider the spherical case. In the paper [3], the authors prove global

well-posedness of the QG on the two-dimensional sphere given by
0y +v - Vgno10 = — (—Agn-1)" 0, for z € S"™1, t > 0,

and v is a velocity field under a constraint. Recall that there is a relationship between 99 and
(—Agn-1)?/? as seen in previous sections. The surface of the Earth is Lipschitz, so a more realistic
model for quasi-geostrophic flow would be defined on a Lipschitz domain. In this way, we propose
the following model: let 2 be a bounded domain interpreted interpeted as the Earth and 0f2 the

surface of the Earth. Then an analogue of the QG equations in this model is

ou+v-Vu= —81‘,’/2u,f0rx€R", t>0.



1.2 Description of Results

1.2.1 Chapter 2

In this chapter, we make sense of the fractional Neumann problem

Au=0 inQ
Ogu=f on 01,

where 0 < o < 1 and (2 is a bounded Lipschitz domain.
We define 09 spectrally. To that end, we consider a sequence of Steklov eigenfunctions, sy

with eigenvalues \j, solving the problem

As, =0 in Q
8,,Sk = )\ksk on Jf.

We then discuss the relevant spaces in which we work. Denote {tr(s;) = $x}. The idea of
considering these functions is that one can define 95 35, = A7 53, on 9. It has also been shown that
the s}, form an orthonormal basis of L?(9f)). So, we can expand u in this basis to define the
fractional normal derivative.

After this, we define and analyze the fractional trace spaces H?(+092) for 0 < o < 1. In

particular, we define

H?(09) :={u = Zuksk : Z (14 A% u2 < o0}
k=0 k=1

Note that these align with the classical fractional Sobolev spaces when 02 is smooth [4]. We then
analyze the behavior of 97 on these trace spaces. We further define the space HJ(99) to be the
subspace of H?(99) defined on all u € L?(99Q) for which S aq wdS = 0, or, equivalently, ug = 0 in
its Steklov expansion. The importance of considering this final space is that it allows us to prove
uniqueness of solutions to the fractional Neumann problem, since solutions, in general, will differ

up to a constant.



Once we have defined all the relevant spaces, we define the fractional normal derivative 9
spectrally. That is,

oou = Z A ugs, on OS2
k=0

where uy, = (u, 8g) 12(90)- We then analyze the behavior of 97 on H*(92), namely, we show that
0% : H5(0Q2) — H*~7(00Q).
In the case that —o < 0, we need to modify the defintion. That is, we define
o
0,7u =Y A\ “updy € H7(0Q).
k=1
We have a similar relationship, as in the case o > 0, given by 9,7 : H*(0Q) — H*T7(9R).
Finally, we prove that, under suitable assumptions, the fractional Neumann problem admits a

unique weak solution.

1.2.2 Chapter 3

In Chapter 3, we characterize the operator 07 as a nonlocal operator of order o as we
discussed in the initial section. To do this, we appeal to the so-called method of semigroups. One
can define, for g in a fractional trace space, the semigroup generated by 0, as

x

—t0y . .__ —tA

e 9-—2 e "Fgrsk
k=0

where the above sum is understood in a fractional trace space. One shows that this is a
semigroup of bounded linear operators on L?(9). Let us assume that 92 is smooth for the
following description. In the case that 02 is not smooth, the following computations must be
understood in the weak sense, which we consider in chapter 3. We first show that the semigroup
can be written as integration against a heat kernel W;:
e Pglx) = | Wilx,2)g(2)dS.,

o0

where the kernel W; has Poisson-type estimates

t

W2~ o a P e




Here, d(x, z) is the geodesic distance between x and z on 0f).

Recall the numerical identity with the gamma function:

1 & dt
Ao — —tAr 1 )
k r(—a)/o (e > tito

Using the initial defintion for e~*% along with the numerical identity above, we obtain

o) = [ (cata) - 90) it

in the case that ¢ > 0.
Finally, we derive a pointwise integro-differential formula for 0. To do this, we define a new

kernel, K, in terms of W3, that is

& dt
KU(.T,Z) :CO'/O Wt(zaz)m'

Moreover, we can rearrange
o0 dt
g J— _tau _ _
oaa) = [ (7 alo) ~ @) 55
to get
9 g(z) = /8 (6(&) = 9(2) Koz, ) .

where K, has the following estimates:

1

K ~—
o(z,2) d(m,z)”‘””

This shows that 09 is a nonlocal operator of order . When o < 0, we define K_, as

1 &0 dt
I W -
F(O’) /0 t(.’E,Z) t1,0-7

and a similar computation gives

Moreover, the kernel K_, has estimates

K_,(x,z) ~ 7
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We conclude the chapter with a remark on scaling. In particular, we define
ux(T) = u(AT)

for 7 %Q, where 1 is all those Z for which Z = z/A for some z € ). In the case that Q = B,

we have %Q = Bj. For T = z/\ at the boundary of %Q, we get the scaling
8y7>\u,\(f) = )\ayu()\f)

and we say the normal derivative 0, scales like A\. Analagously, we show, using the semigroup
characterization, that

(B0, 2) 57 ur (@) = A* (97u) (Nz),

and we say that 97 scales like A*.

1.2.3 Chapter 4

The main goal of this chapter is to define and understand the extension problem
characterization in our setting. The extension problem characterization allows us to localize our
problem at the cost of introducing another variable.

We begin this chapter by defining vector-valued spaces in which our problem can be
formulated. We then use a procedure outlined in [27] to prove that the trace space of a
vector-valued Sobolev space, in which our extension problem is framed, aligns precisely with the
trace spaces defined in Chapter 2. Furthermore, we prove various density results.

After discussing the preliminaries, we consider two related extension problems: one on 0f2
where the nonlocal operator is defined, and one on Q which localizes the problem. Fix a = 1 — 20.

The extension problem on top of 02 is

y*o,w = (yawy)y for x € 0Qy >0

w(z,0) = u(zx) for x € 0Q.
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We define the natural Sobolev spaces and weak solutions. The advantage of considering this
extended problem is that we have the characterization

3 a _ oz
— yli%{r Y wy = caal,u.

Therefore, studying regularity of solutions to the extension problem at y = 0 gives us a way to
obtain regularity for solutions to the fractional Neumann problem. We also analyze various
properties of solutions to the extension problem. It turns out, however, that this perspective is
not enough to localize our problem because 0, is, in fact, a nonlocal operator. As intuition for
this fact, we remark that 9, = (—A)1/2 in the flat case Q = R’ with 0Q = R™.

Instead, we consider the extension problem on top of by remembering that our ambient

Steklov eigenfunctions satisfy a harmonic condition on the interior. To that end, we consider

¢

AU (z,y) =0, forx e Qy >0

y*o,U = (y“Uy)y forz € 00y >0

U(z,0) = u(x) for z € 0.

We perform a similar analysis as on the boundary extension, but we notice that the weak
formulation for solutions is now local. Using this characterization, we are going to prove
regularity for w by proving regularity for U all the way up to the boundary. The extension

problem is very general, see, for example, the papers [10] and [34].

1.2.4 Chapter 5

In this chapter, we prove global regularity estimates for solutions to the fractional Neumann
problem. The idea is to prove a nonlocal L? to L™ estimate for these solutions by using a De
Girogi type iteration. That is, if f € LI(09) for ¢ depending on dimension and o, then the
solution u to the fractional Neumann problem is bounded on €.

To that end, we begin by proving a fractional Sobolev inequality which will be used in the

proof of the above theorem. The fractional Sobolev inequality states that solutions to the
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fractional Neumann problem satisfy
|l £ a0y < CIlO"%ul| 2 (00

for some r > 2 depending on o. The proof of this embedding makes extensive use of the extension
problem characterization on €. Indeed, we prove a lemma that allows us to work in the flattened
case where we can appeal to the fractional Sobolev embedding for the fractional Laplacian. We
also utilize the fact that solutions to the extension problem on ) minimize an energy functional
that is associated to our problem. We then modify a De Giorgi argument where the idea is to
obtain a nonlinear reccurence relationship on successive energy levels. The nonlinear relationship

is obtained using the interplay of the fractional Sobolev embedding and an energy inequality.

1.2.5 Chapter 6

In the penultimate chapter, we prove regularity results for a flattened, harmonic-like extension
problem which will be used in the proceeding chapter to perform Schauder estimates. The

equation we consider is
AU =0 in (—1,1) x (B UTY)
(y*Uy), = y*0:,U on (=1,1) x Ty,

where B = By N {z, > 0} is the half ball in R” and T} = B; N {z,, = 0} the face in R"~!.
The first step is to localize the L? to L™ estimate of chapter 5 in the case of this

harmonic-like extension problem. In particular, we prove that if the energy satisfies
1

[ ([

-1 B

US 2—)Xon T1/2 X (—1/2,1/2)

2

U2dx+/ U?dx' | dy < e
+ T

for some ¢ > 0, then

In summary, this result allows us to work with U locally when proving oscillation decay.
Once we have this local result, we prove osillation decay with a critical density argument. We

first prove a compact embedding in our setting, and, consequently, prove a lemma akin to that of
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Fabes’ lemma. Using this Fabes’ lemma, we can prove the critical density estimate. That is, if U
exceeds a fixed constant with positive density in a half cylinder (—1,1) x (B UT}), it must be

that U is bounded below in a subcylinder (—1/2,1/2) x (BI“/2 UTj/2). Once we have this result, it
is routine to prove that the oscillation of U decays as the half cylinders shrink. We then prove, as
a corollary, that U is Holder continuous at the origin. Finally, the Holder continuity at the origin
allows us to bootstrap regularity via incremental quotients. If we fix a unit tangential vector e in

Bf x T, we can define
Ul +ey) —Ulz,y)
|h[* '

Un(z,y) =

We can show that U}, is a solution and hence U inherits further regularity. Iterating this
argument allows us to conclude that U is smooth in z. Further, we obtain an estimate on Uy,

which is useful for the Schauder estimates in chapter 7.

1.2.6 Chapter 7

In this final chapter, we prove Schauder estimates on solutions to the extension problem,
which, in turn, give the Schauder estimates for the fractional problem: if f € C*(0Q2) and 0N is
Lipschitz, then u € C*T7(Q). We first show that the harmonic-like solutions well approximate
solutions to the extension problem on 2. Then, we can transfer the regularity of the

harmonic-like solutions to those of the flattened extension problem.

Solutions to the extension problem on some flattened portion of € satisfy

1
/ ya[ A(x)VxUVI\I/dx—f—/ Uy\IJyCI)dx’] dy:/ U(2',0)f(2")® da',
0 B T Ty

the coefficients A(z) are, at worst, uniformly elliptic, bounded, and measurable. We prove, using
compactness, that, if A(z) is close to I, and f is close to 0, then there is a harmonic-like function
that well approximates U. The intuition is that U is very close to harmonic under these
assumptions. From here, there is a first linear approximation to the solution by using the linear
part of the harmonic-like approximator. Then we rescale and iterate this argument to find a

sequence of constants that will converge to the constant that approximates the solution at the
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origin with C**? rate. Moreover, we conclude that the solution u to the fractional Neumann

problem is C*T7(Q) provided d%u = f € C*(99).
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CHAPTER 2. FRACTIONAL NEUMANN PROBLEM

In this chapter, we aim to make sense of the following problem with fractional Neumann
boundary condition

Au=0, in
(2.1)
0%u = f, on 0N
for  a bounded Lipschitz domain in R™ with n > 2, 0 < o < 1, and f € L? (9Q) has mean zero:

[ aq J dS = 0. In particular, we define the operator 9 as the fractional power of the usual normal

derivative operator, the relevant spaces in which we work, and a notion of solution to (2.1).

2.1 Steklov eigenfunctions and trace spaces

In this section we describe the main properties of Steklov eigenfunctions and fractional trace
spaces. All the details about Steklov expansions can be found in [4], see also [5]. We provide

examples, mainly for the case of the upper half space.

2.1.1 Steklov eigenfunctions

Let Q be a bounded Lipschitz domain in R™. Consider the Steklov eigenvalue problem for a

harmonic function s € H(Q) with eigenvalue A € R:

As=0, in €,
0,8 = As, on 0,

in the weak sense, that is, s satisfies

)\/ sgde—/ VsVdx
o0 Q

for every ¢ € H*(Q). It is well known that there exists a sequence of eigenvalues

0= Xy <A1 < A9 <---, each one of finite multiplicity, with corresponding harmonic Steklov
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eigenfunctions {sx x>0 C H'(Q2), such that A\; 0o, as k — oo. The natural inner product

associated to this problem is
(u,v)g := / VuVudx —l—/ uvdS, for u,v € HY(Q). (2.2)
Q a0

It can be seen that this d-inner product is equivalent to the usual inner product in H'(Q) [5,
Corollary 6.2]. Let

H(Q) :={ue H(Q) : u is harmonic in Q}.

We have u € H(Q) if and only if
/ VuVedr =0, for every ¢ € H}(Q),
Q

namely, if and only if u is orthogonal to H}(Q) with respect to the d-inner product. This

observation gives the following orthogonal decomposition:
H'(Q) = H(Q) &9 H ().

The Steklov eigenfunctions {sj}x>o form an orthogonal basis of #H(£2) with respect to the J-inner

product. We normalize each s so that their traces have L2(952)-norm equal to 1, that is, if we set
Sk(x) == tr(sg)(x), for x € 09,
then
/ §2dS =1, fork>0.
o0

In particular, the first eigenfunction is so = 1/|0€|'/2. Solutions to the Steklov eigenvalue

problem satisfy

/ \Vsi|* da :/ dysisy dS = )\k/ §2dS = Xy,

Q 0N o0

and ||sgl|2 = 1+ Me. So, {s6/(1+ A\i)Y2}i is a d-orthonormal basis of H(£2). For v € HY(Q
0 2z

consider the series

Pu(z) = s sw)o o) (2.3)
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The operator P is the d-orthogonal projection of H'(2) onto H(f2). If a function u has an
expansion of the form

u(z) = Zuksk(a:), for x € Q,
k=0

for some coefficients uy, then

u€H(Q) ifandonly if Y (1+ Ap)ugl? < 0. (2.4)
k=0

Now, {8k }x>0 is an orthonormal basis of L?(99). Given u € H'(Q2) we have tr(u) € L*(99), so

that
oo . . oo U/, S . )
tr(u) =Y (tr(w), Sk} 2008 = Y <1 +’;\>:sk, in L2(99). (2.5)
k=0 k=0

The second identity above follows because tr(u) = tr(Pu) and Pu is harmonic. See [4, Section 4].

Example 2.1.1 (The sphere). In the case when § is the unit ball By of R™, the boundary 0} is

the unit sphere S*~1 and the Steklov eigenproblem reads

As =0, i Bi,

Vs-X =X\s, onS" L
The spherical harmonics are denoted by Y (X), X € S""!1, k>0, £ =1,...,dy, where dy is the
dimension of the eigenspace at level k. It is well known that the family {Yye} is an orthonormal
basis of L?(S"™1). The Steklov eigenfunctions are the harmonic extensions of Yy to the interior
of the ball. Forx =rX € By, X € S"™!, 0 <r <1, we have sps(x) = r*Y(X). Then sy are

harmonic in By and, by Euler’s Lemma, they satisfy the Neumann condition with eigenvalues

Aee = k.

Example 2.1.2 (The upper half space). Let 2 be the upper half space
RY = {(z/,2,) e R" : 2’ e R"" !, z,, > 0}.

Then 09 = R™! and the Steklov eigenproblem is

Agn-18+ Op, 2,8 =0, in R,

nTn

—0,, 8(2',0) = As(z’,0), on R" 1
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where Agn—1 denotes the Laplacian on R" 1. It is readily seen that in this case we have a

continuum of Steklov eigenfunctions indexed by £ € R*L:
se(x) = ser(@,xn) = el (g g € R7.
The Steklov spectrum is continuous:
=0y, 5¢(2',0) = |€]ser (2, 0), ' e R"L

Observe that the traces are s¢r(a2',0) = e~ "¢ Hence the Steklov eigendecomposition is nothing

but the Fourier inversion formula on R"1:

1 NP AV I P
o) = G [ B (26)

2.1.2 Trace spaces H*%(99), for s >0

A function g € L?(9Q) with Steklov expansion
9=">_ gk, (2.7)
k=0
is said to belong to H*(012), s > 0, whenever
19112+ 00y = 191 72(00) + 9100y =Y (1+AP)gi < o (2.8)
k=0
We certainly have HO(9S2) = L?(92) as Hilbert spaces.

Lemma 2.1.3 (Auchmuty). If u € HY(Q) then tr(u) € H'/?(0Q). Conversely, if g € H'/?(9Q)
then there exists a unique harmonic extension £g € H(Q) of g to Q such that tr(Eg) = g on ON.
Hence the space H1/2(8Q) is the class of all traces of H'-functions in €, so it coincides with the

usual fractional Sobolev space on O (see [18]).

