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Abstract The nonlocal models of peridynamics have successfully predicted fractures and deformations for
a variety of materials. In contrast to local mechanics, peridynamic boundary conditions must be defined
on a finite volume region outside the body. Therefore, theoretical and numerical challenges arise in order
to properly formulate Dirichlet-type nonlocal boundary conditions, while connecting them to the local
counterparts. While a careless imposition of local boundary conditions leads to a smaller effective material
stiffness close to the boundary and an artificial softening of the material, several strategies were proposed
to avoid this unphysical surface effect.

In this work, we study convergence of solutions to nonlocal state-based linear elastic model to their local
counterparts as the interaction horizon vanishes, under different formulations and smoothness assumptions
for nonlocal Dirichlet-type boundary conditions. Our results provide explicit rates of convergence that are
sensitive to the compatibility of the nonlocal boundary data and the extension of the solution for the local
model. In particular, under appropriate assumptions, constant extensions yield % order convergence rates
and linear extensions yield % order convergence rates. With smooth extensions, these rates are improved
to quadratic convergence. We illustrate the theory for any dimension d > 2 and numerically verify the
convergence rates with a number of two dimensional benchmarks, including linear patch tests, manufactured
solutions, and domains with curvilinear surfaces. Numerical results show a first order convergence for
constant extensions and second order convergence for linear extensions, which suggests a possible room of
improvement in the future convergence analysis.

Keywords Linear peridynamic solid (LPS) model - Nonlocal boundary conditions - Asymptotic
compatibility - Dirichlet boundary conditions - Convergence rates

Mathematics Subject Classification (2010) 45A05 - 45K05 - 47G10 - 74G65 - 7T4B15 - 74H15

Contents

Introduction . . . . . . . . L
Notation and Preliminaries . . . . . . . . . . . Lo L e e
A Linear State-Based Peridynamic Model . . . . . . . . . . . L L
Convergence Analysis . . . . . . . . L L e
Convergence of Solutions for the Dynamic System . . . . . . . . .. ... . L0 L Lo 1
Numerical Tests and Empirical Convergence Rates . . . . . . . . . . . . . . . . .. 1

UL W~

M. Foss was supported by NSF - DMS 1716790.
P. Radu was supported by NSF - DMS 1716790.

Y. Yu was supported by NSF - DMS 1753031. Portions of this research were conducted on Lehigh University’s Research
Computing infrastructure partially supported by NSF Award 2019035.

M. Foss
Department of Mathematics, University of Nebraska-Lincoln, NE
E-mail: mfoss@unl.edu

P. Radu
Department of Mathematics, University of Nebraska-Lincoln, NE
E-mail: pradu@unl.edu

Y. Yu
Department of Mathematics, Lehigh University, Bethlehem, PA
E-mail: yuy214@lehigh.edu



2 Mikil Foss et al.

7 Conclusions and Future Directions . . . . . . . . . . . . . . L e e e 23

1 Introduction

The peridynamics theory formulated in [47] has been successful in modeling deformations, fracture, and
predicting behavior in a variety of materials: concrete, metal, viscoelastic, viscoplastic [2,23,24,34,35, 39,
53,55,56]. As a nonlocal model, peridynamics employs integral, rather than differential, operators which
allows to relax the regularity constraints of partial differential equations (PDEs) and to capture effects
arising from long range forces at the microscale and mesoscale, not accounted by PDEs [1,9,10,13,29,59,
60]. Consequently, the model (with a variety of formulations) has been of interest even in the absence of
damage, as a series of papers showed well-posedness and properties of the solutions, as well as convergence of
the nonlocal operators and solutions to classical counterparts in the limit of vanishing horizon of interaction
[20—22,33,36,37,44,49].

In peridynamics the nonlocality manifests itself through interactions on a finite range. As such, boundary
value problems have data supported on a collar that contains the points with whom the domain entertains
interactions [12,13,15,25]. The size of the collar (also called the interaction domain) is determined by a
system parameter, called horizon, and usually denoted by §. Formulating a boundary value problem in the
nonlocal setting brings in an additional level of complexity, as appropriate boundary conditions must be
defined. While for a local problem data on the domain’s surface can be easily provided by experimentalists
through surface measurements, in the nonlocal setting one must provide volumetric data for the boundary
collar, which may be difficult (or even impossible) to obtain. Thus, practioners must introduce ad-hoc
methods for prescribing both Dirichlet and Neumann-type boundary conditions for nonlocal problem |8,
14,16,31,48,58,62,63], and in this work we mainly focus on the Dirichlet-type volume constraints. Most
commonly, the convergence of nonlocal solutions to classical counterparts has been studied for homogeneous
Dirichlet-type boundary conditions in second order ([36,37]), or higher order ([43]) problems. In these works
the local problem is set on domain {2, while the nonlocal equation holds on 2\ I" (where I' C {2 is an
interior collar set of positive measure), with zero boundary conditions on I'. With this setup (where the
nonlocal solution has exactly the same values as the local solution on the nonlocal boundary) it is expected
to observe quadratic convergence (with respect to §) for the L? norm of the difference between the local
and nonlocal solutions.

For nonhomogenous Dirichlet-type boundary data a series of approaches have been introduced and
investigated for peridynamics and the general nonlocal problems. Currently, popular strategies to enforce
local Dirichlet boundary conditions in nonlocal models can be generally classified into two types: by modi-
fying the nonlocal operator near the boundary [14], or by extending or converting the surface (local) data
into volumetric data [16,31]. The first approach was introduced in [14], where the authors propose to grad-
ually change the nonlocal operator to a local operator on the boundary, so as to avoid the use of nonlocal
boundary conditions. For nonlocal diffusion problems, thanks to the nonlocal trace theorem provided in
[50], this approach features well-posedness. However, to the best of our knowledge, no work has yet ad-
dressed the well-posedness of this approach in the vectorial framework of peridynamics. On the other hand,
the second approach is often developed by means of constant, linear, or higher-order extrapolations of the
given boundary data on the surface of codimension-one onto the boundary collar [31,38], and it is more
commonly employed to prescribe the Dirichlet boundary condition in peridynamics.

On scalar-valued nonlocal problems such as the nonlocal diffusion problems, in [16] the authors proved
the second order convergence of the nonlocal solution to the local one with linear extensions on the boundary
conditions defined based on the exact derivatives of the local limit. When the exact local derivative is not
known a priori, in [31], the authors proposed to implicitly compute the appropriate normalization factors
and they were able to obtain second order consistency of the nonlocal operators with the local ones. For
vector-valued systems, in the context of peridynamics a naive fictitious nodes method (FNM) was originally
proposed by assigning the same values to all fictitious points corresponding to a boundary point [6]. The
naive FNM was later extended to the Taylor FNM by using Taylor expansion (to linear terms) for points
in the boundary collar [52] and the mirror-based FNM by reflecting the values on interior collar nodes
to their corresponding mirror nodes for domains with simple geometries [3,4,30,40]. Recently, the mirror-
based FNM was further extended to more general domains in [63] for nonlocal diffusion problems, where
the authors propose a novel approach of extending the solution across the boundary along a “nonlocal
normal” that is computed using the gradient of the index-function that measures the size of the support of
interaction. The approach is investigated numerically and it shows better agreement with classical solutions,
while also being able to handle non-smooth boundaries, and even crack lines. Similar as the mirror FNM
idea in [63] and the vanishing horizon idea in [14], in [42] the authors propose two methods for dealing with
boundary conditions in one-dimensional bond-based peridynamics model. The Extended Domain Method
(EDM) adds a layer to the domain {2 on which an odd reflection of the classical solution is imposed. For
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Fig. 1 Different types of extensions of a local solution to the nonlocal boundary layer F;g: continuous (constant), C!
(linear), C? (quadratic/smooth)

the Variable Horizon Method (VHM) the boundary is interior to the domain and it is considered of variable
depth, so that as the horizon shrinks to zero, the nonlocal solution converges to classical. The numerical
studies show quadratic convergence in ¢, if some additional corrections are performed.