Proof. We give it here for completeness, see [4, p. 899]. If u € H'(Q) we can write u = Pu + v,
with Pu harmonic as in (2.3) and v € H}(Q). By the d-orthonormality of {sy/(1 + A\x)'/?} and

the L?(0€)-orthonormality of §; in the expansion of tr(u) in (2.5), we get

2 2 _ - (u, 5k>(29 o . (u, Sk% _ 2
”uHHl(Q) ~ lullg = kzo m = kzo(l + )\k)m = | tr(u)HHl/?(aﬂ)‘ (2.9)
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Conversely, suppose that g € H'/2(9Q). Then, by (2.4) and (2.8), the function

[e.o]

> SEp\T
Eg(x) =" (g, 8K) r200)sk(x) = D _(1+ M)’ 973k>L2(8Q)1k§\)1/27 for z € Q,
k=0 k=0 (14 A)

belongs to H(€2), with [|Egllo = |9l y1/2(9)- Moreover tr(Eg) = g. Thus € is a linear isometry
from H'Y2(09) to H(Q). O

The spaces H®(0f2) defined as above coincide with the usual spaces defined via complex
interpolation when 99 is sufficiently smooth, see [4, Theorems 5.1, 5.2]. The space H*(9) is
defined as the completion of L?(92) with respect to the norm in (2.8) with —s in place of s.
Observe that H*(9Q) C L*(0Q) C H~*(99Q). Any function f € L?(99) defines a continuous linear

functional Fy on H*(012) via

Fy(g) = - fgdS, for every g € H*(052).

Also, if f =} fisk and g = > ) grSk, then Fr(g) = > ) fugr = (f,9)12(00)- We now prove that
H~%(09) coincides with the dual of H*(0f2).

Lemma 2.1.4. Let T ¢ (Hs/z(OQ))/. Then for any u € H¥/?(0Q), we have

= Z ukT (§k> .
k=0

Proof. By the Riesz representation theorem, there exists v € H*/ 2(0Q) for which

o0

T(u) = <?}, u>HS/2(BQ) = (1 + )\k)s <’U, §k>L2(OQ) <'LL Sk L2 o0) Z T
k=0 k=0
for any u € H%/?(9Q). O
This leads us to the following characterization of the dual: define
H=/2(09) := {T € (H5/2 (99) ) |Z )P T (3)2 < o0}

for 0 < s < 1. Then H—%/2(9Q) C (H*/%(99))" via the definition

— ZT(s“k) or = (T, ) 12(00)

k=0

for all ¢ € H3/?(9Q). In particular, we have the following equivalence:
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Theorem 2.1.5. The spaces (H5/2(89))/ = H=/2(99Q) are isometrically isomorphic.

Proof. We have already seen that H~/2(9Q) embeds continuously into (H s/2 (8@))/ since, for

T € H=%/2(09), we have

|7 = sup ZT 51)
161l ys/2=1 |10
o0 1/2 /oo 1/2
< sup (Z(HA@ST(@M) (Z(HAk)wz)
ol s/2=1 \ =0 k=0
= [Tl g2

Suppose F € (H 5/2 (BQ))/. By the Riesz representation theorem, there is a unique
v € H¥/2(0Q) for which

o0

F() = (v, ) preragony = O (L+ M) vk

k=0

Define uy, = (14 A\p)° v = F (5). Then F € H—°/2(99Q) since

o0 oo
IF 200y = D (LX) " ug = Y- (14 M) v = [0l30/2 50
k=0 k=0
Furthermore, we have
[l = sup Zuk¢k
¢l ys/2=1
o0
= sup D> (14 M) oo
ol s/2=1 | =0
v
> (v, 7>H5/2(8Q)
||U||Hs/2(a§z)
= HU”Hs/z(aQ)
= [[Fllr-s/2(092)
proving the claim. O

Example 2.1.6 (The upper half space). In the case of the Steklov expansions in the upper half

space R™ we find out that H*(R"1) is the space of functions g € L*(R"™1) such that
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1E'1°G(&) € L2R™ 1. In other words, we require (—Agn-1)*?g € L>(R*') and
(9] Es (mn-1) = ||(_ARH—1)S/29||L2(RTL—1). This is the usual fractional Sobolev space on R~ where

the norm is given explicitly by
2 2 (9(=") —9()?*
s n— - n— d d .
gl (Rn—1) HQHL2(R 1) +/Rn—1 /W_1 2/ — /[P T+s ray

2.1.3 The space H;(012)

We will now consider a useful subspace of H*(2): the space HJ(02) where u has mean 0,

/ udS = 0.
o0N

This space will be used in defining the notion of weak solution to the fractional Neumann problem.

that is,

We define, for —1 < s < 1, the space

H{(09) = {uEHS(a(Z):/ udS =0if s > 0; or (u,1) =0 if s < 0}.
oN

One can equip H(02) with three equivalent norms. Indeed, consider the following norms defined

on H (09):
[e.9] [e.9]
Jully = Z/\k upy flullz =Y (14+M)* uf, and [lulls =Y (1+XF°) uf-
k=1 k=1
We remark that || - ||; is indeed a norm since ug = 0 under the mean 0 assumption.
Lemma 2.1.7. The norms || - ||1 and || - ||2 are equivalent.

Proof. 1t suffices to find constants C, D > 0 for which
(14 Xp)* < ONZ

and

A2 < D (14 \p)*

14+ Mg 2s
1
( Ak ) -

for all £ > 1. Observe
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as k — oo, so there is some C' for which

1+)\k 25<C
Ak -

for all kK > 1. The exact same argument applied to the reciprocal concludes the proof. O

We now show that the norm ||ul|3 is equivalent to the previous two.
Lemma 2.1.8. The norms || - |1 and || - ||3 are equivalent.

Proof. The direction [Jul; < Cllu||s is trivial. To see the reverse inequality, consider the following

quotient

1+ 1
)\zs :Tzs‘f'l—)l

Hence we obtain the desired bound.

O]

Now, we have three equivalent characterizations for the space Hj(0€2). We can write a similar

argument as in the previous section to conclude the dual space of

HE(00) = {u € L*(09) : /

udS =0, Z)\isui < oo}
0% k=1

is precisely

o0
Hy#(09) := {T € (H§(09))" : Y~ A %T (8,)* < oo}
k=1
Now, we can translate between the spaces H{(092) and H*(0Q) via the following mapping::

Theorem 2.1.9. Given u € H*(0?), the function
o0
s(u) =u —upsg = Zuksk
k=1
is in H(09).
2.2 The fractional normal derivative 97 and its inverse 0,7

We now define the fractional powers of the normal derivative 97 in terms of Steklov

eigenfunctions.
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2.2.1 Definition of 97

If the boundary of  is C' and u € C*(Q) then d,u(z) = Vu(z) - v(z). When the Steklov

eigenfunctions s; are smooth we have 0,8 = A\;§p, for each k > 0. Let

(o9}
u= Zuksk € H(Q), (2.10)
k=0
where the coefficients are given by uy = %. Then the (linear extension of the) normal

derivative of u is given by
(o.9]
oyu = Z ApupSg, on Of).
k=1

We define the fractional normal derivative of order ¢ of a harmonic function u € H(2) as in (2.10)
by

oo
Opu = Z ApugSE, on OS). (2.11)
k=1
Notice that 91 = 8, and 99! 0 972 = 99192, Also, 97 (1) = 0. We have

00 2
o° 2 . _ 1+ )\25 )\20 <u78k>8 7
107 ull% (09) ;( i )AL T+ A

so that 97 is a continuous map from H(Q) to H/2=7 C H*(9Q), for s < 1/2 — 0. Moreover, the

norm in H%/?(92) can be expressed in terms of 87. Indeed, for f,g € H/?(9Q) we have

o0

/m(fg + f05E9)dS = (f,g + OEG) 1200y = D (L + AD) fugk = (f+9) sor2o0)- (2.12)
k=0

For details in the case o = 1 see [4, Theorems 6.1 and 7.1].

We can look at 99 as an operator acting directly on functions ¢ living on the boundary 052,
without considering its harmonic extension £g as in the previous paragraph. Let g € H*(09),
s € R, with Steklov expansion (2.7). We define

o
9= Masi.
k=1

This definition coincides with the one above in terms of £g when g € H*(092) for s > 0. Then

Oy + H*(02) — H*=7(082) and [g] (o) = [07 9] s (a0), for s € R. In particular, (2.12) becomes

(£,9) ior2(00) = (f29) r2(00) + (052 £,05"29) 12(00).



24

When g € H*(092) and s — o > 0 we have that 07g is still a function in a fractional trace
space H*77(0R2). When s — o < 0 we get that 07¢ is a generalized function, so that 9%¢ can be
seen as a distribution acting on H?~*(92) via the usual pairing:

0
(079,h) = Mgehg, for any h € H7(0Q), hi = (D, 8k) 12(00)- (2.13)
k=1
Observe that (079, h)| < [9]sa0)[h] o3 (a0)- Let us make explicit the borderline cases. For
g € H/?(99) with Steklov expansion (2.7), we have that 85g € H=7/2(9Q). If g € H? () then

979 € L*(Q) and [g] g 00) = [1079||L2(a0)- Thus,
H(0Q) = {g € L*(0Q) : 959 € L*(092)}, when 0 <o < 1.

Lemma 2.2.1 (Poincaré inequality). Let g € H?(92) for some o > 0. Then

/ (- (9)on)?dS < C / 979/ dS,
o0 o0

where (g)sa = ﬁ J509dS, and C > 0 depends only on o and 0.

Proof. As g — (9)aa = Y peq ckdk in L?(99), for some coefficients ¢, and the sequence of Steklov
eigenvalues is non decreasing, we have

/ (0 (9oa)?ds =3 <+ S a2 =C / 95/ dS.
o R 1%}9]

k=1

2.2.2 Definition of 0, °

Observe that 97 : H*(0Q) — Hy 7 (012) by definition. In a completely analogous way as we
did before, we define the negative powers 9;,7¢g for g € H§(9€2) with expansion (2.7) (the sum
starting at k = 1) as

9,79 = Z A gkdk € HyTo(09).
k=1

Moreover, ||(9V_Ug||Hg+o(aﬂ) < ||9||H§(8Q)-
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2.3 The fractional Neumann problem

Now that the fractional operator 07 has been properly defined, let us describe the solutions to

the fractional Neumann problem

(2.14)
Ogu = f, on 0.

2.3.1 Existence of weak solutions and basic estimates

In order to define the concept of weak solution to (2.14), we multiply the equation by a test
function ¢, integrate by parts and use the spectral definition of the fractional normal derivative to

get

/ VuVedr = / wd,udS = / ©dL79%u dS
Q o0 o0

_ / polofds = [ (8119020 (80-2)/2f) ds.
o0 o0

We are looking for solutions u € H*(), so we take ¢ € H*($2). Then the traces of u and ¢ on 95
are in H'/2(99). This implies that d%u € Hé/Q_U(ﬁﬂ). Hence we need to take the Neumann
boundary data f in Hé/zfa(aﬁ). In this case, 9L 77 f € H61/2(8Q) and the second to last integral
above is well defined. On the other hand, 81(,1_0)/290 € Hg/Q(aQ), so for the last integral above to

be well defined we need 851_0)/2]“ € HO_J/Q((‘)Q), namely, f € Hé/2_g(8§2) again.

Definition 2.3.1. Let f € Hé/g_a(é?Q). We say that a function u € H(Q) is a weak solution to

(2.14) whenever

/Q VuVpdr = (817 f, o) = (9022 f, -)/2), (2.15)

for every ¢ € H1(Q).

By the comments above, the pairings appearing in (2.15) are all well defined. In particular, if

=Y fudre HY* ™7 (09), (2.16)
k=1
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and we write
oo
r(p) = Z YrSk, on 01, (2.17)
k=0

then the pairings in (2.15) are both equal to

SN feer =) A2 1) (A7),
k=1 k=1

Lemma 2.3.2. Let f be as in (2.16) and let us define

u(z) =& Z )\ifksk ), forx el (2.18)
k=1

xq

Then u € H(QY) is a weak solution to (2.14), which is unique up to an additive constant. Moreover

lullt ) ~ lullf = /Q Vul* dz + /8 A =@ o) = UTin/a-e o0y (2.19)

Proof. Recall that the norm || ||o is equivalent to the usual H'(€2) norm and that {s; /(14 \z)'/?}

is 9-orthonormal in H'(Q). Therefore, to show that u € H'(Q) we need to see that

(e 9]

1
lullf = Z(l + )\k)ﬁflg < o0.
k=1 k

But now,

14+ X Lo o
> o I <2ZA1 2 12 = 20f 1320 o)

A>1 Tk k=1

which is finite because f € HY/?~7(98). Next we have to check that
o0
/ VuVpdr = Z /\Ilg_"fkgok,
@ k=1

for every p € H'(Q) with trace as in (2.17). As we already saw, any function ¢ € H'(Q) can be

o}
written in a unique way as ¢ = P + b, where Py € H(Q) = span{s; : k > 0} and o € H}(Q),
with Py and 1 orthogonal with respect to the d-inner product. By the orthogonality of §; and
the fact that tr(Py) = tr(p), we have Py = Y7 prsi. Therefore, since tr(¢)) = 0 on 9§ and ¢

is orthogonal to u, p € H(Q2) with respect to the d-inner product,

/Vqupdx:/ VuV(Pyp) d:r~|—/ VuVi dx
Q Q Q
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:/VUV(Pw) d:r~|—/ VquZ)dm—l—/ up dS
Q Q o9

:/ VuV(Py) dx + (u, ¢>8:/VUV(PS@) dz.
Q Q

Notice now that, by the definition of s; and the orthonormality of &,

/ VuVsyde = / uMdr dS = N\ f,
Q [oJ9)

so that by the previous identity and by using linearity and the density of §; we finally have

/Vchpdx:/VuV(Pgo) dx:/ u(Z)\k(pk§k) dS = N fupr-
@ @ o N0 k=1

The uniqueness holds up to an additive constant because 071 = 0. The estimate (2.19) follows

from the fact that |ullg = || tr(u)[| g1/2(q) (see (2.9)) and the definition of u.
The proof showed that it is enough to take ¢ € H () in Definition 2.3.1.

Definition 2.3.3. Let f € Hé/%o(a(l) be as in (2.16). We say that a function v € H(Q2) is a

weak solution to (2.14) if and only if (2.15) holds for every ¢ € H(Q).
The following simple estimate follows by taking ¢ = u in the weak definition.

Lemma 2.3.4. Let u € H(S2) be a weak solution to (2.14) with f € Hé/Qfa(Z?Q). Then
tr(u) € HY2(09), 05u € Hy/*™°(0Q) and

/Q’VU\Z dz = [fl}1/2-0 = 10277 132000 = 10 2ull32(90) = [tr(w)] 712 (00
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CHAPTER 3. METHOD OF SEMIGROUPS

In this chapter, we give a rigorous argument for the nonlocality and order of the operator 07
for 0 < o < 1. The arguments presented utilize the method of semigroups. In particular, we
define the semigroup generated by 0, and use relevant semigroup formulas to present a pointwise
integro-differential formula for the operator 9% which, in the case that 99 is smooth, has useful

kernel estimates.

3.1 Semigroup generated by 0,

We first make sense of the expression e *%g. Let g € H*(99). For t > 0, we define

o0
18, ._ 4
-—E e F kS
k=0

where the above sum is understood in H*(02). It is routine to show that

e . H5(0Q) — H*(00) satisfies the semigroup property. Let t1,t5 > 0. Then

0o
e_t18” (e—t28u9> — Z e—t1)\k <€_t28”, §k>'§k’
k=0

Observe

o0

(g, 5 = 3 e gy (55, 80) = ¢ g

7=0

Hence
,tla ( —t20, ) e (t1+t2))\kgk§k — 67(t1+t2)6yg.
=0

We have that [e~'%g] He(o0) < lg ]Hs(am for all ¢+ > 0 since

[e_tay } s(0Q) ZAZS mkg < Z)‘k gk - Hs(aﬂ)'

Also, e g — g in H(0R), as t — 0, by the dominated convergence theorem as

o0

le™"% g = gllHs o0y = D _(1+ M) (e —1)%g3.
k=0
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Moreover,
au(e™1g) = =0, (7).

for every t > 0, in L2(9Q). Hence if g is smooth enough, v(z,t) = ™% g(z) satisfies

v = —0,, for x € 09, t > 0,
v(z,0) = g(x), forxz € N

We prove the first part of the following lemma.

Lemma 3.1.1. Let g € L%2(09). Then for any h € L*(09) we have

<e_t8"g, h)LQ(aQ) = /89 Wt(l‘, Z)g(l‘)h(z) dS; dSz,

o
where Wy(z, z) Ze t)"“sk (2), fort >0, x,z € 9. Moreover,
k=0
e 1(2) = Wi(z,2)dS, =1, for every x € 0, t > 0.
0N

Suppose that 0 is a smooth manifold and denote by d(x, z) the geodesic distance between the
points x and z on 0. In this case, the kernel Wi(x, z) satisfies the following Poisson-type
estimates (see [20, Theorem 4.4/, also [14, 28]):

(1) 0 < Wy(z, 2) SC(tQ—I—d(; SEITYEL for allt >0, x,z € 09);

t

(2) There is Ry > 0 such that Wy(z,z) > C(tg n d(x7z)2)n/

5s for d(z,2) +t < Ro;
for some positive constants C, c.

Proof. Let g,h € L?(09Q) with Steklov expansions

o0 o0
> gkdk and > by,
k=0 k=0

respectively. Then by the L?(99) orthonormality of the {55}, we have

o0

(€% g, ) 1200y = Y €9, 8k) 12(00) (hs B8) 12(00) = /(99 Wi(z, z)g(x)h(z) dS, dS..
k=0



Moreover,

e 1 (x Ze e (1, 5 )r2(00)8k () = Ze‘”‘kék(m)/ sk(x)dS, = Wi(x, z) dS.,
k=0 k=0 oN o0

and

> 1
tA _ 0 1/2 o
> e (L 81) 200y () = € |09 <\89!1/2> =1

k=0

We just give a short remark about the nonnegativity of the kernel Wy(z, z). Though
v(z,t) = e g(z) is defined in principle for x € 99, it can be trivially extended into Q as a
harmonic function in z, that we still denote by v(x,t), for every ¢t > 0. If p > 1 then, integrating

by parts,
d 2p—1
%H (-, )HLQP Q) =—2p 697) ovdS
= —Zp/ VP Avdr — 2p/ V(0 Vo dx
Q 0
= —2p(2p—1) / (P12 V| dx < 0.
Q
Hence, by taking p — oo, we get ||6’_t8"9”Loo(aQ) < ||g||Loo(8Q). Thus, if g and € are smooth,
inf e =
(z,t)€02x (0,00) coN

Therefore, % g > 0 for any g > 0, and so the kernel W;(z, z) is nonnegative.

3.2 Semigroup formulas for 9

Recall that if g € H*(0Q2), s € R, is of the form (2.7) then 07¢ € H%~7(9) is given in general
by (2.13).

Lemma 3.2.1. Let g € H*(0N2), s € R. Then

s 1 < e, dt
81/9 - F(—O')/O (6 g g) t1+‘77
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in the sense that, for any h € H7*(92),

(079, h) =

N~—
S—
—
T~
®
N
S
AN
<
>z
S~
|
—
<
>
~
S—
~
p
+ ‘
q

I'(—o
and the integral is absolutely convergent.
Proof. Since 99 : H*(02) — H*~7(98), e : H*(0Q) — H*(0Q) and H*(9) C H*~(99Q), all

the pairings appearing in the formula above are well defined. Recall the numerical identity with

the Gamma function

1 o0 dt
A = w1 :
=,

Observe that

|30t gl 5 = M=) S Al < o
k=0 k=0

The conclusion follows from Fubini’s Theorem. O

Lemma 3.2.2. Let f € H§(09), s € R. Then 8,7 f € Hit7(99Q) and

| e, dt
al/ f_ F(O_)/O € ftl*d’

in the sense that for any h € Hy* 7(08) we have

07 1) = oy [ ) i (3.2

and the integral is absolutely convergent.

Proof. The computation is analogous the one in the proof of Lemma 3.2.1. In this case we have to

use the identity with the Gamma function

1 & dt
)\—0’ — —t\k
£ T T(o) /0 © e

and notice that Y A 7| fel bkl < [f]as(o0) (] -+ (00)- O
k=1
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3.3 Pointwise formulas for =7

Starting from the semigroup formulas given in Lemmas 3.2.1 and 3.2.2 we can obtain
pointwise integro-differential formulas for 7 and 0,,. The kernels are given in terms of the

kernel Wi (z, 2) of {79}, which has Poisson estimates (see Lemma 3.1.1).

Lemma 3.3.1. Suppose that 9 is a smooth manifold. Define

1 o dt
KO—(ZU,Z) = 2‘1_‘(0_)|/0 Wt(l‘,Z) m, X,z € o0.

Then

0< Ky(z,2) < for any z, z € 990,

d(.CL‘, Z)n71+cr ’

and, for the constant Ry > 0 of Lemma 3.1.1, we have

Cc

Ko(z,2) 2 ——— 7,
(CC Z) d(;l,‘,Z)n_H_U

whenever d(z,z) < Ry/2.
Moreover, for g,h € H"/2(69),
(009, h) = (95/%9,05/%h) = // (9(z) = 9(2)) (h(z) — h(2)) Ko (z, 2) dS; dS., (3.3)
o0

where the double integral is absolutely convergent.

Proof. If 09 is a smooth manifold then we have estimates (1) and (2) of Lemma 3.1.1. As W; >0

we have K, > 0. By the change of variables r = d(z, z)/t we obtain

oo tl—a—n dt C o] T,n—1+g dr
KO' 9 SC i ,
) /o (1+ (d(w, 2) /)72 ¢ d<x7z>n—1+v/o L+ 22 7

and the last integral is convergent because n > 2 and 0 < ¢ < 1. For the lower bound, suppose
that z, z € 09 satisfy d(z, z) < Ro/2. Then for any ¢t < d(z, z) we have t +d(z, z) < Rp, so we can

apply estimate (2) of Lemma 3.1.1 to get

% (x Z) . C/d(ac,z) 2fl—zf—n @ B c /oo rn—l—&-a ﬁ
A (14 (d(z,2) /)22 ¢ d(a,z)" o Jy (140202 7

and the last integral is finite because o < 1. Recall that in the smooth case the spaces H/2(09)

coincide with the fractional trace spaces defined with the usual integral seminorm on 952 (see [4]).
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Then, from (3.1) and Lemma 3.1.1,

(%9, h) | Wil 2)g(z) (h(a)  h(2)) d. dS; tldfg
[ Wile.2)ala) () = h(a) dS. 45, 7

where we used the symmetry of W;. By adding both expressions and applying Fubini’s Theorem

(use the upper bound on K,) we obtain (3.3). O

Lemma 3.3.2. Let 992 be a smooth manifold. Define
1 & dt
K,J(x,Z) = F(O_)/(; Wt(m’z)tlj’ x,zE@Q.

Then

C
0< K _4(x,2) < W, for any x, z € 992,

and, for the constant Ry > 0 of Lemma 3.1.1, we have

K_,(x,2) > ¢

= W, whenever d(f7 Z) < R0/2

For f h € L*(0S)) we have
0,750 = (0,7£.0,°70) = || K_ole,2)f(:)h(a) dS dS.. (34)
oN
where the double integral is absolutely convergent.

Proof. The estimates on K_,(x, z) are obtained by applying the heat kernel estimates of Lemma

3.1.1 as we did in the proof of Lemma 3.3.1. On one hand, by Hélder’s inequality,

1 dt L dt
[ L witeolsenas inas. ;2 < [ le® ln il
0 JoQ o0 0

1
< 1111200 1Al 2200 /0 11 gt < oo,

On the other hand, by using the heat kernel estimates of Lemma 3.1.1,

[ [ weaeras]menas, 2 <o | soimeds.as. [~

< Clfllizza)llhllz2@0) < o0

because 02 has finite measure, o < 1 and n > 2. Hence we can write down the formula with the

heat kernel of Lemma 3.1.1 into (3.2) and apply Fubini’s Theorem. This gives (3.4). O
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3.3.1 Scaling

Let © be a C! bounded domain and take u € C*(2). Denote by %Q, A > 0, the set of points Z
such that z = x /A, for some = € Q. For example, if Q = B) then %Q = Bj. Let us define the

function

ux(z) = u(A\z), for T € Q. (3.5)

This is well defined because Az € ). Observe that the exterior unit normal vz at a point = /A
at the boundary 8(%9) is exactly the exterior unit normal v, at the corresponding = = Az € 0f).
The operator 9, depends on the boundary of the domain €2. Let us call J, ) the normal derivative

operator for %Q Then, for Z = /X at the boundary of %Q,
Opaun(Z) = Vup(Z) - vz = M(Vu)(AZ) - vy = A0, u(AT).

In other words, the normal derivative of the scaled function u) at a boundary point Z in the
scaled domain %Q is A times the normal derivative of the original u at the original boundary

point x = AT € 9. We say that the normal derivative scales like .

Lemma 3.3.3. Let u: Q — R and let uy : $Q — R be defined as in (3.5). Then
(Bu0) =T un(@) = A7 (97 u)(A2),

for every & € 9(3Q). That is, the fractional operators 9% scale like A7 .

Proof. Let v(z,t) = e~ u(x), for z € Q. Then the semigroup vy (7,t) generated by d, ) on

d(3Q) is related to v via
oA(Z,t) = e Py (z) = e~ M y(A\T) = v(AT, ), for T € 1Q, t > 0.
Indeed, vx(Z,0) = u(AZ) = u)(z) and
O (T, t) = NOw)(AZ, At) = —A(0pv) (AT, At) = —0, \uA(Z, t).

Hence, by (3.1), the following identities hold in the weak sense:

@) @) = s [ (000 M) = 0n@) 7157
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Lemma 3.3.1 shows that 07 is an integro-differential nonlocal operator of order o on 0f).
Moreover, by Lemma 3.3.3, this operator scales like A\?. Let us make explicit all this in the case of

the upper half space.

Example 3.3.4. Recall Examples 2.1.2 and 2.1.6. If a function g defined on R™™1 is written in
terms of its Fourier—Steklov expansion (2.6) then, according to our definition of normal derivative

d,, we get

1

00906 = iy [ O A = () (),

the fractional Laplacian of order 1/2 on R"~!, which is an operator of order 1. Now, the

semigroup generated by 0, is nothing but the usual Poisson semigroup:

I'(n/2) t
ﬂ-n/z /Rn—l (tz —+ |x/ — Z/’Q)n/Q g(zl) dzla (36)

for o' € R*! and t > 0. In particular, W; in Lemma 3.1.1 is the usual Poisson kernel in the

o(@', 1) = e e () =

upper half space R and v solves the fractional heat equation
Ao + (—Agn—1)?0 = 0.

Next, for 0 < o < 1, by definition and by using Lemma 3.5.1,

1 A~ i€ gt
(=02,)79(2") = (@m0 /}Rn1 €17G(€N)e™ < dg

g9(@’) — g(=)
et |l‘l _ Z/‘nflJra

= (~Apn1)"g(a') = C""’/ 4,

R

2°T'((n—140)/2)
m(n=1)/21(~g/2)’

(—02,) 7 9(2') = (—Agn—1)"?g(a)) = cn,a/ _9E) g

Rn-1 |ZL‘/ _ Z/|n7170

where ¢p o = see also [34]. Similarly,

Clearly the scaling of Lemma 3.3.3 is satisfied.
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CHAPTER 4. EXTENSION PROBLEM FOR THE OPERATOR 0,

We present the extension problem characterizations, which are particular cases of [33, 34]. We
can look at the extension problem by working directly on a cylinder on top of 0€2. This point of
view is not completely local in nature. Indeed, it makes use of a Sobolev space given in terms of
c')i/ 2, Equivalently, we can use the fact that the Steklov eigenfunctions are harmonic functions in

Q and write down the extension problem on a cylinder on top of Q. The latter approach is

completely local. From here on we let

a:=1-20¢€(—1,1).

4.1 Trace spaces

To understand the extension problem characterization in the case of the operator d,, we begin
with some preliminary definitions and results. Let X be a Banach space. We define vector-valued
spaces as in [15, Chapter 5]. Let 1 < p < oo. A strongly measurable function u : (0,00) — X is

said to be in the space L ((0,00); X) if

o 1/p
|Whmmmxy=<4 mww&m& < .

We can modify the measure with respect to y to obtain the space
Lg((0,00); X) = L7 ((0, 00), y* dy; X)

with norm
1/p

(o)
nwwm@w@m=<ﬁ|w&w@)

When p = 2, a direct computation permits us to write this weighted space as a weightless space
via the equivalence

u € Lg ((0,00); X)
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if and only if

y*u € L? ((0,00); X) .

When a = 0, we recover the weightless vector-valued LP-spaces. We now define weak derivatives
in this setting, which will be useful when considering the extension problem characterization.

Given u € L' ((0,00); X), we say v € L' ((0,00); X) is the weak derivative of u if

/OOO ¢’ (y)u(y) dy = — /OOO o(y)v(y) dy

for all real valued test functions ¢ € C2°(0,00). In the case that u has a weak derivative v, we
denote v = v’ or v = uy,.

We now define a weaker notion of vector-valued Sobolev spaces. Given Banach spaces X,Y
with X continuously embedded in Y, the space H, (X,Y") is defined to be all strongly measurable
functions u : (0,00) — X satisfying

u € Lz ((0,00); X)

and

uy, € L2 ((0,00);Y).

We follow closely the construction in [27] to characterize the trace spaces of
H,(H'Y?(09), L*(99)). A priori, one knows u(0) € L*(09) by classical theory, see for example
[15, Chapter 5.8, Theorem 3], since H,(HY?(9Q), L?(92)) € W2((0, 00), L?(99)). Let
1/2

Gy)f =e V0 f.=3"2 e*y)‘imfkék be the semigroup generated by ai/Q defined on L?(99).
k=0

Define the space E(a) by u(0) € L?(02) such that
yo ! (e*yai/ “u(0) — u(0)) € L2 ((0,00); L*(09))
where 1/2 < a < 1/2. The norm on this space is given by

() 1/2
lullzagom + ( [ 160~ dy) -

Lemma 4.1.1. If u(0) € E(a) where o = (1 — 20) /2, then u(0) € H/?(9Q). The converse also
holds.
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Proof. Suppose f € E(a). Then f = Y32 fxdk since f € L*(99). Writing the second piece of
the norm on E(«) explicitly, we obtain

) B 00 o & 12 2
/ Y 2NG) f = FIl72 00 dy:/o ylo 2 (Z (6 Y —1) f/?) dy

0 k=0
1/2 2
e VAT — 1)

2 <y<>dy f

k=0
00 00 (e_v i 1)2
k=0 0
Notice
® (e—u _ 1 2
ut— g
0

since —1 < 1 — 20 < 1. In particular, for € > 0, we have

c (eiu - 1)2 c 1 a+1
/0 wl—20 du§4/0 ul—20 du:C(u+ )

We obtain a similar inequality for the tail. Hence

€

< oQ.
0

[l @) = Cllf N ererza0)-

We now state an analagous theorem as in [27, Theorem 1.1] to obtain the following trace

theorem

Theorem 4.1.2. The space H, (H1/2(8Q), L?(09)) surjects continuously onto E(a/2) via the

mapping u — u(0), and consequently, surjects continuously onto H/?(9€2).

The proof of this result relies on lemma 4.1.1.
We also have an analagous result for the space H_, (L2(8§2), HY/ 2(89)) by using the same

semigroup generated by 8i/ 2 In fact:

Theorem 4.1.3. The space H_, (L*(99), H-1/? (09)) surjects continuously onto E(a/2) via the

mapping w — w(0), and consequently, surjects continuously onto H=/2(99).

We have now justified that the spaces H~7(992) for (—1,1) are trace spaces for the Sobolev

spaces in which we will work from here on out.
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4.1.1 Continuous functions are dense in H,(X,Y)

We say that a weight w : R — [0, 00) belongs to As if w is locally integrable and there is a

constant C' such that, for any ball B C R, we have

(5 [ o) (3 [ v ) <c <

It is a well known fact that w(y) = |y|* is a weight in Ay. For a proof of this, see [21, Example
9.1.7].

We now extend the one-dimensional density results in [24] to Banach space valued functions.
For the remainder of this section, fix ¢ € C2° (0, 00) nonnegative with [, ¢dy =1 and let Z be a

Banach space. We define ¢.(y) := ¢ (4), for e > 0.

T e
Lemma 4.1.4. For u € L*((0,00),y%dy; Z) we have
sup [|u* el z < Mlullz
e>0
where M is the Hardy-Littlewood maximal function.

Proof. Let t € (0,00). Then

oo
lux ¢e(t)]z < / Ge(t — s)[uls)||z ds.
0
Taking the supremum over € implies the desired result. 0

Using this lemma, we can show a pointwise convergence result.

Lemma 4.1.5. For u € L?((0,00),y*dy; Z) and fized t we have
u* ¢e(t) — u(t) in Z.

Proof. Let B C (0,00) be any ball. Let B’ be any ball contained in the closure of B with
§ = dist(B, B’) > 0. Set

u(t) te B’
e = (t) te

0 otherwise
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and ug = u — uy. It follows that u; € L' ((0,00); Z) since

(o) [e%s) ) 1/2 0o 1/2
/ HmllzdsS(/ vl dy> (/ y—“dy)
0 0 0

and uy is clearly in L? ((0,00),y%dy; Z) as it is a truncation of u. Now, an application of

Lebesgue’s differentiation theorem for vector-valued integrals implies that

| * ¢e(t) —ur(t)]|z — 0

as ¢ — 0 for a.e. t € B.

Now, consider the following for ¢t € B

[|uz * ¢€(t)HZ < /¢€(t — S)HUQ(S)HZ ds

0 1/2 1/2
a 2 —a _
< </0 Y HU2(8)szS> (/IHNy P (t — s) d8> :

The final term on the right is 0 for sufficiently small ¢ since ¢ is assumed to have compact

support. ]

Using this lemma, we prove that smooth functions are dense in L? (0, 00), y* dy; Z).

Theorem 4.1.6. If u € L? ((0,00),y%dy; Z), then
w* ¢ — u in L? ((0,00),y* dy; Z) .