1.1 Description of the Results

In this work we present a comprehensive study for convergence of nonlocal solutions to classical counterparts,
which holds for the vector-valued linearized peridynamic solid model (LPS) [17], a prototypical state-based
model, with nonhomogeneous Dirichlet-type boundary conditions. The vector-valued system is notoriusly
difficult to study even in classical elasticity due to the cross-interactions between solution components, so
well-posedness and regularity results rely heavily on Korn-type inequalities [37]. Nonlocal versions of these
tools are employed here to study how one may optimally impose nonlocal boundary conditions in order to
ensure a high degree of compatibility with the local system.

The analysis performed in this paper does not prescribe a particular method for imposing boundary
conditions for the nonlocal system. Instead, we establish bounds for the difference between the local and
nonlocal solutions, in terms of the difference (on an interior collar) between the nonlocal data and extensions
of different degrees of regularity (even fractional) for the classical solution. The construction of different
possible extensions is illustrated in Figure 1.1, where I is an exterior collar (see the definition (1)) that
nonlocal boundary conditions will be prescribed to guarantee the well-posedness of the nonlocal equation.

To provide a more precise description, suppose that {us}ss=o C L?(£2;R?) is a family of solutions to
the nonlocal problems parameterized by §. Suppose that wo € W2’2(Rd; Rd) is an extension of the strong
solution up € WQ’Q(Q;]Rd) to the corresponding local problem. The theoretical bound for the rate of
convergence of ||us — uol|2(o;re) is decomposed into two components. One component captures the rate
of convergence away from the local boundary and depends on the regularity above W22 that the local
solution possesses. The other component captures the rate of convergence near the local boundary 0f2.
The convergence near the boundary, in turn, depends upon an exterior and interior term. More specifically,
the exterior term is provided by a priori rates of convergence of the prescribed collar values on F;(; to the
extended local solution as 02 is approached. Knowledge, if any, about the convergence of us to up on Iy
can also be incorporated to improve the theoretical rate of convergence.

In Table 1.1, we assume the extension of the local solution has bounded fourth-order derivatives (quan-
tified by a = 2, see Theorem 5). Thus, the convergence away from the boundary is of order-two, and it is
the convergence rate near the boundary that dominates the theoretical rate. The value of § > 0 identifies
the rate at which the collar-values approach wo as 942 is approached. If 8 = 0, then the function values have
order-one convergence, which can be ensured, for example, with a constant extension of the local boundary
values. If 8 = 1 then the first-order derivatives of the collar-values and wp have order-one convergence,
which can be provided by a linear extension of the local boundary values. If the prescribed collar-values
coincide with wp on F;g, then S is effectively infinite— there is no boundary component for the lower bound
on the theoretical rate of convergence (RC). We use « to reflect a priori information, if any, about the rate
of convergence of us to ug as 942 is approached from the interior. If it is only known that {us}s>o are
uniformly bounded, then v = % In the table we use v = % for 6 =0and v = g for § = 1. These choices are
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] Type of extension \ e \ B \ ~y \ Theoretical RC \ Numerical RC ‘
Constant 210 |3/2 51/ )
Linear C* 211 15/2 §3/2 52
Smooth C*° 2| o0 | - 5? 5?

Table 1 Theoretical and numerical rates of convergence (RC) for the nonlocal solution to its classical counterpart. «, 3,
and v are as defined in Theorem 5.

based on numerical observations in Section 6. If ||us — u||L2(F—) has order-one convergence to zero, then
26

v = % See Theorem 5 for the result in its full generality and notation.

1.2 Significance/Contributions

The study of convergence of nonlocal solutions to classical counterparts is performed here by taking into
consideration

(i) how well the nonlocal boundary condition matches with a (smooth) extension of the classical solution;
(ii) the degree of smoothness for the extension.

Note that, in contrast with other works, the analysis allows one to consider gemeral nonlocal boundary
conditions (no a priori construction needs to be made), then based on the compatibility between the
nonlocal data and the extension to classical problem, and the availability of additional bounds, an explicit
rate of convergence is derived. This flexibility in implementations allows considerations of different types
of nonlocal boundary data, which may be selected to best fit other desired features of the model (e.g. to
conserve some physical property of the boundary data, or to take into account interactions with other
dynamics in a coupled system).

The explicit decay rates obtained in Theorem 5 are based on carefully analyzing bounds on different sets
(interior, exterior collars etc.), thus also identifying the bottleneck in obtaining faster convergence. Thus,
the availability of improved bounds on the interior collar will increase the rate of convergence. However, a
final verdict on whether these (assumed) bounds are expected to hold for irregular boundaries or solutions,
has not been delivered, so investigations into the optimality of these results are forthcoming.

As it was mentioned above, the results apply to vector valued systems, a setting for which a comparison
principle is not available. This is in contrast to diffusion problems, where the availability of comparison
principles allows a more direct method of capturing the difference between classical and nonlocal problems.

The results of this paper are proven for general kernels (of different singularities), so they are applicable
for a a variety of nonlocal systems where the profiles of interaction can model different media or behaviors.
Additionally, the main argument does not use any information on

(a) the shape of the domain; the regularity of the boundary may only (indirectly) affect the smoothness of
the extensions.
(b) the regularity /bounds on the nonlocal solution inside the domain, beyond L? integrability.

Finally, the convergence bounds transfer to the dynamic case, with the only significant difference that
the constants may increase exponentially in time (but are bounded for finite times).

1.3 Paper Organization

The background material together with the notation are introduced in Section 2. The linear peridynamic
solid (LPS) model is introduced in Section 3, together with the notation for the nonlocal operators and
domains used throughout. Also in Section 3, the nonlocal boundary value problem with Dirichlet-type
constraints is introduced, for which wellposedness follows by employing a Poincaré-Korn type inequality.
The convergence analysis for this static case is obtained in Section 4, under several different scenarios
distinguishing between the types of extension (continuous, linear, or smooth) of the boundary value data,
and other conditions. The dynamic system is studied in Section 5, where similar rates are shown. The
numerical experiments are presented for both, the static and dynamic cases in Section 6. The final Section
7 presents conclusions of this work, as well as future directions.
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2 Notation and Preliminaries

The results of the paper hold in the vectorial framework, for which vector and tensor operations will be
required. Given a vector space V, we denote V¥ =V®@ - V2V x- X V, which can be identified with

£ times £ times
V. In the sequel, V will be a space of ¢-th order tensors, with components in R, so V = RI®¢ ~ Rdz, for
some £ =0,1,2,.... We use « for the usual vector dot product and R4®? := R = R% and R¥®! = R,
Let {e;}¢_; € R? be the unit coordinate vectors in R%. Given v € R?, we may write
d
v:(’v)i:Zwei, withv; =vee;, fori=1,...,d.
i=1

More generally, given A € RI®L,
d d
A= (A)“” = Z Z Aijipei, @ ® ey, for i1,...,4,=1,...,d.
i1=1  dp=1

We will use an extension of inner products and contractions to tensors of higher-orders. Suppose that
A € R¥®" and B € R¥®™ | with n > m. The inner product of A and B is

d d
_ d _ § L ) ) d®(n—m)
A-B = (C)il,_,in_mzl - e Cll‘“lnfmyell ®---®ei,_,, €R )
i1=1 tm—n=1
and
d
_ d _ S . ) d®(n—m)
AB = (D)il...i,,,,,mzl = § T § Di,. i, €0, ®---®e, , €R )
i1=1 Tm—n
with
d d
Ciyocvigon = E Ajymisein-mBir g and Diy i, = E Aiycinmireedm Bim-a
J1ye-esJm=1 J1ye-esJm=1
The norm of A, we define
1
|Al = (A-A)>.

Cauchy’s inequality implies
|AB| < |A[|B] and |A® B| < [A||B|.
Suppose that w = (w),,..;, € Wk’Q(Q;g; RY®™) 5o the (k 4+ m)-order tensor of k-th-order derivatives
satisfies 9" w € LQ(Q;'; R¥®™ g R®"’). In components,

d d k
0
ok ) = Wi e ® Qe Q... ,
( w i1t ) Z Z 855'jk ...alew 1-eim €y ® ®e k ®eJ1 ® ®eJm
i1

yeenstm J1seeJk

Finally, we use the notation a®™ =a ® --- ® a € R¥®™,
—_———

m times
We denote by I the second-order (matrix) identity tensor and lsym is the fourth-order symmetric identity

tensor. In components

d
(Nij= Y =(eive))ei@e;
=1
and
d
1
(loym)i jee =5 > lleiver)(ejoe)+ (eiser)(ejex)lei®e; ®ex @ ey

2
1,5,k,£=1

Nonlocal boundaries and domains. The results will involve nonlocal boundaries with interior and
exterior layers, for which we will adopt the following notation. For each p > 0 define

Ifi={xz e R"\ 2:0 < dist(x,002) < p} and Qf=0ur,S (1)
I, = {x e 2 :dist(x,0) < p} and 0, =02\T,. (2)

Additional notation regarding operators and domains will be introduced throughout the statements and
proofs below.
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3 A Linear State-Based Peridynamic Model

We consider the state-based linear peridynamic solid (LPS) model in a body occupying the domain 2 C R
While the main results hold for any dimension d > 2, we are primarily interested in d = 2 or 3. Before
presenting more details, we introduce some operators and bilinear forms. For each > 0, let Bs(x) C R?
denote the d-ball centered at x. Let K; : (0,00) — [0,00) be a Borel-measurable function, with support
contained in [0, 4], and define K; : R* — R by

Ks(z) := Ks(|z])=. (3)
Following [37], the weighted volume for the d-ball Bs = B;s(0) is

m(6) = | Ks(z)ezdz= | Ks(|z|)|z*dz, (4)
Bs Bs

3.1 Nonlocal operators and bilinear functionals

For the above kernel K and its weighted volume m(§) we introduce the nonlocal dilatation of a map
u € L*(R%RY) by
d
Os(z;u) = —— Ks(z)eu(z + z)dz. (5)
m(d) Bs

Next we introduce the main component operators for the linear Navier-system. On the space L? (]Rd; ]Rd)
we define As, Bs by

Asu(z) = %/Bé K;(z)0s5(x + z;u)dz (6)
and
— s Ks(z)® = u(x + z) — u(z))dz
Bou(w) =85 [ [ FIBEE (o +2) - uge)a= ©

The nonlocal Navier-operator L5 defined on L?(R%;R?) is given by
Lsu(x) := —(\— p)Asu(x) — pBsu(x). (8)

The ranges of the operators As, Bs, Ls introduced above depend on the integrability /smoothness properties
of K. The scaling constants C 4, Cp > 0 are chosen such that
Ca

— Ks(z)® zdz =1 and
m(6) J, 0

For w : RY — R? sufficiently smooth, it will be shown below in Theorem 3 that Asu — Aou and Bsu — Bou,
with the local Navier-operator Lo given by

Cg Ks(z)® 2®3
m(8) Jp; |z[?

dz =1 ® I + 2lsym. (9)

Aou(xz) = ddivu(x) and Bou(z) = ddivu(x) + divou(x) (10)
and thus Lsu — Lou, with
Lou(x) = —(A — p)Aou(z) — pBou(xz) = —A0 divu(x) — pdivou(x). (11)

Two popular choices for the kernels are Kj(r) = As and K2(r) = As/r. For these exmaples, the
parameters for 3D linear elasticity are C4 = 3, Cs = 30 and

1 5 2 1
- . P < .
Kslp) _ | g forp<di g Kol _ } o5, forp<o; (12)
m(6) 0, for p>4; m(6) 0, for p>34.
For 2D problems, C 4 = 2, Cg = 16.
K;(p) 2 f < §; KZ2(p) 3 for p < 6;
s\p) _ g orp=9  .nd s\p) _ 2763 p’ P05 (13)
m(6) 0, for p> d; m(6) 0, forp>é.

Given v,w € L*(R%R?) satisfying v = w = 0 on R? \ 2, define the bilinear forms W, s(v,w) and
Wpg,s(v, w) by

Wa,5(v, w) :/Q/B. [Asv(x)] w(z)de (14)
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Fig. 2 Domain (2 with adjacent layers. Interior layers: I'y", I',5 C £2; Exterior layers: F;, Fz-ts C RY \ 2

and
Wgs(u,v) = / / [Bsv(x)] w(x)dx. (15)
2 JB;
Using Fubini’s theorem and a change of variables, we may rewrite

Wa,s(v,w) = é/ﬂea(w;v)ea(w;w)dw (16)

and

Wi, (v, w) = ﬁ/ﬂ [ K= ([”(“z)z‘”(“’)]'z) <[w($+z)z_w(w)].z>dzdw. (17)

Then the bilinear form associated with Ls is
W5(U,’lﬂ) = CA(A _M)WA,(S(va) +CBMWB’5(’U,U7), (18)

and the nonlocal strain energy is Ws (v, v).

3.2 Well-posedness for the Dirichlet-type Constraint Problem

In order to define the nonlocal system with a Dirichlet-type boundary condition, we use the notation
introduced in (1)-(2) for the domain 2 with two interior collars and two exterior collars, as illustrated in
Figure 3.2. We now consider a state-based peridynamic problem with Dirichlet-type boundary condition:

Ca
- Lo /g oy B Kl - ml)(;y - a:) ;0((:) n f);(y)) iy
) T — 2 (uly) —u = f(x), for x in
") /Bé(z) ps(y —a) 2 () —u(e)) dy = f@), frein e
o) = m(d) J B, (a) Ks(ly = 2)(y — 2) - (uly) — u(x)) dy, for z in 2},
u(®) = up(®), for  in Fz—ts-

The well-posedness of the above system follows from the Korn-Poincaré type inequality below which is
an application of Proposition 5 in [37].

Theorem 1 Assume 2 C R? is a bounded domain with a suffiicently smooth boundary (in particular, it
satisfies the interior cone condition). Then there exists a do > 0 and a constant Cp.x < 0o such that for
each 0 < § < do,

0]l 22 (ray < CpxWas(v,v), for allv € {w € L*(R?) : w(z) =0 a.e. x € R\ 2}.