Proof. By 4.1.4,

[u ¢ —ullz < Mlullz + [lu]lz,

both of which are in L? ((0,00),y* dy). Consquently, Lebesgue’s dominated convergence theorem

along with 4.1.5 implies

00 1/2
lim [Ju * ¢ — ul| 12((0,00) g dysz) = 1im </O Jw e — ul| 7y dy) =0.

e—0

We are now in a position to prove various density results in H, (X,Y") for Banach spaces X

and Y.
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Theorem 4.1.7. Given Banach spaces X and Y with X densely embedded in Y, the space

C*((0,00);Y) N Ho(X,Y) is dense in Ho(X,Y).

Proof. By 4.1.6, u* ¢. — u in L? ((0,00),y* dy; X). So it suffices to show that (u* ¢z), — uy in

L?((0,00),y*dy; Y). Notice that
(u * gbs)y = Uy * Pe € L2 ((0,00),y* dy;Y) .
Another application of 4.1.6 implies
(u*¢e), — uy in L% ((0,00),y%dy;Y) as e — 0.
Hence u x ¢ — u in H, (X,Y).

To show that compactly supported, smooth functions are dense in H,(X,Y), we must first

prove some results about reflections. Namely, define

to be the even reflection of u € L? ((0, ), X).
Lemma 4.1.8. Let u € Hy(X,Y). Thenu € L? (R, |y|* dy; X).

Proof. Observe

[e'e) ') 0
/rwwmww=4|wmmww+/ lu(=9)llxlyl® dy

—A\MWMW@+A!MW&W@

< 2[|ull £2 ((0,00);x) < ©-

We now compute the weak derivative of the even reflection.
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Lemma 4.1.9. Let u € Hy(X,Y). Then

is in L? (R, |y| dy; Y)

Proof. We first compute the derivative distributionally. Let ¢ € C2° (R). Suppose supp(%)) is

contained in (—o00,0). Then

Tf supp() € (0, 00), then
W) =~ [ at) )y
—— [ty
= /0 N u'(y

Now, if 0 € supp(v), say supp(¥) = (—1, 1), we need to modify about 0. Let € > 0 and define

JY(y) dy.

7e to be constantly 1 on (—oo, —2¢) U (2¢,00), 0 on (—¢,¢), and smoothly interpolating on
(—2e,—¢) and (g, 2¢) with bounded derivative |n).| < 2. Using this, we can ‘delete’ 0 in the

following computations. Consider

w(w) = [ o) dy
1

=—1lim [ a(y) (ny') (v)

e—0 1
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= —lim ( ) (n1) dy+11m/

e—0

=: Hm(I + IT).

e—0

Let us compute carefully the term I. Observe

1 0
I= —/0 u(y) (1) (y) dy—/ u(—y) (m=9)' (y) dy

-1

1 0
= /O o (y)ne () (y) dy — / W (=y)ne(y)P(y) dy

-1
1
- / ) (0)

Therefore

1
lim I = / T )ol) dy.

e—0
To compute I1 we utilize the definition of 7.. Notice

2e —€
7= / w()rl (9 () dy + / (=)l (9 () dy

—2¢

2e €
=/ u(y)né(y)w(y)dy—/ u(y)(—=n2(y)Y(—y) dy

2e

2e
—/ w(y)ne(y) (Y(y) —b(~y)) dy

IN

2 [ ) )~ wl-w) dy

3

2 (j | uww) s = [ o) - w(_y)))
2e .
<2 <22 /0 o) Iy () () dy — * i) _w(_y)‘)

Hence, by Lebesgue’s differentiation theorem,

lim IT = 0.

e—0

Therefore
1
W)= [ o d
)= [ Twumay

where @’ is defined as in the statement. Finally,

') ') 0
/ 1@ @) 21yl dy = /0 I )13 y1® dy + / | = (—g)II3 lyl* dy

— 00
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o /O o () 24" dy

< Q.

For the following results, let H),«(X,Y) be the space of functions u satisfying
u € L2 ((_007 00)7 |y’a dy; X)

and

u' € L? ((—o0,00), [y|* dy;Y).
Lemma 4.1.10. Ifu € Hy(X,Y), thenw € Hye (X,Y) and HEHH‘W(X,Y) < 2lull 7, (x,v)-
Proof. This follows immediately from 4.1.8 and 4.1.9. O

Theorem 4.1.11. Let u € H, (X,Y). Let ¢ € C° (R) be nonnegative with [p ¢dy =1. Then
ux* . € CF (R; X) and

Ux e = w in Hyyaxy).
Proof. This follows the same as in 4.1.7 since |y|® is of class As. O
As a consequence, we can prove compactly supported smooth functions are dense in H,(X,Y).
Corollary 4.1.12. The space C° ([0,00); X) is dense in Ho(X,Y).

Proof. Let u € Hyo(X,Y). Consider the restriction @ * 1), € C° (]0,00); X). Notice

[0,00)
||’LL - (u * ws

by 4.1.11 O

> o (x,y) < 10— (U ) ||Hma(x7y) —0ase—0
[0,00)
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4.2 Weak solutions to the extension problems

4.2.1 The extension problem on top of 0}

Let u = Y 3% o ukdy € L?(052). Consider the extension problem

y*o,w = 0y(y*oyw), for x € 09, y >0,
(4.1)

w(z,0) = u(x), for z € 09.

The natural Sobolev space for weak solutions to (4.1) is the boundary mixed norm space H 5/5’1,

which is defined as the closure of C*°(9f2 x [0, 00)) under the norm

]2 := / / “(ff? + 10Y2w[? + |0,w[?) dS, dy.

A function w € H ;/ a2 ! is a weak solution to the boundary extension problem (4.1) if

/ / y® (92wl % + wypy ) dS, dy = 0,
0 o0

1/1

for every ) € Hy' > such that ¢(z,0) = 0 on 0Q, and

lim w(z,y) = u(z), in L*09Q).

y—0+

It was shown in [33, 34| that the function
=0 SN )2 1/2
F(O’) Z(y)\k )UICU(y/\k )ukgk(x>
20 e 00 dt (42)
__Y —y?/(4t) ,~t0,
401“(O-> /0 € € u(m) tlto’

is a weak solution. Here IC,(z) the modified Bessel function of the third kind or Macdonald’s

w(z,y) ==

function, see [25]. Moreover, w as above is the unique minimizer of the energy functional

/ / (91/2w|2 + |wy|?) dS, dy,

1/2 1

among the set of functions w € Hy/» such that w(z,0) = u(z) in L?(99Q).

As a consequence of [33, 34], if u € H?/?(9Q) then

— lim y*wy, = ¢,0pu, in H™/2(09),
y—0t
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I'(1-0)
49-1/2T (o)

/ / ya(|8i/2w|2 + |wy|2) dS, dy = Cg/ \33/2u\2 ds,.
0 JoQ 20

Therefore, if u : 9Q — R is a solution to dJu = f on I, with f =377, fudk € HS/Q_U((?Q)

where ¢, = > (. Furthermore, the following energy identity holds:

(see Section 2.3), then u(z) = w(z,0) € HY?(9Q) ¢ H/?(9Q), where w solves the extension

problem with Neumann boundary condition

y*o,w = Oy(y wy), in 092, y > 0,
(4.3)
—limy,_,o+ y*wy, = ¢ f, on OS2
From [33, 34], a solution w (unique up to an additive constant) is given by
2177 & o fr .
w(z,y) = T 2N KA (5 dk (@)
(o) A7
k=1 (4.4)
1 & 2 . dt
_ —y?/(4t) ,—td,
F(U)/O e e v f(x) o

Of course, we can always normalize w in such a way that [, aq W dSy =0, for each y > 0.

By Lemma 3.3.3 we see that if w solves (4.1) in 9 x (0,00) then
wx(z,9) = wAz, \?g), for z € 0(19Q), § >0,

is a solution to

y20, \wy = Oy(y*0ywy), for z € 0(1Q), 7> 0,

w(Z,0) = ux(Z), for z € 0(5Q2).

>l

In addition, if f\(Z) = f(AZ), for € €2, then from (4.3) we get the Neumann condition
7 0gwA(Z, 9)] ;g = oA (O u)(AT) = co(Dy\)Tun(Z) = co A7 F1(Z).

Example 4.2.1. Consider the case of the boundary R™~1 of the upper half space R’ . Then the

boundary extension problem for w = w(z',y) reads

ya(—Aan)l/?w = 0y(y*Oyw), fora' e R™ 1 y >0,

w(z',0) = u(z'), for 2/ € R
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/2,1

's is the closure of C>®(R"! x [0,00)) under the norm

and the Sobolev space H;

/O /R (o (D) Pl + ) e dy.

Since we have the kernel of e_t(_AJR"*)l/Q, see (3.6), the solution w can be written as
y20'

~ 4T (o)

/

w(z',y)

o i 1/2 dt
/0 eV B oy gy AL

= P](z' — 2" )u(z") d,
Rn—1

Po( /) F(n/2) % /oo e—y2/(4t) dt 1 po 2
)= ———2 . I L z\
Y 4oT (o) mn/2 y o (E+ [ te (y2)nl 12

When o = 1/2, w(a',y) is the subordinated Poisson semigroup of e_t(_AR"—1)1/2, namely,

where

dt

PN (B )Y Y[ 2 —t(-Age )2, o AL
w(z',y) =e R u(x") 2\/7?/0 e e R u(x)t3/2,

which solves Oyw + (—ARnfl)l/élw = 0. We also have the energy identity

/ / ya(](—Aan)l/‘lw\Q + |wy|2) dx’ dy = c,,/ |(—ARn71)”/4u\2 dz’.
0 Rn—l R"_l

Finally, we can also write the solution as (see (4.4))

dt

]. o0 — 2 _4(— 1/2 o
e et A () )

w(z,y) = W

= Qg(x' — 2" (= Agn-1)7u(2) d?’,
Rn—l

where

o I'(n/2 oo 1oemy?/(4t) 1 o
Q') = (2/ ) / 2 v # = T @1 g )
w2 (a) Jo (82 + |22 (¥) y
Observe that this scaling corresponds to an approximation of the identity in fractional dimension

n—1—o.
Remark 4.2.2. (Scaling in the flat case) Suppose that w solves

8xnw+gwy+wyy:0, forx €Ty =B N{x, =0}, 0<y <1
Y
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Then
wy(z,y) :w<i,\yf)\), forxeTy=By\N{z, =0}, 0<y< VA,

solves the same equation in T x (0, \f)\) The other way around, if w solves the equation
a
Oy, W+ —wy +wyy =0, forzeT,, 0<y<r,
Y
for some r > 0, then
wy(z,y) = w(rz,v/ry), forxeT), 0<y<]l,

solves the equation in 77 x (0,1).

4.2.2 The extension problem on top of Q

Next we consider the extension problem on € x [0,00). Let u = Y72 jugd € L*(0Q). If w
solves (4.1) then w extends inside © as a harmonic function for each y > 0 just by noticing that
the Steklov eigenfunctions in (4.2) are harmonic in 2. This observation leads us to consider the

following extension problem for a function U = U(z,y):

AU(z,y) =0, for x € Q, for every y > 0,
y*0,U = 0y(y*Uy), on 09, for y >0, (4.5)
U(x,0) = u(x), for z € 0.

It is clear that the restriction U| 99 (0,00) SOLVES (4.2), so it coincides with w as in (4.2). Thus, if
u € H/?(9Q) then

B yl_iglJr yaay (U}aﬂX(O,oo)) = CUa}f”?

in HO_U/2(8Q). Let us next analyze (4.5).
In order to define the notion of weak solution we multiply the first equation in (4.5) by a test
function ¥ € C°(Q x [0, 00)), integrate over Q x (0, 00) with respect to the measure y®dxdy and

then integrate by parts in . We obtain

/ /yanUVx\Ildxdy:/ / U (y*0,U) dS, dy.
0 Q 0 o0
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Next in the integral in the right hand side we use the second equation of (4.5), interchange the

order of integration and integrate by parts in y to get

/ y“[/ VxUVm\IJdaH—/ Uy\I/dez] dy:/ \I!(:U,O)[— lim y“Uy(x,y)} ds,.
0 Q o0 o0

y—0+
Let u € L?(09Q). We say that U is a weak solution to (4.5) if V,U € L?(Q x (0, 00), y*dzdy),
d,U € L*(052 x (0,00),y*dS,dy) and

/ y“{/ V.UV,¥ d:z—l—/ U,v, de} dy =0,
0 Q o0

for every test function ¥ such that ¥(z,0) = 0 on 02, with

lim troq U(z,y) = u(z), in L*(99).

y—0t

The weak solution U is the unique minimizer of the energy functional

jQ(U)z/ ya[/ |va\2da:+/ Uy|2d5x] dy,
0 Q o0

among all V(z,y) such that V(z,0) = u(x) in L?(0€2). As in (4.2), we can write

-0

o) A Ko A yusi()
k=0

U(1:7y) =

20

_ Y 2 4t) o —tD, dt
4UI‘(0)/0 e E(e u)(w)—tHU,

where £ denotes the harmonic extension operator, see Lemma 2.1.3. Notice that U(-,y) € H (),
for every y > 0. Moreover, if [, udS; = 0 then we have [, U dS, =0, for each y > 0.

Let f =3 p2q fudk € Hé/%o(a(l) and suppose that u € H(Q2) is the unique weak solution to

Au=0, in ,
(4.6)
0%u = f, on 01,
having zero mean on 9€2. Then the weak solution U to the problem above satisfies
AU(z,y) =0, in Q, for every y > 0,
y*o,U = 0y(y*Uy), on 01, for y > 0, (4.7)
—lim,_,o+ y*0,U = cof, in H2=7(90),
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and has zero mean on 0f), for every y > 0. Observe that U satisfies

/ ya[/vavwmder/ Uy\I/dem] dy = co (f,0(-,0)),
0 Q 00

for every test function W. Moreover, the following energy identity holds:

/ y[/ |VmU2dx+/ ]UdeSm] dy—co<f,u>—co/ 100/ S
0 Q o2 o0

= [u]?{oﬂ(ag) = [f]?'{fo/Z(aQ)-

The weak solution to (4.7) having zero mean on 9f2 can be written as
-0

AV/2 Ko AL/2 &s T
F(O’)Z(yk ) (yk ))\g k()

1 s dt
_ —y?/(4t) o[ —tBy
(o) /0 e E(e f)x) o

U(l’,y) -

Conversely, if U is a weak solution to (4.7) then u(z) = U(z,0) is a weak solution to (4.6).

Let us summarize the relation between U and w.
Corollary 4.2.3. Let U be a solution to
/ y? [/ V.UV, U dz +/ U,v, de} dy = Cg/ U (z,0)f(x)dS,.
0 Q o0 oQ
Then w := trogq U is a solution to
/ / y® (0L 2wdl ¢ + wypy) dSy dy = ¢, / U(x,0)f(x)dS,.
0 0N o0

Conversely, if w is a solution to the latter equation, then U(x,y) := &, (w(,y)) s a solution to
the former equation. In both cases, u(x) = U(z,0) and u(z) = (Ew)(x,0) are weak solutions to

(4.6) if and only if U and w are solutions to the equations above.

Example 4.2.4. In the case of the upper half space, the extension problem for U = U(z', xp,y)

reads
AU(2', zn,y) =0, in RY, for every y > 0,
—y*0:,U(2',0,y) = 0, (y*Uy(2',0,7)), on R"™, for y >0,
hmyﬁ(ﬁ‘ U(l‘,, 0, y) = U({L‘/), m LQ(Rn_l)a
—lim,_,o+ y*0,U(2',0,y) = Co(—Agn—1)7"?u(z’), in H/?=7(5Q),




o1

where A above is the Laplacian in the variables (x',xy,) € RY.. The energy identity becomes

Il

Given a function g = g(2') : R"~! — R, the harmonic extension operator € on g is

\VUPda;'dxn+/ ]Uy|2dx’] dy:ca/ (= Agor )7 2uf? da'.
Rn—1 R

n—1

n
+

ﬁn(*ARn—l )1/2

Sg(x',xn) =e g(a:’), (x’,:vn) e RY.

Hence, the solution U above is given by

20 e’}

_ Y —2/(4t) ,—(Tn+t)(—Agn_1)1/2 dt

U(x/,:cn,y) - 4°T (o) /0 e v /e J(hgn-1) u(xl) ti+o
_ 1 / T V0 ot D) (LA ) 20 (o) -
L(o) Jo N t=e

From here kernel expressions for U can be easily derived.
4.3 Flattening the boundary
We now flatten the extension on top of Q. Let U be a solution to
/ ya[/ VxUVx\I/dar+/ Uy\IIde;c] dy:/ U(x,0)f(z)dSs, (4.8)
0 Q onN o0

for every test function ¥. We take a point xy at the boundary of (2 and we flatten the equation
near 0f) around that point, for each y > 0, by using a usual flattening map which will be made
precise in the following chapter. Notice that all our ingredients in the equation (4.8) are local in

nature. We need to fix some notation. For r > 0,

B := B, n{x, >0} = {(2,z,) € B, : z, > 0},

T, := B, N {x, = 0}.

Now, after flattening the boundary around xg, which follows the same as in the proof of 5.1.1, the

transformed solution and right hand side, that we still call U and f, satisfy

Uu,v,o da:’] dy = / (', 0)f(2")®da, (4.9)
T

1
/ ya[ A(x)V, UV, VU dx +
0 B Th
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for every test function W. The function ® is a Lipschitz map, depending on the boundary, coming
from the flattening process. In our setting, ® is, at worst, Lipschitz. The coefficients A(x) are

symmetric, uniformly elliptic and
e bounded and measurable if 92 is Lipschitz;
e continuous if 9 is C!, or;
e C° Hélder continuous if 99 is CH* for some « € (0, 1).

By an orthogonal change of variables we will always assume that
A(0) =1,
the identity matrix.

Remark 4.3.1. In the weak formulation (4.9), the trace u(z) = U(x,0) would correspond to a
solution to a fractional Neumann problem for a divergence form elliptic operator with flat
boundary:

div(A(z)Vu) =0, in Q,

qu = f, on 0f).
Here 99 denotes the fractional power of the conormal derivative dqu = vT A(z)Vu. On the flat
part of 0Q, v = —ey,, so that v A(z)Vu = — > j=1 Anj(z)uz,;. The assumption A(0) = I then

means that dau(0) = —0,,,u(0).
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CHAPTER 5. GLOBAL L? TO L*® ESTIMATE

The main result of this chapter a nonlocal ‘L? to L™’ type estimate for solutions to (2.1). We
do this by modifying the theory of De Giorgi and utilizing facts about harmonic extensions. We

state the result here:

Theorem 5.0.1. Let 2 C R"™ be flat or a bounded domain with Lipschitz boundary. Let u be a
solution to

Au=0 mQ

u=f ondf

v

with f € L1(0Q), ¢ > (n—1)/o. Then u € L=(Q).

5.1 Fractional Sobolev Inequality

We need a few lemmas before proving 5.0.1. First, we show that flattening the boundary gives
us a way to relate energy in €2 to that in the flat setting. Moreover, we prove a similar
relationship in the extended domain. We begin with some preliminaries about flattening the
boundary of a Lipschitz domain.

A bounded Lipschitz domain in R” is a bounded connected domain €2 such that the boundary

0S) can be covered by finitely many open balls K; in R", j =1,...,J, centered at 0f2 such that
KjﬂQ:KjﬂQj, 7=1,...,J,

where €); are rotations of suitable special Lipschitz domains in R™ given by Lipschitz functions
¢;. One may then assume that 9Q N K can be represented in local coordinates by x,, = ¢;(z’),
where ¢; is a Lipschitz function on R"™! with ¢;(0) = 0. Remember also that if ¢ is a Lipschitz
function defined on an set A C R”! with Lipschitz constant M, then there exists an extension

% :R" ! — R of p such that = ¢ on A and the Lipschitz constant of @ does not exceed M. One
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can also find an extension having the same Lipschitz constant that the original function . For
this see [16, Chapter 3]. Let © be a bounded Lipschitz domain. Consider the balls Kj,

j=1,...,n that cover 02 as above. Then there are bi-Lipschitz transformations
y =) K = V; = 0(K)),

such that

PU(K;NQ) cRY, ¢W(K;no0) c R =R N {y, = 0}.

We can assume that V; is simply connected and that the upper boundary of e (K; N ) can
be described by y, = 70)(y/), where 7U) is a Lipschitz function. In fact (upon relabeling and

reorienting the coordinate axes if necessary), we can take
W9 o= (a1, a) € K=y = (o) = 09 (@) = @ (@), ..., 0 (@) € V; C R
of the form (see also [15, Appendix C.1])
Yi = ng)(x) =z, 1=1,...,n—1, and vy, = 1/1,(3')(3:) =z, — j(2).

This is the flattening map. In addition, the normal directions v, = v(z) with z € 9Q N K; are
mapped in normal y,-directions with the foot-points ) (z) € R N {y,, = 0}.

The inverse flattening map
W)y e ViCR s o= (a1, 2) = (09) T (y) = (W) (@), (0D) () € K;
is given by (see also [15, Appendix C.1])
zi= W) @) =y i=1,.n =1, and z, = @Y (1) =y + 05(0).

Let K;, j =1,...,J, be the balls as above, so that 02 C U}]:1 Kj. Let €2g be an open subset
of Q such that Qy C . A partition of unity {§j}3-]:0 subordinated to {Qq, K1,..., K } is a family

of nonnegative smooth functions §; on R" such that

J
&€ Cr(N), &eCr(Kj),j=1,...,J, and Zgj(x) =1 for every = € Q.
5=0
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From the last sum condition, it follows that
OS&O?&]SI; ]:1,,J

Obviously the family {¢; }3]:1 is a partition of unity subordinated to the open cover {Ky,..., K}
of 02 and Z _1&j(x) =1 for every x € 0.

Lemma 5.1.1. Let Q be a bounded domain in R™. Let {fj}le be the partition of unity
subordinated to the open balls {Ky,..., K} that cover ). Consider the flattening maps

YU) =i () : Kj — V; and their inverses (w(j))_l = (w(j))_1 (2) : V; = Kj. For a measurable
function u = u(x) on 9%, define functions u; : R"! = R" 1N {z, =0} - R as

(&u) o (w(j))_l (z), forzeV;nN{z, =0},

uj = uj(z) =
0, for z e R\ (V; N {z, = 0})

foreach j=1,...,J. Then for any 1 <p < oo and 0 < o < 1, the following are equivalent:
1. u € LP(09)
2. uj € LP (R”_l) foreachj=1,...,J.
Moreover, if any of the above conditions hold, then
[ull e (202 Z 1wl Lr@r—1y-

Furthermore, if we consider flattening in x for each y > 0 in the extended domain Q x (0,00),

we have
oo J o0
/ y° </ VU ? dx—i—/ Ujdm’) dwaZ/ y° / VU, ? dm+/ (U;)2da’ | dy.
0 Q o2 j=1 0 R? Rn—1
Proof. Consider the flattening maps 1) = (ng), cee 7(1]')) K=V C ].RT}”r given by

2z = wZ(J)(a:) =z;, 1=1,...,n—1, 2y = go,@(a:) =z, — cp(j)(x/)
and its inverse (¢0))~1 V; — K given by

=W @) =z i=1, =1, zn= @) (2) = 20+ 09 (2).
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Notice that

P9 (z) = (2,0) = («/,0) for every z = (2, 0\ (2')) € IN N K;
and
(W, 0) = (o), oW (") = (2, oV (2)) € AN K; for every (2',0) € ORI NV; =R 1NV,

Let 1 < p < oo. Since u;(y) is defined in R"~1 = R" N {y,, = 0}, we can identify it with a
function of 4’ € R"! in the obvious way, and we still call this new function w;(y). Similarly,
() Hy') = ()7L (y) when y € V; N {y, = 0} is identified with 3’ € V; "R L.

The area formula says that if f: R"™! — R" is a Lipschitz injective map and

g € LY(R",dH" | f(gn-1)) then

/ gdH™ " = / (g0 HWIF) dy.
I Ro-1

where Jf(y') = \/det(Vf(y)*V f(y')) is the Jacobian of f, with Vf(y')* the adjoint of the
gradient map Vf(y') : R"~! — R", see [29, Remark 8.3]. In the case when ¢ : R"! —» R is a
Lipschitz function and T'(¢) = {(¢/, »(v')) € R™ : 3/ € R*~!} is the graph of ¢ (representing the
boundary of a special Lipschitz domain), the area formula with f(y") = (v/, ¢(¢')) and

f(R™™1) = T'(¢) implies that

/ gdH”_lz/ 9/ e NV + [Ve(y) 2 dy
T'(p) Rr—t

see [29, Theorem 9.1]. This is called the area formula for codimension one (Lipschitz) graphs.

Notice that

L+ (010 O1pdap -+ O190n_1¢ —01p
. DO 14 |Dap|* - DapOn_1p  —Osp
o 1" [0 1\ ™ _
al‘i 81‘1 je=1
On—1p01 oo 14019 —On—1gp
i —01p —Oap s —Op—1 1 |

Applying this formula to g = |{ulP, f(y') = @WI)7UY) = (¥, ;) and (') = ¢;(¥),

L= e
R Vn{yn=0}
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/ o W)Ly
V;

Jm{ynfo}

IN

/ eI+ Vs
Vﬁ{ynfo}

[(&ju) ()| dHy ™!

/(w(” LV {yn=0})}

2P dH < / ()P dS,.
[2)9]

In a similar way, by the LP(9€) Minkowski inequality and using that
K;noQ = f(V;N{y, =0}) = ()1 (V; N {y, = 0}) in the area formula for codimension one

graphs and |V;| < C,

(/asz [u@)I” de>1/p = ; (/ag (&) ()] dsx> l/p
- zJ; </vjm{yﬂ:0} (&) (W' 0P/ 1+ [Vi(y) 2 dy/)l/p
< C’; </Rn1 uJ‘P>1/p

Therefore, u € LP(99) if and only if u; € LP(R"™1) for every j =1,...,J, 1 <p < co. We have

shown that

<

[ull Lo a02) ~ Z|uj||LP(R"*1)'

We now look at the extended case. Consider the change of variables x = (1)9))~1(z) and for

U(z,y) € H(Q) define

(GU) (WD) (2),) for z € V;NRY,

0, for 2 € R\ (V; NRY)

Uj =Uj(z,y) =
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We have -~ _
1 0 0
0 1 0
» o) ()]"
V) (x :[ i }
Y () R
dpld) dpld) )
B 8301 B 83}2 _Gwn_l
and _ -
1 0 0
A 0 1 0
- o)1=
(N1 (5 _[ i _
@) 7(2) e
0 1 0
o) 9l ) )
| 821 822 o 8Zn_1 |

Then det VyU) (z) = det V() 71(2) = 1, for every » € K; and 2 € V.

Observe that
Uj(,0,y) = U;(, oY ('),y) and U(z,y) = U;(@Y(z),y).

For z € K; and y > 0, the chain rule gives

n

00, (EU) (@ y) = Y 0:,U; (09 (2), )0l (2).

(=1

Then, by using the change of variables # = 1 ~(2) with dx = | det Vyp—1(2)| dz = dz,

/ RCEACULEDY / U@ GV 1) b
- (Z 0:,U; (9 (). ) awf)(x)) (Z 0:,U; (0¥ (a), y>aiw§><z>> da
i=1 755 \y=1 =1
-/ (Z o) (W9)7(2)) duwe (w(ﬂ-%z))) 0:,U(29)0.,U (2.y) d
ke Vi

=1

:/ Aj(Z)VUjVUde
Vj



99

where
4(2) = (ab*(2)) = (Z outor (09)7(2)) D) (w@)l(z)))
i=1
is bounded and uniformly elliptic provided that 0f2 is Lipschitz. Hence we obtain the following

inequalities

J J
/ IVU|? dx < Z (/ Aj(z) |VU;|? d,z> < C’Z (/ \VU;|? dz) .
@ j=1 \7RY j=1 \7RY

and

/ VU, ? dz—/ \VU;* dz
R} v;
<c [ 4 VO
Vi
= c/ IV (&U)|° da
K;
< c/ \VU? da.
Q

Integrating the inequalities against y® dy gives the equivalence

o] J o
/ ya/ VU dady ~ Zya/ / IVU;|* dz dy.
0 Q = Jo Jre

We use a similar argument to deal with the term including U,. However, this term is easier to
work with since the flattening is independent of y. In particular, the derivative with respect to y

will not change after flattening. We first fix y € (0, 00) to get
J
Uyl z2(a0) ~ Z 1(U5)yll L2 ®n-1)
k=1
by using the first part of this theorem. Integrating against y® dy gives

oo J oo
y“/ U2dS dy ~ / y“/ (U;)2dS dy.
/0 o0 7 ; 0 RY Iy

O]

We now prove that solutions to (4.5) minimize a particular energy functional associated to the

extension problem on top of €.
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Lemma 5.1.2. The solution U to the extension problem (4.5) is the unique minimizer of the

j(V):/OOy“ </ V. V|? da +/ deﬂ) dy
0 Q o)

among all functions V' with satisfying V(x,0) = u(x).

energy functional

Proof. Suppose v(x,0) = u(z). Then we obtain the following energy identity by definition of U

being a solution

00 2
/ / ¥ (B PwdY *v + wyvy) dS dy = cg/ 99w (x,0)85/%v(x,0) dS = ca/ 83/2u) ds.
0 o0 o0N

o0

Now, recalling that w extends harmonically to 2 as U, we have

/ / yaa,,wvdey:/ /y“VUVVd:L‘dy.
0o Joo o Ja

/ /y“VUVVdaH—/ yaUyVdedy:c(,/
0 Q o0 9]

Furthermore, a direct computation reveals

Hence

81‘,’/2u’2 ds.

J(V—U+U):/ y</ Vo (V — U+ U)J? dw+/ (V—U+U)§da:’> dy
0 Q [2)9]

:/Oooya </Q|V(V—U)|2 dx+/aQ(V—U)§ dS> dy

+2/Oooya </QV(V—U)VUda:+/aQ(V—U)yUde>dy

+/ y° (/ VU |? da:+/ Ude) dy
0 Q o0

22/0003/1 (/QV(VU)VdeJr/m(VU)yUde)derJ(U).

By our initial remarks, the first term in the final line is 0. Hence

J(V) > J(U).

We are now in a position to prove a ‘fractional’ Sobolev inequality.
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Lemma 5.1.3 (Fractional Sobolev embedding). There ezists a constant C > 0 depending only on

OQ and o such that for any u € H7/?(9Q) satisfying H" '({u = 0}) > 0 or S50 uwdS =0 we have

el 25 90y < C105/%ull 2200

2(n—1)

where 25 = —5—=0 > 2.

Proof. Given u as in the statement, let U be the corresponding solution to the extension problem

(4.5). We have the following energy identity

/ y? </ VU dx—l—/ Ude) dy:ca/
0 Q o0 o0

Therefore, it is enough to show that

2/2% 1S9
(/ u% dS) gc/ y° (/ VU d:c+/ Ude) dy.
o0 0 Q o0

Let {&; }3-]:1 be a partition of unity subordinated to a finite family of open balls {K7, ..., K} that

8,‘3/2u‘2 ds.

cover 9. Consider the flattening maps on the sets K; N Q and let u; and U; be the flattened

functions as in Lemma 5.1.1. Then, by Lemma 5.1.1,

HUHLT‘ (09) < CZHUJHL2U(]R" 1y

For each of the flattened functions u;, let U J* denote the solution to the flat extension problem as
given in Example 4.2.4. By the classical fractional Sobolev embedding in R"~! and the fact that

U; minimize the corresponding energy,

1325 g1y < ClH (=) w572 gn1y

= C/ y® (/ ‘VU;‘Q dx +/ (U;)i dw') dy
0 R” Rn—l

< C/ (/ VU, ? d:c+/ (Uj)f}dx’> dy.
-1

Hence, by Lemma 5.1.1 again

lll? 25 (o0 < CZHuJHL%(W N
J=1
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J o
< C§ / y® (/n IVU;|? da:+/ _I(Uj)qjda;’> dy
=170 R R

gc/ y“</|VU|2d:c+/ U§d5> dy
0 Q o0

which is the desired inequality. O

5.2 Solutions to (2.1) are bounded

We prove the main result of this chapter which follows closely the ideas presented in [22,

Chapter 3] accounting for our fractional setting.

Proof of theorem 5.0.1. Define u;, = (u — Cj)" where Cp, = 27! (1—27%), k > 0. We multiply the

equation on the boundary by u; and integrate:

/ upOdyudS = uf dS. (5.1)
onN o0

Denote by U* the solution to the extension problem for u on top of Q and let (U*);, = (U* — Cy)™
be its truncation. Let (Uy)* be the solution to the extension problem on top of  with datum wuy.

On one hand, by using the extension characterization of 99 we can estimate the left hand side as

/ updyudS = —cg lim [ (U")Uyy* dS
e} y=0Jo0

:/Oooya (/Q V(U VU da:+/aQ((U*)k)yU; dS) dy
_/Omya (/Q|V(U*)k]2 dx+/m((U*)k)§ ds> dy
> /Oooya (/Q|V(Uk)*|2 dm+éﬂ((Uk)*)ZdS) dy

2
:cg/ 83/2%‘ ds
o0

where in the inequality above we used the minimization property of (Ug)*, see Lemma 5.1.2. We

now estimate the right hand side of (5.1). Let 2% be the critical exponent in the fractional

Sobolev embedding (Lemma 5.1.3). Observe that

1

-1
/a s 45 < | Loy 2 oy | s > 0} %
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1

. 1t
< C|fll oo 105 urll 2 o) [{ur > 0} %«

Co | o 21— -1
< F105 2 url 2 o) + CF? [{ug > 0} 7% 70

where F' = || f||a(aq) and C depends only on 02 and ¢. Also, explicitly computing the exponent

on the right-most term gives

Therefore, by plugging the last two estimates into (5.1),

A

Note that if u;, > 0, then uj_; > 27127% = 27%=1 Applying Chebyshev’s inequality to the

2 o
qwmngcﬁuw>mﬁﬁri

right hand side, we see

{ur > 0} = ‘{Uk—l > 2_k_1}‘ = ‘{ui_l > 2_2(k+1)}‘ < 22(k+1)/ up_q dx’.
o0

Hence
2 2 2% 2 MR
105 212250 < 22C (00, F, o) (/m Wiy dw') -

We now proceed with the De Giorgi iteration. Denote the energy levels by

vk:/ ug da’.
o0

By Holder’s inequality, we get

ok < llukl a5 (o [ {un > 03/ /2

o ag/(n—1
< ||3y/2uk||%2(aﬂ)ckvk£(1 )

k, 1+e o/(n—1)
< CPol vy
o~k 14y
=C%, .