With existence of solutions to the nonlocal problem (19) established we will study in the next section
convergence of nonlocal solutions to the classical counterparts.
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4 Convergence Analysis

We will now show the truncation error of the Dirichlet-type volume constraint formulation. We denote by
us the solution of the nonlocal problem (19) and wuo as the solution of the classical elastic problem:

{ -V - (A\tr(E)I+2uE) = f, where E= %(Vu + (Vu)™), in £, (20)

U= up, on 0f2.

4.1 Operator Convergence

For an integer k > 0 let w € ck (]Rd;Rd@m). Then Taylor’s formula, with remainder, can be written as
ko _
w(x+ z) = w(z)+ Z ﬁaj w(z)z® + Ry (w(zx); 2)z%". (21)
j=17"
Here
1 k—1 [ ok k
Ru(w(@):2) = Gy </ (-9 [0 wla + 52) — 0 w()] ds) .

We note that j is not a multi-index. Observe that Ry, is linear and

Re(w(x + z1);22) — Re(w(x); z2) = Rie(Oaw(x); 22)21 + Ri(R1(w(x); 21)21; 22)
= [Ri(Ozw(x); 22) + R1 (Ri(w(x); 22); 21)] 21 (22)

We will need the following pointwise representation for mappings in fractional Sobolev functions. It
provides a generalization of the Hajlasz-type pointwise representation for functions in a 1st-order Sobolev
space [26]. The argument is nearly identical to the proof for Theorem 1.1, part (2), in [28] and is included
for the sake of completeness.

Theorem 2 Let 0 <a <1 and0<d <1 and 0 < § < o be given. Suppose that w € W""Q(Q%;Rdgjm),

S0
y) — w(a)
= = —dyd .
whyesog,) = /9 /Q - a0 <

Put co = ca(d) := 291 4% /|By| and 81 := 8o — &', and define wq : 2§ — R by

_ w(y) — wie)? |\
wa () = (/Q B o dy) - (23)

Then wa € LQ(Q;;) and
|lw(y) — w(a:)|2 <caly — 93|2°‘ (woé(:c)2 + wa(y)Q) ,  Jorallx € s and y € Bs, (x). (24)

Proof Tt is clear that ||wa||L2(QUF§+) < ‘W|WQ»2(Q;0;]RGL®W)' Let « € 25 and y € B, (x) C Q;; be given.
Put r := |y — x| < d1. Observe that B, (x) C .Q;; N Bar(y), so

/ lw(y) — w(z)|*da’
"'| B, (x)
( / w(y) — w(z')*dz’ + / w(a') - W(m)|2dm’>
By (=) B.(z)
2 N2dz! / 24 7
| (/Q B )‘W@/)—W(w)l de +/B( )lw(m)—w(wn dw)
r 500 2r (Y (e
2 (e | ) - @)y [ wle) el
- |BT| 'Q;FUQBZT(!I) |y - m/|n+2a B, (x) ‘CIJ’ — m‘d+2a

<(Zor) P (we@)? + wa(@)?)

=caly — @** (wa()’ + wa(2)?).

w(y) — wiz) =

IN

B,

LA
oy
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Lemma 1 Let k > 1 and 0 < a < 1 be given. Suppose that v € Wk""’"z(();;;]Rd@m). Let 0 < &6 < 6o be
given, and put 81 := 6o — &'.

(a) If « =0, then for each € > 0, there exists 0 < 6 < d1 such that
||Rk(v()7z)||L2(Q;r,) <eg, fOT all z € B§~

(b) If 0 < a < 1, then for each 0 < § < 01, we have

2¢cq
||Rk(v( ) )||L2(Q+) = (k’ ) |Z| |8kV|Wm 2(Q+ Rd®m®R®k)7 fOT all z S Bé.

(¢) If a« =1, then for each 0 < § < §1, we have
1 k41
HRK(V(');z)HLZ(Q;) < m|z||a V|L2(Q;—O;Rd®m®R®(k+1))a for all z € Bs.

Proof With a standard density argument we may assume v € COO(Q;;;Rd‘@m). Part (a) is an immediate

consequence of the definition of Ry, (v(-); ) and the continuity for the translation operator in L?(R?). Note
that if € Q; and z € Bs, then x 4 z € (25,
For part (b), let z € Bs. We use Minkowski’s integral inequality and (24) with

w=9"v e W (2f ;R®™ @ R)
as follows:

1 1 2
] /m/o " v(@ + 52) — 0" v(w)| dsda (25)
é/

1
Ca 20| 20 2 2
<— 7Yz (wa(x)” + wa(x + s2)° ) dsdx
(k—1)! /n; /o ( )

<( Ca 1)'\z| (/Q;U wa(w)de—F/ol /Q; wa(w+sz)2dwds> (26)

Recalling the definition of w, in (23), with w = v, the first integral is bounded by |8*v|ya2. For the
second integral, given 0 < s < 1,

" v(y) — oF 2
/ walm + 52)°de :/ / |0%v(y) V(w;;Z” dydz
2 QJr Q+ NBs(x+sz) |y - (33 + Sz)' «

|6k —Fv(x + sz)’
5t (T + sz)|d+2a dyda
o J o}

|8l€ (/)|d/d _ak
Q+ Q+ |y — wl‘d+2a T dy = | V|W“¢(Q§:};R”®"‘®R®k)'

For the last line, we used Fubini’s theorem and the change of variables & + sz — 2’. Again, we note that
T € Q;Z and z € Bs implies « + sz € (2;;. Incorporating these bounds into (26) completes the proof.
Part (c) follows from (25) and the fundamental theorem of calculus. O

4.1.1 Operator Convergence for 0s

Theorem 3 Let 0 < o < 3 and 0 < & < &0 be given. Suppose that u € W1+a’2((2;;;]Rd), and put
51 :=380 — &',

(a) If  =0,1,2, then for each € > 0, there exists 0 < § < 01 such that
10s(-;u) — divu||L2(96+/) < e6”.
(b) If 0 < a <3 and o # 1,2, then and a constant A, independent of § and u, such that
165 (5 w) — divu||L2(96+/) < Aa|au|W1+<’<(Q;“0;Rd®]R)6a7 for all 0 < 0 < 41,
with

2€a-1,0< a<3 and a # 1,2,
Ao 1=
1, a=3.
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Proof For each 0 <s<1,xz € .Q;Z, and z € Bs, we find @ + sz € Q;;. Using (21),
u(x + z) — u(x) = du(x)z + Ri(u(x); 2)z.

Incorporating this into the definition of 65, we may write

<@) Os(w;u) = [ Ks(2) «[u(z + z) — u(z)] dz

Bs

= Ks(z) e [0u(x)z]dz + K;(z) ¢ [Ri(u(z); z)z] dz
Bs Bs

=< Ks(2) ®zdz> du(z) + / [K5(2) ® 2] » Ra(u(x); 2)dz. 27)
Bs Bs

For the first equality, we used the antisymmetry of Ks. Recalling (4) provides

) Zzz.umzi 2N|z2dz | 1« ou(z) = I « du(z
5 L B @ 2z) outa) = ([ s(=hisPaz ) 1 outw) = 1 dute)
=divu(x).

Thus

. N2
1050 = vl ) <0 (/Q (] 1mstalzlRs (utayizla) dm>

S% /Bé </Q IKa(Z)IQIZIQIRl(U(w);Z)Izdw>;dz

d 2
SW /B |Ks(1z])[12]° | R1(u(-); 2)|| L2 (2)d2. (28)

For the second inequality, we used Minkowski’s integral inequality. Recall that w € W1+°"2((Z(§Z). Part
(a) of the theorem, with o = 0, follows from Lemma 1(a), and part (b), with 0 < « < 1, follows from
Lemma 1(b).

Now suppose that 1 < a < 2. We can then use the antisymmetry of z — Ks(2) ® 252 = Ks(|z[)z®?
and (21) to write

d

Os(xz;u) = divu(x) + 3m ()

< N K;s(2) ® z®2dz> «0%u(x)

=0

n %/E [K(;(z) ®z®2] ¢ Ra(u(x); z)dz.  (29)

Arguing as in (28), we deduce that

- 2d
[105(;u) — d1vu||L2(Q§7) SW/B |K5(2)||2% (| R2(w(-); 2)|| 2 (0ydz
5
245 ,
S ) )
<o), Vs 1Dl IR0 )52 0t 0

If & = 1, then Lemma 1(a) implies part (a) of the theorem. If 1 < o < 2, then Lemma 1(b) implies part
(b). For @ = 2, part (b) is implied by Lemma 1(c).

As observed above, the kernel z — K;(z) ® 2%? is antisymmetric, so the corresponding integral in (29)
is zero. Hence, if a > 2, we have

0 (@ w) = div u(a) + % /B [Ks(2) © 2% « Ra(u(@): ).

For a = 2, an argument similar to that used for (28) yields part (a). Arguing as in (30), we obtain part (b)
when 2 < a < 3. For the rest of part (b), when a = 3, we apply part (c) of Lemma 1 to complete the proof
of the theorem. a

Theorem 4 Let 0 < a < 2 be given. Suppose that u € W2+a’2(!25+0;Rd).
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(a) If « =0 or a =1, then for each € > 0, there exists a 0 < § < do/2 such that
[Asu — Aoull 2 (o) <e6%  and  ||Bsu — Boull (o) < 6™

(b) If 0 < a < 2 and a # 1, then there is a constant A, independent of & and w, such that for all
0<0<d0/2,

||A5u — AouHLz(Q) < A:X|U|W2+(1,2(QJU)5Q and ||B5u — Bou||L2(Q) < A;|U|W2+u,2(950)6a

Proof The argument is similar to the one used for Theorem 3. First, we prove the convergence rates for Ag,
then the argument for Bs will be discussed. Since u € W2+°"2(Q;;; R%), we find g := divu € W1+a’2(9$).
As a > 0, applying (21) provides

divu(z + 2) = g(x + 2) =g(x) + Ig(z)z + R1(g9(x); 2)2
=g(z) + 9g(z) * z + R1(9(z); 2) * 2.

First, we observe that the antisymmetry of K implies

K5 (Z1)g(:1,')d21 =0
B;s

and, by Fubini’s theorem,
/ Ks(z1) ([Ks(2z2) ® z2] » R1(u(z); z2)) dzedz1
Bs J Bs
= ( Kg(zl)dzl) / [K(S(ZQ) ® 2:2] . Rl(u(w); Zz)dZQ =0.
Bs Bs

Suppose that 0 < a < 2. Using (27),

Asu(x) = % . Ks(z1)g(x + z1)dz1
I (x)
S& 3 2 z2dz1
+W/Bé B5K6(z1)([K6(ZZ)®ZQ] Ri(u(x + 21); 22)) dzodz: .

=:I>(x)

For I;, we have

h=CA [ K)o+ 2) - gl@))dz = A [ [Ks(z1) @ 1) [00(@) + Ralgle): z1)] d=
m(d) Bs m(d) Bs
=0g(x) + Ca [Ks(21) ® z1] Ri(g(®); z1)d21,
m(6) Bs
where (9) was used for the last line. Thus
i Ca - z1 or all
1 (@) — O divu(a)| < W/B Ks(=)ll1 ][R (g(@)i 21)|dz,  forall @ € 2.

The Minkowski integral inequality yields

. C.A 2
— 5 < — K 9
11 = 0divull o) < m(®) /Bd Ks(z1)|z1"IR1(g(-); 21) [ 2 () d 21

For Iz, define ri(+; z2) := Ri(u(:); 22). Applying (22), we deduce that

Ir(x) Zﬁt/ K;(z1) ([Ks(22) ® z2] » [Ra(w(@ + 21); 22) — Ri(u(x); 22)]) dzadzn
m(é) Bs J Bs
:—dCAQ / Ks(z1) ([Ks(22) ® 22] « [R1(9u(®); 22) + Ra(ri(a; 22); 21)] 21) dzada,
m(é) Bs J B;

and so

@ < [ KslnllKss)lz) (R @u@); )]+ R (r (@1 220 2)l) dzadz.
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Using, again, Minkowskis’s integral inequality,

dC s 2, 12
2] L2 () < 7/ Ks(|z1]) Ks(|z2])[z1]7|22]
L@ m(5)2 Bs J Bs

X [||R1 (8u(-); Z2)||L2(Q) + ||R1(I‘1(~; zz); 21) HL2(Q)] dZdel.

Note that in the integrals for both I1 and I2, the domains of integration are Bs C B, 2. We find g €
wite2(0s.), du € W1+a’2(ng;Rd®2), and r(-;22) € W1+a’2(Q50/2;Rd®2), for each z2 € Bs /p. It
follows that

[Asu — 0divaull 2

IA

|11 — Odivul|L2(o) + 2] L2 (o)

C.A 2

—_— K, R R 2cond
m(®) /35 s([z1])|z1[7I1R1(g(+); 21) | L2 (2yd =1

dC.a
m(8)?

For 0 < a < 1, the convergence for Asu follows from Lemma 1 and assumption (9).
If 1 < a <2, we can use the expansion in (29). Then

IN

/ / K121 ) K5 (|z2]) |21 2l2al? [[R1 (@u(); 22)l|1agey + [Ra(r(s 22); 21) | 2] dzadz
B;s J Bs

Asu(x) = I(x) + % /B /B» [Ks(z1)] [Ka(zz) ® z?z} e Rao(u(x + 21); 22)dzadz1

=:I5(x)
With the additional differentiability of w,
Ca
h(z) =—= Ks(z1) [g(x + z1) — g(z)] dz1
@) =15y J,, o0 lo(@+21) — (@)
& 1
—Cas [ Ko oatarzn + j0%a(@)zft + Rala(a)san=? | ax

m(d) Bs 2

=og(@) + 5 [ Kollza [Rato(@): =257 asa

SO
, 5C ) .
|I1(z) — ddivu(z)] < 5W§) /B Ks(|z1])|z1 [ R2(g(x); 21)|dz1.

For I3, as with I2, we can use the antisymmetry of z; — K(z1) to argue

|13(€13)| :% /36 /35 Kg(zl) <|:K§(22) ® Z?z} [RQ(@U(H)),ZQ) + R1(r2(w;22);z1)] z1) dzodz

<% /B | /B K5 (21)||21] K3 (2) | 22] [|Ra(Ou(@); 22)] + [Ra (r2(a; 22); 21)[] dzadzs.