Therefore, if vy were small enough (which is always the case under appropriate scaling), then

vkl 200y — 0 as k — oo. In other words,

/ (u—1/2)2 da' =0
oN



which implies |u] < 1/2 in 09Q.

64
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CHAPTER 6. REGULARITY FOR SOLUTIONS TO A HARMONIC-LIKE
EXTENSION PROBLEM

Let BfL = B1 N {z, > 0} be the half ball in R” and 71 = By N {x,, = 0} the face in R"~!. The

goal of this chapter is to localize the L? to L™ estimate of Chapter 5 for solutions to

AU =0 in (—1,1) x (B UTY)
(6.1)

(ly[*Uy), = 9|02, U on (=1,1) x T1.

We then show solutions to (6.1) are Holder continuous via a critical density and oscillation decay
argument. Consequently, we show these harmonic-like solutions are smooth in x and enjoy

estimates in y.

6.1 Localized L? to L™ estimate

In the following analysis, we obtain a localized L? to L estimate like the one in [12] with

respect to the weighted measure |y|* dy.

Lemma 6.1.1 (Interpolation). Let Q@ C R™. Suppose

fe LI, |y|* dy; L (Q)) 0 L= (1, [y|* dy; LP2(82)). Define

1 0 1-0

—=— 4

b b2 yai
and

1 1-06 0

Then f € LI, |y|* dy: L"(%2)).

Proof. Define |f|, := [|f|zr(q). Observe

1f 1oz 1o ay;zo () = 1111, llq
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1-6 0
<AL, [ 1py -

by Hoélder’s inequality. To see this, the usual interpolation argument using the fact that

= [ 5
:/fp(l—e)fpe
Q

() ()

1-0 | 0
|f‘p S ’f‘pl |f|p2 :

1= pe 4+ U= 9)p yields

(1— 9)17

Therefore

Now, applying essentially the same argument, we get

—0 0
H1F 1o 1 g N < 0Ly ™l L UGy = DN St gy ageios a1 M 2 2,y s )

Now, a quick application of interplolation gives the following inequality.
Lemma 6.1.2. Suppose q > 2. There exists an r > 2 for which
2 0 1-6
WOz (e 10yt dydory < WU zacr jype ayszz@n 1V 21 pyje aypa)-

Proof. Let 2 < r < q. We verify that there is a 0 < § < 1 for which the hypothesis of the previous

lemma is satisfied. We have

1 0 1-6 1 6 1-6
=4 and — = = 4+ ——.
r r q
Therefore
(-3
0= iii € (0,1)
q 2

since 2 < r < q.
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Now, we have the following inequality:

Theorem 6.1.3. There is anr > 2 and 0 < 6 < 1 for which

1 2/r 1 9 ] 1
(/ y|a/ U da’ dy> <C </ ya/ (—A)1/4U‘ dx’ dy) </ |y|a/ Uy2 dx’ dy>
-1 T -1 Jrnt -1 T

Proof. By Minkowski’s integral inequality, the classical fractional Sobolev inequality, and ¢

1-0

satisfying the hypothesis of Lemma 6.1.2, we have

1 2/r 1 q/2 20/q 1 2/q
( [ ] U?‘dx’dy) < ( [ e < / Ude') ay) ([ e ( / quxf) dy
-1 T 1 T 1 s
1 2/q 0 1 2/q 1-6
S(/ (/ Uq|y|ady> dx') (/ ly|* (/ qum’> dy)
Tl -1 —1 T1
1 6 1
§C</ \y!“/ Uﬁdw’dy> (/ \y!“/
—1 T1 —1 Rn—1

1-0

9 1-6
(A4 U( dz’ dy> .
O

We immediately obtain the following corollary:

Corollary 6.1.4. There is an r > 2 so that

1 2/r 1
(/ |y|a/ ur dey) <C </ |y|® </ IVU|? da +/ U; d:c’) dy>.
-1 Ty -1 BI’_ Th

Proof. Let U* be the solution to the flat extension with trace term U on T;. We have the energy

1 2 1
[owe [ sy asay = [ e [ voeR asay.
—1 n—1 -1 Ri

Note that tr(U*)| .+ = tr(U)|»+ where U is the solution to (6.1). Then
Bl Bl

1
/ Iy\“/
-1 Rnfl

since U* minimizes the Dirichlet energy in the middle term. Then Theorem 6.1.3 along with this

identity

9 1 1
aytofasay= [ e [ voPasdy< [ [ VOR dedy
-1 R% -1 Bfr

inequality implies the desired conclusion. O
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Lemma 6.1.5. Suppose U is a subsolution to
AU =0 in B x (—1,1)

(ly|*Uy)y = |y|*0x, U onT1 x (—1,1).

1
/Iy\“ / VUV¢da:+/ Uypydx' | dy <0
-1 By i)

for every test function ¢. Then for any cutoff function n C C§° ((Bfr UTy) x (-1, 1)) we have the

That s,

following energy inequality:

1 1
[l ([ vl s [ @opar ) ay< [l ([ varozaes [ guia)
-1 B T -1 Bt T

1
Proof. Testing against n?U, and using the fact that U is a subsolution, we get

1
0> / ly|* / V (n*U4+) VU da +/ (n*Uy), Uyda' | dy=1+11.
-1 B Ty Y
Now, V (n?U4) = Vn (nUy) + 0V (nU4) and nVU = V (nU) — VnU. Therefore
1
= [ i [ VU VU a9 ) VU dady
- 1
1
= [ it [ VAU (9 ) = 90+ ¥ (U4) (V () = V) dady
- 1

1
= /1 Iyl"/B+ VnULV (nU) = VUi VU +V (nU4) V (nU) = V (nU4) VU dz dy.
- 1

Notice that VnU,V (nU) = VULV (nU;) = VnUV (nUs.). Indeed, we can expand the

expression to obtain
VULV (nU) = VU NnU + VnUinVU.
Now, U, U = (U4)? by definition of U,. Similarly, U, VU = U, VU, = UVU,. Hence
! 2 2
1= [l [ 19 U - 190 0% dedy,
-1 B
The exact same computation with the boundary term gives
1
IT= /1 \yI“/T (nU)2 —n2U% da’ dy.
- 1

Since I + I < 0, we obtain the desired energy inequality. O



69

We now follow an argument similar to that in [12] to obtain a localized L? to L™ estimate on
solutions U to (6.1). The main idea is to utilize various barriers which will allow us to localize
statements about U by comparison. We modify the idea to account for the weighted measure

ly|* dx dy and the distinct energy associated to our problem.

Theorem 6.1.6. There exists eg > 0 and A > 0, depending only on N, such that for every

subsolution U to (6.1), the following property holds true: If U < 2 in (B;r U Tg) x (=1,1), and
1

[ [

-1 B

U<2-XonTy,x(~1/2,1/2).

U2d:1:+/ U?da' | dy < e
+ T

2

then

Before proving this theorem, we redefine B;' to be the cube T, x [0,7], where T, is a cube of
radius r, in RV™1, centered at the origin. This local cube perspective is equivalent to the ball

setting we discuss prior. We also denote P(z,,) to be the Poisson kernel.
Proof. We begin by defining barrier functions. Consider b; which solves

Ab; =0 in Bf

by =2 on the sides of the cube B; except for z, =0 -

by =0 for z, =0

Then, by the maximum principle, we can find A > 0 for which
bi(2',1,) <2 —4X\ on By .
We also define the elliptic barrier
ba(z,y) := 2cos(y)e” ", z,y € R

which is harmonic in {z > 0,0 < y < 1} and bounded by 2e™" in this set.
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Lemma 6.1.7. There exist 0 < § <1 and M > 1 such that for every k >0 :

B

2(n — 1)Ce 4(vV2r1)iF < \o=h=2

M—Fk/2

k—
@HP(UHH < X272
2

M*k > C(])CM*(].“:’]./(TL*].))(]C*:&) fOT’ k> 12
where C is defined previously for the barrier by and Cy a constant to be defined later.

The proof of this lemma can be found in [12]. We now set up the induction step which will be

used to prove a decay of energy levels on shrinking rectangles. Define
ug = (u— Cy), and U = (U — Cy) |
where u = tr(U)|r, and Cj, =2 — A\(1 + 27%). Notice that C}, — 2 — X as k — oco. Define
T, =T (2 (1+27) 1(1+2,k>
k — %(1-"—2_’“) 9 ’ 9
and notice that T}, — T} /o x (—=1/2,1/2) as k — oo. We define the cut-off functions 7, on T where
Ly < < gy and Vo], |(m)y] < C2.
Define the energy levels
1 5k ) 1 )
Vo= [l [ ] IV @U0R df dendy+ [l [ ? def g
~1 0 JrRN-1 ~1 RN
We will now show that for all k& > 0,

Vi < M~*

U = 0 for z,, = 0.

For 0 < k < 12(n — 1), plugging nx (2, y)¥(x,) into the energy inequality, we obtain

/|y|</B

1

1
VO de+ [ U dx'> < [ ( [ mapvta s [ oz dx’> dy
1 - 1 1

1
< O2%N (/ |y|® (/ U,fd:c+/ U,fdx’) dy>
-1 Bf T

1
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< M—12N

for ¢ small enough.

Now, by the maximum principle,
U < (usly (2,y)) * Plzn) + bi(2, z0)

since the right hand side is positive, harmonic, and the trace on the boundary is bigger than that

of U (U < 2 by assumption). Recall that by (2, z,,) < 2 — 4\ on B; and

s 1y % P(@n) | ooy < CIP(D]2v/E0 < Cy/eo.
Choosing €y small enough so that the right hand side is smaller than 2\ gives
U<2-2\forx, =1,2" € T}.
Hence
Up=(U—-(2-2X), <0for1=ua,,2" €Tl
So noUy = 0 for 1 = 4°.
Next we claim that if the induction hypotheses are satisfied up until k&, then
Nk+1Uk+1 < 0 for oL = 2,

and that

M1 Uk < ((meur) % P(2)) k1 on Ty ygi % [0,6%].

To this end, we utilize the barrier by and try to control Uy by harmonic functions on the
boundary. Consider the smaller set T} 5—k—1/2 X [0, 6¥]. When z = §*, we get that Uy = 0 by the
induction hypothesis. When z = 0, we can control Uy by nruy * P(z,,) since their traces are the
same on the set we consider. Now, to control U on the remaining sides of the cube. To do this,

we use the barrier by. In particular, given a point (z1,...,7,-1) € T} 5-r—1/2, we define

by ((xi — 2t /5k,xn/5k) + by <(—xi )6k /5k)
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where 2 = (14 27%1/2) and = = —2*. Here, the division by 6* normalizes the second
argument so that 0 < z,,/ 8% < 1 which aligns with the defintion of by. Also, if z; = z+ or 2; = 2™,
that is, 2’ = (z1,...,%;,...,Zp—1) is a point on the boundary of T} ,9-k-1/2, then the sum is larger

than 2. By the maximum principle, we get

U< 57 (0 (01— /0% 0f6¥) + o (3 + 270 0/6°)) + (o) * P ()
k=1

By the initial bound we had on by, we see

ni (bz (m —at)/e", wn/ak) + by (<—xi + ) /6", xn/ék)> <2(n—1) Co~ TR
k=1

Then, by 6.1.7, we see

-1

(bQ ((xi — )/ z /5’f) + by ((—a:i 4 )6k /5k)) < A2 k2,

k=1

3

Therefore

Ups1 < (Uk - )\2_"“_1)+,

and, in particular,

Ugt1 < ((Ukuk) x P, — A2_k_2)+

Multiplying the cuttoff ng41 on the left gives

M41Uk41 < ((ﬁkuk) * Py, — >\2_k_2)+

Now, let §¥*t! < z,, < 6. Then

M~ k/2

|(mkug) * Pr,| < v VkHPLBn”L2(T pmke1j2) S WHPIH ) < A2k

( 142—k=1/2

where we have again used Lemma 6.1.7. So,
N1 U1 < 0 for 6811 < 2 < 6%,

Now, we will show that V}, < C¥ (Vk_3)1+1/(”_1) for k > 12(n — 1) + 1. Doing so will imply
that Vi — 0 for £ — oo. Indeed, taking the initial function to be wUO for small w allows us to run

an induction argument as in the typical De Giorgi proof.
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Now,
Vi—3 > C||77k—3uk—3‘|%2r(Rn—l><(71,1))
for some 7 such that 2r > 2 (see Corollary 6.1.4). Notice that

1 1 1
—+-=-+1,
r 1 r
so by the Young convolution inequality we have
an72Uk72HL2T(R1X(,171)) <[P prllmk—sur—3llz2r = lmk—3ur—3ll L2r @n—1x(=1,1))-
Therefore

Vies > Cllnp—2Uk—2||32r + Cllmi—sur—3ll72 > |m—2Us—1l|72r + C|In—2up_1|2r

since, by definition, Uy < Ui_1 and n; < ni_1 for all k. We now bridge the gap between V; and

Vi_3. By the energy inequality, we have
1 pok 1
Vi < 2% / / / ne_U? dx dy +/ / ni_quida’ dy | .
-1Jo JRN-1 —1JRN-1
By Holder’s, Jensen’s inequality, and the fact that

{me—1Ux > 0} = {m—oUx 1 > 272},

we have

1/r
{(m—2Us—1)*" > (2770)*"}

9 1/r 22kr 9 1/r!
(Mk—2Uk—1) r> (/\Qr </ (Mk—2Uk-1) T))
N T
= <)\2) /(77k—2Uk—1)2 :

The exact same computation applied to the trace term gives

, 92k r/r! )
/Uk;—1“k < <)\2> /(Uk—2uk—1) "
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Hence

226\ "7 , ,
Vi, < 22 <)\2> (/ (Mh—2Ur—1)*" + / (Mh—oup—_1)* > .

Combining the previous inequalities with the above estimate, we get
Vi <CFVE,
k ok 220\
where 7 > 1 and Cj = C2 (V) .

1 2/p
/ ly|® (/ (U )P dx') dy < CVy
1 e

for any k, with C independent of k, and p > 2 chosen for a particular embedding. This would

We now show that

imply, by the above iteration, that
1 2/p
/ lyl (/ (NooUso)? dm') dy = 0.
-1 B

U<2-A

In other words,

in the smaller, limiting set. To do this, fix y € (—1,1) and note that if U is compactly supported

in 717, we can use the fractional Sobolev embedding to obtain

1/p 9 1/2 1/2
</ Ur d:c') <C (/ dx’) =C (/ \VU*? dx)
T Rn—1 Rn

where U* is the harmonic extension of tr|p, (U). Since the harmonic extension U* minimizes the

Dirichlet energy and tr|p, U* = tr|p, (XBT U), we have

/ IVU*|? da g/ VU d.
R" B

Integrating with respect to the measure |y|* dy, we get

1 2/p 1
[ e (/ Updx’) w=c [ [ VP dsay
-1 T -1 Bf
1
<C / |y|* / ]VU|2dw+/ Uy da' | dy
-1 Bf T

where C' is universal with respect to the cutoffs we consider. O
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6.2 Critical Density Argument

Let us fix some notation. Define Q, = (B, UT,) x (—r,r), that is, Q, is the half cylinder
including a face. We first prove a compact embedding result which we will use to prove a Fabes’

lemma. As a reminder, the space H!, in the context of the flat problem, is all

U: (B xTi) x (=1,1) = R for which U,V,U € L? (Bf x (~1,1)) and U, € L? (T} x (—1,1))

1
1Tl =/ Yl (/ IVU]2+U2dx+/ Ujdm’) dy.
-1 BT T

Lemma 6.2.1 (Compact Embedding). The space ’H}l embeds compactly into

with norm

L2 ((Bj-[i_ U Tl) X (_17 1)7 |y‘a dx dy) .
Proof. The integrability conditions in the space H} can be retwritten in a vector-valued setting as
UeL((-1,1);H(B))

and

Uy € L2 ((—1,1); L*(T1))

1
01 = [ i (/ VUi v Ugdxf> @
“ -1 By i)

We now setup to use the Aubin-Lion lemma to prove the compact embedding. Namely, we show

with norm

that HY(By) cc L*(Bf UTy) < L?(T1). Then, the Aubin-Lion lemma modified to account for

the weighted measure implies the spaces defining H_.:
UelL((-1,1);HY(B))

and

Uy € L2 ((—1,1); L*(Tv)),

embed compactly in

UeL2((-1,1); L2 (Bf UT)))
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provided that
HY(Bf) cc L*(Bf UTy) — L*(Ty).