Here ra(22) = Ra(u(-);z2) € W (25,2, R¥®?), for each z2 € Bs C Bs,. As before, we apply
Minkowski’s integral inequality to conclude

6C 4 212
3]l L2(2) < 7/ Ks(|z1]) Ks(|z2))[z1]7|z2]
2 m(d)? Bs J Bs
x [IRa(@u(); 22)l| s maosy + [Ra(ma( 22); 2) | a(mass)] dzadz
The convergence for Asu, again, follows from Lemma 1 and assumption (9).
The arguments for Bs are similar, but more straightforward, than those used above. For the case
0 < a<1, weuse

u(x + z) = u(x) + du(x)z + %82u(m)z®2 + Ro(u(x); 2)2%%.

Hence, with assumption (9),
CB ( Kg(z)®z®2 CB ( K(;(z)®z®3
mo) s, 122 @) \Js, 122

=0 =1@1+2leym

C Ks(z 293
m(L;) Bs( 6(|)z§ >R2(U(w);z)dz.

Bsu(x) = dz) ou(x) + dz) O u(x)

+
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For the case 1 < a < 2, we use
u(x + z) = u(x) + du(x)z + %BQu(m)z@2 + éagu(m)z‘@a + Ra(u(x); 2)2%5.

Since z — Ks(z) ® 28% = K;(|z|)2®® is antisymmetric, we find

Cs ( K;(2) © 2%° > Cs ( Ks(z) ® 2%° ) 2
Bsu(x) = dz | du(x) + dz | O°u(x
@ =@ s, 2P @t s, 2P (®)
=0 =1Q1+2l5ym
Cs (Ks(Z)®z®4>
+ Rs(u(x); z)dz.
m(® Jo, \ 2P (#):2)
In both cases, the result again follows from Lemma 1. a

4.2 Convergence of Solutions

Assume that f € L?(2) and up € L*(R%) N L?(92). Throughout this section, for each § > 0 with 26 < 4,
we use us € L?(£255;R?) and uo € W?2(£2; R?) to denote the solutions to

{Egug(w) = f(z), z € 0, and {L’ouo(w) = f(z), z € N, 31)

us(z) =up(x), =€ Iy uo(x) =up(x), ©€ N’

Our main assumptions are

(A1) With 0 < o < 2, we find up € W?T*2(2) and that there is an extension @y € W2T*?(R%; R?) for ug.
(A2) There exists a constant M1 < oo and § > 0 such that,

[@o(x) — up(z)| < My dist(x,002)'17,  for ae. @ € 27

(A3) There exists an M2 < oo such that
0 / |Ks(z)|dz < M: forall0 <6<
N 5 > M2, = 0.
m(d) B

(A4) There is an M3 < oo and 7 € R such that
[luo — u5||L2(F2;) < M3s", forall0<é <. (32)

Theorem 5 Suppose that (A1), (A2), and (A3) hold.

(a) Then there exists a C < 0o with the following property: 3
(al) If « = 0,1, then for each € > 0, there exists a 0 < § = §(e) < § such that

s = woll2(ome) < £6% +C5772
(a2) If 0 < a <2 and o # 1, then
s — woll 2 (ommey < C (6% +8°7%)

(b) If the assumption (A4) also holds, then there exists a C' < oo such that
(b1) If « = 0,1, then for each € > 0, then there exists a C < oo with the following property:

28+2y—1

||U5 - U()”Lz(Q;Rd) <ed*+C6 4 .

(b2) If 0 < a <2 and o # 1, then

B+2v—
lus — uol|L2(2re) < C (6“ + 5#) .



14 Mikil Foss et al.

Proof Throughout the proof C’ < oo denotes a constant that may change from line to line but is independent
of 8. Define us,vs € LQ(Rd;Rd) by

us(x), ¢ € 2

us(x) = {ﬁo(a:), z R\ 0 and Ts(x) =us(x) — uwo(x). (33)

Since T is identically zero on R% \ §2, we may use the Poincaré-Korn inequality in Theorem 1. Thus, we
may select dp > 0 so that for each 0 < § < do,
lus — woll 720y =I®sl|i2(2) < Cr-kWi,s(Ts,s) < Cp-x Ws(Ds, Ds)

- Crx / [Lsws ()] Ts (x)da — Cpic / (L5 (G5 — ws) ()] + Bs ()de
“ =f(=x) “

+ Cpk /Q [Lstwo(x)] » Us(x)dx

=Cp.k / [Lsuo(x) — Lowo(x)] » Us(x)dx +Cp-k / [Ls (us —Ts) (x)] e Us(x)dx . (34)
9] 2

=15 =I5

With assumption (A1), we may apply Theorem 4 to bound |I; 5| in terms of J.
We use the remaining assumptions to bound |l ;|. Define vs € L*(R%;R?) by

_ 0, x € (2,
vs(®) 1= us(x) —Us(w) = {uD(w) —o(z), z € R\ 2.

Since the support of vs is contained in R%\ 2, we find that Ls(vs) = 0 on £255. Thus
Is :/ [Lsvs(x)] » Vs (x)dex. (35)
I
We now work to bound ||£5115||F2—_. Assume (A2) and (A3) hold. From its definition,
||L:5"-75HF2—5 < HA“’d”F;S + ||B§v5||r2—5- (36)

For a.e. x € I'; and a.e. z1, 22 € Bs, we find

lvs( + 21 + z + 2)| <dist(x + 21 + 22,002)" 7 < (dist(892, ) + |z1| + |z2|)* °
<3618,

Thus, for a.e. x € '~

| Asvs ()| g% /B K5(|21]) 211165 (x + 21); 05)|dz1

C/
Sig/ Ks(|z1])|z1] K5 (|22])|z2|vs (z + 21 + z2)dz2d 21
m(9) Bs J Bs
C'stth
<t o [ szl Ks(eaDlsldeadz
<C'sP 7,

It follows that § L
| Asvs|| - < C'6° 7 Ips|2 < C'6° 2.
F25

We similarly find ||Bgv5\\?, < C'§%~%. From these bounds, (36), and the bounds for I 5 in Theorem 4,
25

we obtain
55722 < €’ (llﬁéﬂo — Lowol| L2 () Vsl L2 (2) + ||5606||L2(p2;)||55||Lz(p2—6)) ,
and part (a) of the Theorem follows. For part (b), we also assume (A4). From the inequality above, we get
1
5120y < € (150 — LoTollz(ey [Tsll 2y +67H77%).

This proves the result, else we reach a contradiction. a



Title Suppressed Due to Excessive Length 15

Remark 1 The results of Theorem 5 above provide three “knobs” for identifying lower bounds for rates of
convergence, as follows:

e The exponent « is limited by the degree of smoothness for the extended local solution and is independent
of the collar values for the nonlocal problem. For a local solution with a smooth extension a = 2, which
corresponds to quadratic convergence away from the boundary.

e The exponent 8 quantifies the order at which the prescribed collar values converge to the extension of
the local solution as the boundary 02 is approached. For constant extensions of the boundary values
on OS2, we have 8 > 0; for linear extensions, 8 > 1. If the prescribed collar data is provided by the
extension wo of the local solution, then 3 is effectively infinite and the convergence is of order <.

e Part (a) of the theorem only assumes {us}s>o C L?(£2). The family of nonlocal solutions need not even
be uniformly bounded in L?(£2). If information about the rate of convergence of us — uo on the interior
collar I,y is available, this can be cauptured1 with the parameter . For example, if there is a uniform

bound for the nonlocal solutions, then v = 3.