We know by the Rellich-Kondrachov theorem that H'(B;") cC L?(Bi"). Using the trace
operator, we can identify H' (B;") with HY2(Ty) by [31]. Further, HY/2(T}) cc L*(T}).

We will now show that H'(B{") cC L? (Bf UT}) via a sequential argument. Let {Ux} be a
bounded sequence in H!(B"). Then there exists a weakly convergent subsequence, call it {Uy}
again, converging to some U € H'(Q). By the compact embedding mentioned above, U, — U in
L2(By) strongly. Also, {tr(Uy)} is a bounded sequence in H'/?(T}). So there exists a further
subsequence, call it {tr(Uy)} again, converging weakly to some W € H'/?(Ty). Then tr(Uy) — W
strongly in L?(T}) by the compact embedding mentioned above. Finally, we conclude that

W = tr(U) since the trace operator is continuous. Therefore
HY(Bf") cc L*(Bf UTy) — L*(Ty).
O

Let us first define a measure which will be used in the following statements. For r > 0, define

i (E) =/ |y|® (/ XEda:+/ Xde’> dy
-r Bj_ r

for measurable subsets E C (B x T1) x (=1,1). If r = 1, we denote py = p for convenience. We
now prove a variation of Fabes’ lemma which will be used to prove a critical density result. The
idea is, if V' = 0 with positive density anywhere in @; (including the flat face), then V' satisfies

the following energy inequality:

Lemma 6.2.2 (Fabes’ Lemma). For all € > 0 there exists C > 0 depending only on dimension

and € such that if V € H} satisfies

p({V =0}) > e|Qi

then

1 1
e (/ Ve [ v%zx’) dy§0</ " (/ VRt Vde:c’) dy>.
-1 B T -1 B T
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Proof. We proceed by contradiction. Suppose there exists a sequence {V;} € H} for which

p({Vi = 0}) = e]Qi]

1
/|y|a / V,fdx+/ Vi2da' | dy =1
-1 B T

1
/ ly|* / \VV;JQ dz +/ (Vk)f/ dr’ | dy — 0 as k — oo.
-1 B T

Then {V}} is a bounded sequence in H}. Therefore, there is a subsequence that, up to reindexing,

and

for all £ > 1 but

we denote by {Vi} again, and V., € H! such that Vj, — V., weakly in H} as k — oo. Since H. is
compactly embedded in L2 ((—1,1), L*(Bf” UT})) by 6.2.1, there exists a further subsequence,
that we also denote by {V;}, for which Vj, — Vi strongly in L2 ((—1,1), L? (Bf UT})). In

particular, HVOO”Lg((—l,l),L?(BfruTl)) =1 and, by Fatou’s lemma,
| Veo |2 < liminf || V4| =0.
k—oo

L2((=1,1),L2(Bfut)) L2((-1,1),L2(Bfut)) —

Hence, V4 is constant in (2, x,,), constant in y, and, consequently, constant everywhere. Thus,
1 1
0= lim / |yya/ Vi — Vao? d:ndy+/ W% [ Vi — Vol da’ dy
k—oo -1 Bi"‘ —1 T
> g ([ ol Vi = Vel dady + 91 Vi — Vil da’ dy
k=00 \ J{(z,y)eB; x(~1,1):V4=0} {(a/y) €Tt X (—1,1):V4=0}

> (Vao)® nf p ({Vi, = 0})

Z (Voo)2 € |Q1‘

>0

which is a contradiction. O

We are now able to prove a critical density estimate.
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Theorem 6.2.3 (Critical density estimate). For any € > 0 there exists 0 < ¢ < 1 depending only

on n and € such that if U is a solution in Q2 and

{ze@i:U 21} 2¢|Q|

then

inf U > c.
Q12

Proof. We may assume U > § in ()2 for some small § > 0. For the general case we consider the

solution U + 6 > 0 in ()2. Then

{(@ an,y) € Qs (U+6) > 1} > [{(2,20,9) € Q1 : U > 1} > £|Qu].

So

inf (U+9)=inf U+6>c.
Q12 Q12

Since d > 0 is arbitrary, the result follows for U.

Let V = —min (0,log(U)) = (logU)~ which is a composition of U with ®(¢) = (log(t))”. We
will prove that V is a subsolution in Qo. By assumption, 0 < V < log(6~!) so that V € L? (Q2).
We see that @ is convex, nonincreasing, and Lipschitz on [§, 00), and, in particular, supported on
[0,1]. We also know that & is differentiable in [0, 00) except at the cutoff point ¢ = 1. Since @ is
Lipschitz, we have V,(V(U)) = V/(U)V,U and 8,V (U) = V'(U)U, are both in L2 ((—2,2) x By)
and L2 ((—2,2) x Ty), respectively. That is to say, V € HL. To verify that V is a subsolution, we
use a mollification. Let ¢ € C3°(—1,1) be nonegative and even with [ ¢ = 1. Define (. = 1( (z/e)
and . = ({c * ®). Then &, € C°(0 —&,0 +¢). Since P is nonincreasing and Lipschitz in [d, c0),
we have ®. = . x ® < 0. By convexity, ®” = (. x ®” > 0. Let ¢ € C} (Q3). Then ®. is an
admissible nonpositive test function. Using this along with the fact that U is a solution in (s, we

get the following

2 2
/ 1y / V (8.(U)) Vo da dy = / y? / $VUV e de dy
-2 Bf -2 Bf

2
-/ |y\“< YUY (@L)9) - VU se! dm) dy

-2
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<0.

The same exact argument applied to the y derivative gives

2 /
/_ 1 /T (@0, 0y dy <0

So, ®.(U) is a subsolution converging pointwise a.e. to ®(U) in H. by Corollary 4.1.12, and, by

the dominated convergence theorem,

Ts

2
/_2 Y (/B;V(@(U))wdawr/ (®(V)), ¢y da’ dy =
2

lim ly|* < N V(2:(U)) Vodz + / ((I)E(U))y by d$/> dy < 0.
2 Bj T2

e—0t J_

Hence V is a subsolution.

Now, observe

p2 ({V =0}) = p2 ({U = 1})

> e|Q2].

By the L? to L™ estimate and Fabe’s lemma applied to V, we get

1
< < a 2 2 3.1 )
SC1211pV < OVl By uryx -1y = € (/121 (/]3+ 4 d:v+/T1 v, dw) dy)

1

Furthermore, if we can prove the right hand side is universally bounded, we get

supV =sup (log(U))” <C
Q1 Q1

which implies log(U) > min (0,log(U)) > —C' in Q. Therefore
infU > e “=c>0.
Q1

Let us proceed with the required bounding. Observe VV = —xpy«1 (%) VU. Let n € CL(Q2) and

1
d=—n’>0.
Un
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Since U > §, @ is a valid test function which is nonnegative. Since U is a solution
1
A\ V.UV,U
0= - ond n? dx
/ ( 5r U e / U U

v, U,
—Zonm, dx’ / 2 dx )dy.
/T’l nny T U U 77

In particular, rearranging and applying Cauchy’s e-inequality, we get
1 2 2
VU U,
2 z 2 ( Yy /
n | —— dac—i—/n <) dac)dy
/_1 </Bl+ < U ) Ty U
! U,
:/ (2V2n) dm+/ (yn> (2n,) d2’ | dy
1 n \U
1 2
V:DU 2 1 2 /
< dr + — 2V,n)“d
_/—1<€/BY ool Tt ( n)” dx
2 1 ,
+€/ nzd:c'—F/ 2n d:c') dy.
T1 452 Tl ( y)
Choose € = 1/2. Then
2
U,
ndx + ¢ / -
T

1 2 1
/ / nde’go/ / V1|2 d:n—l—/ nada’ | dy < Cy
-1JBf -1 \JB{f T

for a particular choice of 7 where n =1 in Q;.

Yy
U

V.U

We now prove an oscillation decay result using the previous theorem. Notice now that we

have the critical density theorem, we can prove the oscillation decay as usual.

Corollary 6.2.4. There exists 0 < w < 1 depending only on n such that if U is a bounded
solution in QQo, then

oscg, U < woscg,U.

In particular, U is locally Hélder continuous in Qs.

Proof. For r > 0, let

M(r) =supU and m(r) =inf U.
Q- Qr

Consider the two nonnegative solutions

U—m(2) M(2)-U
M(2) —m(2) M(2) —m(2)
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in Q2. Notice

U> 3 (M(2) - m(2)
if and only if
U—m(2 1
M(2) — m(2) =3
and
< %(M(2) +m(2))
if and only if
M(2)-U 1
M(2)—m(2) = 2

We break into two cases. First, suppose

We now apply the critical density result 6.2.3 to the nonnegative solution 134(?2)_7%2()2)) with e =1/2

to get that, for some 0 < ¢ < 1,

o (T =m(2)

S M@ —m(2) =

That is,
m(1/2) = inf U > m(2) + c(M(2) — m(2)).

Q12

Therefore
oscq, ,U = M(1/2) —m(1/2) < M(2) —m(1/2) < (1 —¢) (M(2) —m(2)) = woscg,U.
For the second case, assume
2(M(2)-U)

Applying Theorem 6.2.3 to M@ —m(2)

Rearranging
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Therefore,

0scQ, ,,U = M (1/2) —=m(1/2) < M(1/2) —m(2) < (1 —¢)(M(2) — m(2)) = woscg, (V).

Penultimately, we prove corollary about local Holder continuity, from which we can derive

further estimates on solutions to (6.1).

Corollary 6.2.5. There ezxist 0 < a < 1 and C > 0 depending on n such that if U is a solution in

Q2 then U € C% at the origin with
U 20, y) = U(0,0,0)] < CllU| L2 (2", 20, 9)|*

for every (', xn,y) € Q1.

Proof. We begin by zooming out U from Q; /4 to Q2 to apply the oscillation decay 6.2.4. Let
k > 0 and consider

U wnyy) = U (245712 0, 4512,y 4 /B2

in Q2. Then U is a solution in Qo, so, by Corollary 6.2.4,

oscp U= oscBl/QU < woscBQU =woscp  ,U.

1/4k+1 1/4k 77

Iterating this process along with local boundedness implies

0SCR U < whosco,U < QWkHUHLoo(Ql) < CWkHUHL2(Q2)~

1/4k+1

where C' depends only n. Let us assume that w > 1/4. Choose 0 < a < 1 such that

1 (0%
Then « depends only on w. Now, for any (2, z,,y) € Q1, there is a k for which

(@, zn,y) € Qik \ Q@ , so that
4

_1
LTS

U, 2n,9) = U(0,0,0)] < oscq, U
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< Cwh|U||12(0y)
1
— () ol
« 1 “
=4%C AT HUHL2(Q2)

<C }(ml7 Tn, y)}a ||U”L2(Q2)
where C' depends only on n. O

Finally, we prove a lemma regarding the smoothness properties of U. The ideas for the proof

presented resemble those in [8, Chapter 5] and [9].
Lemma 6.2.6 (Estimates on harmonic functions). Let U € H. be harmonic in the sense of (6.1).

(1) For each integer k > 0,

sSup ’D’:ZU‘ < Cn,a,k”UHLg-
(BY VT /4) % (~1/2,1/2)

(2) There exists a constant C' = Cyq > 0 such that for any 0 <y < 1/2,

sup  |Uy(z,y)| < Cy.

xij/4uT1/4

Proof. Proof of (1). We first prove that (1) holds for fixed y. To that end, fix y € (—1/2,1/2) and

a unit tangential vector e in (B; UT1) x {y}. Define the incremental quotient

Ux+ey)—U(x,y)

Ue = 5
Id

Then U, is bounded in (Bl 2 UTy /2) x {y} independent of h. By linearity and translation
invariance of the equation in z, we have that U, is a solution to (6.1). So, Corollary 6.2.5 implies
that U, is C%. Therefore, U is C?“ (see, for example, [8, Chapter 5]). If we iterate this argument,
we can conclude that U is Lipschitz in this slice in x. Applying the incremental quotient
argument once more, we obtain that U is C1'® in the tangential directions in (31/2 U T1/2) x {y}.

Differentiating the solution in x and repeating this argument, we conclude (1).
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Proof of (2). Recall that y*Uy|,—¢+ since U is harmonic-like. By using the equation, we see

Yy Yy
YU, (2, y) = / 0, (12U (2,1)) dt = — / 199, U, 1) dt
0 0

Y
a a+1
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CHAPTER 7. SCHAUDER ESTIMATES

We first prove that solutions to (4.9) can be well approximated by harmonic-like solutions
described in the previous chapter. We then use Schauder estimates to transfer regularity to
solutions of (4.9) up to the boundary. Once we have estimates up to the boundary, we can
conclude that the solutions to the fractional Neumann problem, U(2’,0,0) = u(z'), must satisfy

these estimates.

7.1 Approximation by a harmonic-like solution

Define L2 := L? (Bf x (0,1),y"dxzdy). The next result is similar to the one in Nekvinda [31].

Lemma 7.1.1 (Trace inequality). Let U € L2 be a function such that VU belongs to L2 and

U, € L*(Ty x (0,1),y%d2’dy). There exists a constant C depending only on n and a such that

1
U2 dz’ < 0/ y[/ (VU +U?) dz + |Uy|2d:c’} dy.
T 0 By T
This inequality rescales in the following way:
C VA
U2 da’ < 1+a+1/ y[/ (\|VU|? +U?) dw—l—/ AQUy?dx’] dy. (7.1)
T ATz Jo BY T\

Proof. For simplicity, suppose that U is smooth enough. Let 1 be a smooth cutoff such that

n’yzl = 77|I _, =0, and n|T1 = 1. Let us first take a = 0. We can estimate
/ U(',0,0)? da’ = / (U(',0,0)n(',0,0))* s’
e

T
1
— [ [ a[we 0. 0.0)7] dyas
T JO

1 1
= —2/ / UUynQdydx'—Q/ / nnyU2 dy dz’
T Jo T Jo
1 1
gc/ / |UHUyydydx’+C/ / U? dy da’
T Jo T Jo
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1 1
gc/ / U(:z’,O,y)Qdyda:'—i—C’/ /(Uy(z’,o,y))2dydx’.
T1 J0 T JO

Next we estimate the first term in the last line. Choose another smooth cutoff ¢ such that

¢ly—y =0, and ¢|p, jy = 1. Then

1 1 1
/ / U(av',(),y)2 dy dx’ = —/ / / Ox,, [(U(m’,xn,y)C(m’,xn,y))Q] dx,, dy dz’
7 Jo 7 Jo Jo

1 1 1 1
-2 / / / Ud,, UC? dxy, dy dz’ — 2 / / / €Oy, CU* dx,, dy da’
Ty J0O 0 Ty JO 0
1 1 1 1
gc/ / / |UH8xnU\dxndyda:’+C/ / / U? da,, dy d’
T1 J0O 0 T J0O 0
1 1 1 1
gc/ / / Udendyd:c'—i—C/ / / \VU|? d,, dy dz’.
T1 40 0 Ty J0 0

With this the estimate follows.

(7.2)

Let us do the general case a # 0. Let u = u(y) be a smooth function of y > 0. We can write

1 1
uly) — u(0) = /0 Duu(ty) dt = /0 yuy (ty) dt.

From here,
1
y*?u(0)] Sy“/z\U(y)H/o Y uy (ty)| dt,

so that, after integration in y from 0 to 1, we get

1 1 1 1
< [ y? d // 2|y (ty)| dt dy.
T < | Pl [ e dedy

Notice that a € (—1,1), so a/2+ 1 > 0 and also Y21 < y9/2 hecause y < 1. We estimate now

|u(0)]

the two terms in the last inequality. On one hand, by Hoélder’s inequality,

/0 () dy < ( / 1ya|u<y>r2dy) "

On the other hand, by the change of variables ty = r in the integral in y and letting o > 0,

1,1 1 ot
/ / ya/2|uy(ty)| dy dt = / / r“/2|uy(7")| drt=%2"1 qq
0 0 0 0

1 t
= / (/ ra/2\uy(r)|t7“/27l+a dr) t7dt
0 0
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1 1/2 1 t 2 1/2
< </ 2 dt> </ [/ 72wy, (r) [t~/ 21 Fe dr] dt>
0 0 0

1 ! ! 2 ! 242 12
< @ d tTOTT Y dr ) dt
< g [y () wrar) ([l
1 1 ) 1/2 1 s 1/2
< 7(1 “oa)12 </0 %y (7)] dr) (/0 t dt)
1

T (1-2a)2(2a — )12 (/01 7 fuy ()] d7“> 1/2.

This last expression will be finite as soon as we choose « > 0 such that 1 — 2a > 0 and

2a — a > 0, that is, a < 2a < 1. This is always possible because a < 1. As a conclusion, there

exists a constant C' depending only on a such that
2 ! 2 2
0)] SC/O y* (u® + uy) dy.