We next provide a corollary, which provides an alternative to (A4). Given v € L*(R%; R?), define
1
Gu(x) = —— / K 5(2)|[o(x + 2) — v(x)|dz.
m(9) Bs

Consider the following assumption, where v; is defined in (33).

(A4’) There exists an M3 < oo and a ' > 0 such that
— ! p‘// —
||gv(5||Loo(F2}) < M367, forall0<éd <.

Corollary 1 Suppose that (2 satisfies the uniform exterior sphere condition. In addition to (A1), (A2),
and (A3), assume (A4’), then part (b) of Theorem 5 holds with v =~ + 3.

Proof We use an argument similar to the one used in [20]. Given a set £ C R% and § > 0, define Es :=
{pz € R?:0< p < ¢ and € E}. The uniform exterior sphere condition ensures there is a § > 0, jo € N,
and open sets {Uy }12, C I and {Sk}r, C dB1 with the following properties:

. FQ‘% C UZO:1 Uy and there exists a ¢ > 0 and 0 < pg < & such that
1 _
7/ Ks(|z])|z|°dz > 0, forall0< p<3,
m(9) Zy

where Z, , := pZj \ Bp,.
e For each § > 0, x € Us , := {y € Uy, : dist(y,02) < §} and w € Zj, we find & + pw € I; UR?\ 2 for
all 0 < p < 4.

e Foreach0<d<§dand x € Us i there exists a 1 < jz < jo such that x 4 jz € R \ 2 for all z € Zs k.
Roughly speaking, we require a finite collection of subsets of the unit sphere such that for each « € Us ; and
each z in the associated annular sector Zs j of Bs, the sequence {x + jz}gio stays within 2§ units of the
082 and terminates at € + jzz € R? \ 2. An example is a square, in which case we can use four trapezoidal
regions {U}%_; that border the boundary of the square and four corresponding quarter sectors {Sg}#_;
of the unit circle.

Let k=1,...,ko and 6 > 0 be given. Since v5 = 0 on R? \ 12, for each @ € Us ), and z € Zs,, we have

s (@) < 3 [s(@ + j2) — 5@ + (G — 1)2)],
=1

with x; = & + jz. Multiplying both sides by |Ks(2)||z|m(5)~" and integrating with respect to z yields
LR Mijo s14
T < — K vs(x; —o(x; < =2l
@ < oy [ szl + 2) ~ ol < H0

Taking the L?-norm over I';;, we see that assumption (A4) is satisfied with v = ' + % Thus, we may
apply Theorem 5. a

Remark 2 e The uniform exterior sphere condition is satisfied, for example, by any C?-domain or a convex
set.
e A straightforward modification of the argument can be used to replace ||gm||Lm(F}) with [|GOs|| 2 poy
2 26

in assumption (A4’). In this case, we obtain v =" + 1
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5 Convergence of Solutions for the Dynamic System

The results obtained in the steady-state case problem extend to the dynamic system, with similar bounds,
but constants that may grow exponentially in time. Suppose that us € C2(0,T; LQ(Q;F)) and ug €
C?(0,T; W'2(£2)) satisfy the initial boundary value problems

PUS,, — Lsus = f(t,il?), ze,1>0 pUO,, — Louo = f(t,iL’), xeNt>0

us(t,z) = up(t, ), x el t>0 q uo(t,z) = up(t, ), zed2,t>0 37
us(0,7) = B(x), e 2 an wo(0,2) = B(x), zc 0, (37)
us, (0, ) = (), T € (235 uo, (0, ) = ¥ (), T €05,

Here we consider the material density p = 1 without loss of generality, and denote

2

us us and us, =

: = & ﬁu(;.

The precise statements mirror Theorem 5 and are given by
Theorem 6 Let f € L*(0,T;L*(R2)), up € C(0,T; L?(£25) N L*(812)) and ¢, € L*(£2);) be given. Let
o, B,7 > 0 be given, and suppose that ug € C*(0,T; W2T2(02; R?)). Then the estimates in parts (al), (a2)
of Theorem 5 hold under same assumptions (A1)-(A3) for the time dependent solution, with all statements
appropriately adjusted for the dynamic case, and the bounds My, M2, C time dependent.

For the second part, we additionally assume that
(A47) There is an M3 < oo and o € R such that
o, — s, || 2y < M38™,  for all 0 <6 <0 (38)
Then then there exists a C = C(t) < oo such that
(b1’) If « = 0,1, then for each & > 0:

28427, -1

l[ws(t) — wo(t)l|L2(amray < 0%+ C™ 3
(b2’) If 0 < « <2 and a # 1, then

2B+2vy -1
|mdo—wmmmmmﬁgc(w+w*<f*)

Proof We use the same approach as in the proof of Theorem 5, with the same notation and extensions to the
collar F;(}). Subtracting the equations from (37) that hold on 2, multiplying by the difference v5 := us —uo,
integrating over the domain, and using the symmetry of the kernel (nonlocal integration by parts) yield:

% /Q(ﬁat)g de+Ws(vs,vs,) = /Q [Lsto(x) — LoTo(x)]*Ds, (m)dx—i—/Q (L5 (us — Ts) (x)]*Ts, (x)dz (39)

Using Young’s inequality, bounds on I 2'; and rearranging the terms gives the estimate:

% (/ﬂ(mt)z da + WMm,m)) < 8|ws, 1720y + 4l Lst0 — Loto|| T2y + 4| Ls(us — m)”i?(%), (40)
where we used the fact that us — us = 0 in 2. Let
¢(t) = /Q('Uét)2 dz + W;5(v5,0s)
then (40) together with the bounds
€50 — Lol 720y < CL8™, |1Ls(us —Us)l[Fapyy < C26777 (41)
which are established exactly in the same way as in the proof of Theorem 5, we obtain

C'(t) < 8C(t) + C16>* + 0262~

We obtain the bound
(1) < Ce" = 1) (8> + 8271, (42)
so Ws(Ts,0s) < Clet —1)(6% 4+ 62°~1). By the Poincaré-Korn inequality we obtain that

sl p20) < Cle® — 1) (8% +6°72),

where C' depends also on the Poincaré-Korn constant.

For the second part, we go back to inequality (40) and use the bounds (41) and assumption (A4”) to
obtain:

¢ (t) < 8C + €82 + MjsP 3zt (43)
Appying Gronwall’s inequality again yields the bounds (b1’) and (b2’). O
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6 Numerical Tests and Empirical Convergence Rates

Initial interior diam=2

—0.49
—0.48
—0.47
- 0.46
- 045

tOAll
4.3e-01

52e-01 2 o Interior nodes 2 o Interior nodes
I:O‘Eﬂ M 00580, e Fictitious nodes e o, o Fictitious nodes
Los esssse é’;’:oc"ao B Interior surface 860 0 ——Interior surface
2820052050000, Exterior surface 00040 o° °
0o0s

© .
o0° o o —Exterior surface
o

Magnifude of displacement

st e

nitial exterior diam=3

Fig. 3 Problem settings for a hollow disk and two types of grids (in blue) with mirror-based fictitious nodes (in
orange) for the hollow cylinder example. Left: polar grids where the interior nodes are generated as Xp N 2 :=
{(p1hcos(mpah/5), p1hsin(np2h/5))|p = (p1,p2) € Z?} N 2. Right: Cartesian grids where the interior nodes are gener-
ated as Xp, N 2 := {(p1h,p2h|p = (p1,p2) € Z*} N 2.