Now let U be as in the statement. By using the inequality we just proved, for each fixed 2’ € T}

we have

U (a, 00|2<C/ U(2',0,y)* + Uy(2',0,y)?) dy.
Integrating in z’ over T} we get
\U(2,0,0)*dz’ < C'/ / Uz',0,y)* + Uy(x',O,y)Q) dy dx’.
T
By a computation completely parallel to (7.2) we end up with

1 1 1
]UQdm’gC/ / / y“(U2+!VU\2)dxndyda:’+C/ / y|U, | dy dx’,
Ty 7, J0 JO T JO

as desired.
Let us verify the scaling. Let U(x,y) be defined in B)f % [0,v/A). Take U(Z,7) := UMz, V),

for z € Bf and gy € [0,1). Then, by the trace inequality,
/ U?de’ = X"t [ U dz’
T)\ T

1
<o [ y[/ (V0P + 0% ds+ [ Ujdx’] ay
0 B T

1
:C’/\”_l/ g“[/ NIV (A2, VAD)|? + U (A, VAp)®) dz
0 B
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+ / AU (AZ,VAY) dac’] dy
T

n—1 Ao a —n(\2 2 2
= C)\ =y B+A (NIVU (z,y)|* + U(x,y)?) da
A

+ / A~TUNU2 (2, y) dm’] dy
Ty

c VA 2 2 2 2772 ../
= y“[/B+()\]VU|+U)dx+/T)\Uydx}dy
A

2 A

O]

We now prove an energy estimate, which, when paired with a compact embedding result, will

be used to prove the approximation of harmonic-like solutions.

Lemma 7.1.2 (Caccioppoli estimate). If U € H. satisfies (4.9) then

1
/ya[/ |VUn2dm+/ U§n2d4 dy
0 B T
1
<[] [ wkvracs [ gorar|ans [ e orueolsel
0 B;r T T

In particular,

1/2 1
/ y“[/ |VU\2dx+/ U;dx’} dygc/ y“U U2dx+/ Ude’] dy+/ \U||f| dx’.
0 Bt Ty /4 0 B Ty Ty

1/4

This inequality scales as follows:

A VA4
/ y[/ \VU|2dx+/ Udem’] dy
Az Jo BY Tr/a

a+1
A/4
C VA U2
< a+1/ ya|:/ —dx + U2d37/:| dy—i—/ \UHf\dx’. (7.3)
A2 Jo B A Ty Ty

Proof. Take U = Un? as test function in (4.9). Then

1
/ ya[ / A(z)VUVUR? dx + / ande’} dy
0 By T

1
= —/ [ A(x)VU2nVnU dx +/
0 B

T

U,U2nn, dm'} dy + / U f dx'.
T
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The inequality follows by using the ellipticity and boundedness of A together with Cauchy’s
inequality with € as usual. The second estimate follows by choosing 7 such that n =1 in
(Bi"/4 UTi4) x [0,1/2), 0 <7 <1 and supported in Bf x[0,1).

Let us verify the scaling. Let U(x,y) be defined in B}

N4 X [0,/A/4), and let f(2') be defined

in T) /4. Consider U(z,9) = UNE,VAG), for T € Bf/4 and 0 < 7 < 1/2, and f(Z') = f(\&'), for
t' € T4 Then

VA4
/ y[/ |VU]2da:+/ U, dac’] dy
0 Bt Ty /4

A/4

1/2 VU2 Uz
a+1 _a n _ n—1 Yy —/ —
= A A d ALY gzl | d
2 /0 ’ UB+ A2 :U—I—/Tl A x] y

1/4 /4

_ &= +4n-2 12 —a 712 15 72 g~ -
=)z ] |\VU|* dz + U, dz’| dy
0 Bf Ty)4

1/4

[

\/X a+1

C/ A‘zy“[/ AU d:c+/ A~ (D2 dx’] dy
0 B;’ T

+/ )\(”1)|UHf|dx/}
Ty

atl_ q _a+l1 \/X a U2 2 / /
=\2 CA\™ 2 y —dx+ [ Udx’|dy+ |U||f| dz
0 BY A Ty T

Corollary 7.1.3 (Approximation by harmonic functions). Fiz any eg > 0. There exists dg > 0

such that for any solution U € H} to (4.9) with
1
/ ya[ Uzda:+/ Ude’} dy+ | U?*da <1,
0 B;r Ty Ty
the following assertion holds. If

f2da +/ |A(z) — I|? dz < 62,
Ty Bf

1
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then there exists a harmonic function W, that is, a weak solution W to

2

AW (z,y) =0, in BfL/zv for every 0 <y < 1/2,

_yaaxnw - 8y(yaWy)7 on T1/47 fOT’ 0 S Yy < 1/27

=0, for ' €Ty 4,

or, which is the same, a function W that satisfies

1/2
/ y? [/ V WV, VU dr + / Wy, de‘/] dy =0,
0 BT/4 Ti/4

for every test function ¥, such that

1/2
/ y[/ |U—W|2dm+/ |U—W|2dx’] dy < 2.
0 BF Ty )4

1/4
Proof. By contradiction. Suppose that there exist eg > 0, solutions Uy, right hand sides f; and

coefficients Ay (x) such that

1
/ya[/ U,?dx+/ U,fda;’}der Ulds' <1,
0 B T (!

and
1
i+ [ ) - 1P de < 5,
T Bf k

but

1/2
/ y“[/ |Uk—W|2dx+/ |Uk—W2dx’] dy > €2,
0 Bt Ty/a

1/4

for any k£ > 1 and for any harmonic function W. By the Caccioppoli estimate in Lemma 7.1.2,

1/2
/ y“[/ |VU|? da +/ (Up): dx/] dy < C,
0 Bj/4 Ty )4

that is, Uy is a bounded sequence in the Sobolev space H!. By the compact embedding H! C L2

(see Lemma 6.2.1) , up to a subsequence, we have

Up = Uso, strongly in L2,

U = Uy, weakly in Hé
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We show that Uy is a harmonic function, which will give us a contradiction. Indeed, for any test
function 1,
1/2
| [ [ A@VOTdst [ O dw’] dy= [ (@, 0)fi() d.
0 BI+/4 Ty/4 T4

By taking the limit £ — oo along the subsequence above, we get

1/2
/ y* [/ VU Vath dx +/
0 Bf'/4 T

(Uso)ythy dm’} dy = 0.

/4
O
Note that the harmonic-like approximation is equivalent to the harmonic-like problem
obtained by even reflection across y = 0:
AW =0 in B x (—1,1)
(7.4)

- ‘y|a8xnw = ay (|y’a Wy) onTj x (—1,1)

Since the reflection is even, we get the condition —y*W,|,—o = 0 on T7 when restricting to
T1 x (0,1). Therefore, all of the localized results of the previous chapter can be applied to

solutions in the half cylinder (0,1) x (B] UT}).

7.2 Schauder Estimates

Lemma 7.2.1. Let 0 <a <1 and 0 <o <1 be such that 0 < o+ o < 1. There exist universal

constants Cy >0, 0 < A < 1 and 6y > 0 such that for every f and every solution U to

1
/ y“[ A(a:)VUV\Ifda:+/ Uy\llydx’] dy:/ U fdx,
0 B Ty Ty

1
/y“[/ U2dm+/ U2dx’}dy+/ U?da’ <1,
0 BIL Ty T

f2da’ +/ |A(z) — I|? dz < 62,
T Bf

such that
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then there exists a constant A with |A| < Cy and such that

b
)\n—l T

o
1 1

— a U— Al
A‘T/o Y [A"/ | |

Proof. Let 0 < ¢g < 1 and let W be the harmonic approximation given by Corollary 7.1.3.

’U—A|2 dr' < )\2(044-0)7

and

dx] dy < \2(@to),

Step 1: Estimates on W. Notice first that, by adding and subtracting U,

1/2
/ y“[/ ]W\de+/ \W\’de’] dy
0 Bt T4

1/4

1/2
32&:3+2/ U U? dx + Ude]dy<4
Ty)4
Let us define A := W (0,0). Then, by using this estimate and Lemma 6.2.6, |A| < Cy and

(W — Al = [W(z,y) = W(0,0)] < [W(z,y) = W(z,0)| + [W(z,0) = W(0,0)]
= [Wy(z, ly + [VW (n,0)||z|

< Co(y* + |z),

where we used the mean value theorem for some 0 < £ < y and some 7 in the segment that joins x
with 0.

Step 2: Estimate of U — A on T). Let 0 < A < 1/4. By the rescaled trace inequality (7.1) and
the rescaled Caccioppoli inequality (7.3) (observe that if U satisfies (4.9) then U — A also does),

C A4
/ U — A|?da’ < 1+aﬂ/ y[/ (N|VUP +|U — AP) da;—l—/ A2Uy2da:’] dy
Tx/a AT Jo N Ty/4

A4

A A4 ) )
=C—1+ ya[/ VU] d:U—I—/ Uydx’] dy
A2 Jo BY Ty /4

A/4

/4 412
C/ ya/ U=AF e ay

+ —
e

c [V U— AP
< M/ y[/ W—A” 4oy \U—A|2dx’} dy+ [ U= Allflda’
Az Jo BY A T Ty

+ A
0 BY,
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c [vr U-W|?
<o [l [ TS e [ wewr |y 10 - Al e,
0 BY Ty

c [ W — A2
+ y“[/J 3 g+ \W—A]Qda:’}dy
0 BY T\

Ce c [V (y + |z|)? 2L e
< a /
_>\1+a+1+()50+)\a+1 oY [/B;r)\ d;v+/TA(y + [z) dfn]dy

2

<
T

€2 4+ Cdp + CA"IN2
Thus, after relabeling \/4 by A,

1 2 7.7 & 9 2
ot [ 10— AP <O+ A
A

where C' > 0 depends on n, a and the ellipticity constants of A(x), but not on U, W or f. Observe

that on the way (see the fourth line in the chain of inequalities above) we have also estimated

1 VA ol 1 2 2 5(2) 9o 2
w o Yy )\n |U A‘ dﬂf—f')\n 1 |U A’ dll? dy<C' )\n :1+1 )\n 1+)\

Step 3: Conclusion. We first choose 0 < A < 1/4 such that C\? < %)\2(‘””) (remember we are

2
in the case @ + o < 1). Then we fix 9 > 0 small enough such that ii%rl < %/\2(‘””). With this
A

G < 1yHoto),

choice of g9 we then choose dp in the approximation lemma small enough so that 172

Hence,

e 1/ U — AP da’ < \2F9),

AT ) 1
- a U —
)\a—;—l /0 y |:)\7’l / ‘ "4‘| )\

and

dx’} dy < \Hato),

Theorem 7.2.2. For each 0 < a <1 and 0 <o <1 such that 0 < a+ o < 1, there exists a

universal constant Cy > 0 and a small 0 < §y < 1 such that if

1
2 2 /
a = su — 5 [ — 0 dr’ < oo,
[f]LZ (0) 0<7“81 rn—1+2a /T | f( )|

and

1
sup — |A(z) — A(0) > dz < 62,
0<r<1 7" JBF
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then there exists a constant Aso € R such that

1
-1

/ U(2,0,0) — A2 da’ < Cyp2(eto),
T

TTL
and

at+1 / ya |:/ ’U_-Aoo‘z dx + _1/ |U_-Aoo|2 d.%'/:| dy < 017,2(04—&—0)’
2 Jo B rh T,

n
ro2 r g

for all v > 0 sufficiently small, where C; > 0 and
C1 + [Asol < Co([f]r2ao) + IF O]+ Ul £2)-

Proof. Recall that A(0) = I. By dividing by the appropriate norms we can assume that

1
/ y“[/ U2dx+/ Uzdx’} dy—i—/ U?ds’ <1, (7.5)
0 BIL Ty T

[f}%la(()) < 6(2)7

and

as it is standard. Also, we can suppose that f(0) = 0. Indeed, consider U=U— 1%ayl_af((]) and
observe that 9, (ydy(y'~*)) = 0 and y?0, (X' ~*£(0)) = £(0).
The proof is done by induction. We show that for every k > 0 there exists A such that

1

(Ak)nl/T U(',0,0) — Ag|? da’ < (\F)Hato), (7.6)
k

A

and

1 AR/ 1 ) 1
RS y" n/ U — Ayl d90+n_/
oo o - T

U — Ai|? d:v’] dy < (\F)2ato) (7.7)
\k
where 0 < A < 1 is as in Lemma 7.2.1, and [ A — Ag41| < CoNe(@t9)  This implies the conclusion
as usual, see [7].
The case k = 0 is just the normalization we assumed in (7.5) with A4y = 0. For k = 1, this is

the statement of Lemma 7.2.1 with A; = A, and |A| < Cj from that result. Let us suppose that

(7.6) holds for some k > 1. To prove the estimate for k + 1 let us look at the rescaled function

_ UNEz, \/25) — Ay
U(xa y) = ( )\k(a+a)) ,
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which is well defined for (Z,%) € Bj" x [0,1). Notice that from (4.9) we already have that

Ak/2
/ y“[/ A(x)VxUVx\I!dx—lr/
0 Bt T

N Ak

U,v, d:L"] dy = / V(2 0)f(2) do’,
T

Ak
for any test function ¥ defined in B; x [0, N/ 2). By making the change of variables 2 = \*z,
y = M2 with (z,9) € B x €[0,1), and by calling A(z) = A(\*Z) and ¥ (z, 7) = U(\Fz, \¥/2g)

we get

1
/ A’““f’@“{ A@) TR TN VO dz+
0 Bt
/ Aklato) \=R/207 \=F/2g \k(n=1) d:f’} dy = / (', 0)f(AFz ) A=) gz
T Ty
If we call f(z') := A% f(\FZ') then the identity above reads
1
/ g“[/ A(i‘)VgUVf\Pdi—i—/ U5y df’] dg:/ U(z',0)f(z)dz’.
0 B T IA

Note that A(0) = I and f(0) = 0. Now,

- 1
A(z) —I)*dz = A(x) = I* dx < &3;
f 3@ =10 = g [ 1)~ 1P < g
A
- 1
f(@ de’:_/ f@)?da’ < 52.
T = Gy, | “

Also, by using the induction hypothesis (that is, (7.6) and (7.7)),

1
/g“[/ UQd:Z’-l—/ Ung?’} dgj+/ U?dz’
0 B T T

S T U-AP dw [ U-AP ]
= (Ak)(aTH) 0 Y B+ (A\F)2(ata) (\k)n 7, (AF)2(ata) (\F)(n=T) Yy

+
Ak

U - A2 do’
<1.
* [, O g <

Hence we can apply Lemma 7.2.1 to U to find a number A such that

1
An—l

/ T(&,0,0) — A2 d&’ < \Xe+),
Ty

and

1/ﬁy“[1/ |U — A2 dz + ! /\U—.A|2dx/}dy<)\2(a+”).
A5 Jo A" By e
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By changing variables back, we obtain

! / ]U(:L”,O, 0) — Ak+1\2 de' < ()\Ichl)z(onm)7
T

()\kJrl)nfl k1
and
(k4+1)/2
szl o 2
) y* — U = Agya|” dz
A+ o W S i
1 o+
+ ()\kﬂ)"_l/:r U = A [P da’ | dy < (AFH1)F9),
Ak+1

where Ajy1 := Aj + N9 A Tt is clear that [ Ay, — Agy1| < CoA*(@+9). This completes the

induction step and the proof of the theorem. O

By following exactly the same steps in the previous proof and changing the exponent « by

—0o + « we obtain the following result.

Theorem 7.2.3. For each 0 < a <1 and 0 < o < 1 there exists a universal constant Cy > 0 and

a small 0 < dg < 1 such that if

1
2 . N |2 /
arso = S0, ey |, S d’ < o0
and
1
sup — |A(z) — A(0) > dz < 62,

0<r<1 "™ J Bt

then there exists a constant Ase € R such that

1
-1

/ U(,0,0) — A da’ < Oy,
T,

rn

and

1 VT 1
GH/ y“[ / |U—Aoo]2dx+n1/ |U—Aoo|2dx’] dy < Cyr*®,
0 B r T,

for all r > 0 sufficiently small, where C7 > 0 and

C1+ Moo| < Co([f]p2-eta) + U1 12)-

We are now in a position to prove regularity for solutions to the fractional Neumann problem.
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Theorem 7.2.4. Let 0 <o <1 and f € Hé/z_a(aﬂ). Suppose that u € HY(Q) is a weak solution

0(21). Let0<a<landl<p< oo.

(1) If f is in LP(9Q) for some p > (n —1)/o, and O is O, then u is in C%P () where

B € (0,1) is defined as B := o — (n — 1)/p, with
[u]csry < Clull @) + 1 fllzeon))-
(2) Let f € CY0R) for a+o <1, and IQ € C'. Then u € C%**7(Q) and
[t) atao @y < Cllullmio) + I fllcaon)

The constants C > 0 above depend only on n, o, p, a, ().

Proof. Recall that we can use the extension problem and flatten near the boundary. Since the
coefficients A(x) are continuous functions, after a stretching of the variables we can always

assume that

1
sup — |A(z) — A(0) > dx < 52.

o<r<1 ™" J Bt

By Hélder’s inequality, if f is in LP(Ty) for p > (n — 1)/o then
[fl2-o+e) < I fllLe(ry),

for v :=0 — (n —1)/p. As a consequence of Theorem 7.2.3, if f is in LP(0N2) for p > (n —1)/c
then U(z',0,0) is in Co~(=D/P_wyhich is exactly part (1). Part (2) follows from Theorem 7.2.2,

which says that if f € C® then U(2’,0,0) € C*t7. O
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