In this section, we aim to numerically verify the analysis developed in Sections 4-5. In particular, with
nonlocal Dirichlet-type boundary conditions define by extending the surface (local) data into volumetric
data, we denote the solution of (19) as us and its local limit, the solution of (20), as ug. We now investigate
the convergence of numerical approximations wus, by taking § — 0 and the spatial refinement h — 0
simultaneously. Three types of boundary conditions will be investigated: the “smooth extension” where a
smooth extended local solution is provided as up(x) for « € I ;}, the “constant extension” which employs
the naive fictitious node methods such that up(x) is defined by the surface (local) data at its corresponding
projection on 9f2, and the “linear extension” which employs the mirror-based fictitious node methods and
extends the surface (local) and the interior data into the exterior layer I';; linearly. As an illustration for
the mirror grids, two example meshes for a hollow cylinder problem are provided in Figure 3, with further
details to be provided later on in the section.

To observe the convergence rates of ||us —uol|2(o;ra), an important feature of the discretization would
be to preserve this asymptotic limit as §,h — 0. Discretizations which preserve the correct local limit
under spatial refinement h — 0 and 6 — 0 are termed asymptotically compatible (AC) [49]. For further
discussions and an incomplete list of AC methods see [7,11,27,32,41,45,48,51,57,58]. Here we numerically
solve (19) by employing a meshfree, particle discretization method introduced in [62] and analyzed in [18].
This optimization-Based meshfree method features asymptotic compatibility in the d—convergence tests

[5], i.e., when us 30 uo and one refines both § and h at the same rate, the numerical nonlocal solution
converges to the local limit. In this work we will also inverstigate the convergence of numerical nonlocal
solutions under the §—convergence setting, since banded stiffness matrices are obtained in such a setting
and scalable implementations are allowed. Therefore, we always choose h such that the ratio % is bound
by a constant M as é — 0.

Discretizing the whole interaction region §2; by a collection of points X}, = {Zi}{i=1,2,.,N,} C _Q;:s, we
aim to solve for the displacement u; ~ u(xz;) and the nonlocal dilatation 6; ~ 6(x;) on all z; € X5, N 2. We
first characterize the distribution of collocation points as follows. Recall the definitions [54] of fill distance
hx,,2 = sup min ||z; — x;||2 and separation distance gx, = imin||z; — ;||2, we assume that X}, is

z, X, Ti€Xn i#£)
quasi-uniform, namely that there exists cqu > 0 such that ¢y, < hy, o < cqugy,-

We first consider the spatial discretization for the static LPS model (19) through the following one point
quadrature rule at X}, [46]:

(L8w)i = =ty Yo e By () A — 1) Ko (&5 — 24]) (25 — 2) (6 + 0;) wia
C z;j—x; )Q(x;—x;
S o (2 — ) O )

wjfmi|

0 = sy o, e By (n) Ko (125 — ®i]) (25 — ) - (w0 — wi) wiii, for a; in (2§,
ui:up(wi), fOI‘ XT; in F;&,

u; — ui)wj,i = fi, for ZL; in .Q, (44)
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where we specify {w;,;} as a to-be-determined collection of quadrature weights admitting interpretation as a
measure associated with each collocation point x;. Particularly, we employ an optimization-based approach
to define these weights [51], by seeking w;,; for integrals supported on balls of the form

U S CEU TGRS VR RN (15)

z;E€EB;s(x;)

where we include the subscript ¢ in {w;,;} to denote that we seek a different family of quadrature weights
for different subdomains Bs(x;). We obtain these weights from the following optimization problem

argmin Z wii such that, In[p] =1I[p] Vp € Vy (46)
{‘"’J\i} x;€EB;s(x;)

where V), denotes a Banach space of functions which should be integrated exactly. For the LPS model
we take Vj, := {q = IJ)E!;)\B |p € Ps(R?) such that fBé(m) q(y)dy < oo} where p € Ps(R?) is the space of
quintic polynomials. As shown in [62], the above V}, provides a reproducing space which is sufficient to
integrate (44) exactly in the case where u and € are quadratic polynomials. We refer to previous work [51,
58,62] for further information, analysis, and implementation details.

For the dynamic LPS model (37), to discretize in time we apply the Newmark scheme. With time step
size At, at the (n+1)—th time step we solve for the displacement u ™" & u((n+1)At, x;) and the nonlocal
dilatation 07" ~ 0((n + 1) At, z;) following:

Ao gt 4 (Lhu)" T = f((n 4+ 1) A @) + 25 (uf + Atal + AL G7),  for @ in 2,

t2
ortt = S Kij(zg— )" (ul T —ul ) wj, for z; in 27,
m(6) z;€Bs(x;) ’ (47)
ul 't = up (), for z; in I},
ul = g(a), af = (@), for @: & 2z,

where £% is the discretized nonlocal operators as defined in (44). The acceleration and velocity at the
n + 1-th time step are then calculated as follows:

= i(u?'H —ul — Atul) — 4, althi=al + ﬁ(u;1 +a]th.
At? 2
Note that although the Newmark scheme is unconditionally stable, in all numerical tests we take a suffi-
ciently small time step size At < § so as to study the convergence rates with respect to J.

In the following we consider static and dynamic problems on three numerical cases: linear patch tests,
smooth manufactured nonliear solutions, and analytical solutions to curvilinear surface problems. For the
first two cases we consider square domains with Cartesian grids and mesh spacing h. For the analytical
solutions to curvilinear surface problems, we consider the deformation of a hollow cylinder under an internal
pressure po, with the setting plotted in Figure 3. Two types of grids are generated and tested: polar grids
where the interior nodes are generated as Xp N 2 := {(p1hcos(mp2h/5), p1hsin(mp2h/5))|p = (p1,p2) €
ZQ} N2, and Cartesian grids where the interior nodes are generated as X, N2 := {(p1h, p2h|p = (p1,p2) €
Z2} N 2. In all cases we adopt material parameters under plane strain assumptions:

E=1,2=Ev/(1+v)(1—-2v)),p=E/(2(1+v)).

Two values of Poisson ratio v = 0.3 and 0.49 are investigated which correspond to compressible and
nearly-incompressible materials, respectively.

We summarize the setup and report the formal convergence study for the static LPS problem in Section
6.1 and for the dynamic problem in Section 6.2. To investigate whether the theoretical convergence rates
in Theorem 5 and Theorem 6 are realized as § — 0, our numerical results particularly focus on identify-
ing the convergence rates of |[us — uo|[,2(,ps) and numerically evaluating the value of v by calculating

19751l L 1y = O(37).

6.1 Static Problem with Dirichlet-type Boundary Conditions

To demonstrate the convergence in static LPS problems and the impacts of Dirichlet boundary conditions,
three different settings are considered:
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1. Linear case: We consider as linear patch test the displacement

uo(z,y) = (3z + 2y, —z + 2y)
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Fig. 6 Static problem with linear extension boundary condition. Left: the L2(2; R?) difference between displace-
ment us and its local limit ug. Right: the convergence of ||Qv5||LOO(F ) in condition (A4’).

on a square domain 2 = [—1/4,1/4] x [~1/4,1/4]. Note that when the analytical uo is provided on I},
in linear patch tests the local and nonlocal solutions coincide.
Nonlinear case: We consider a manufactured local solution adopted from [61]:

uo(z,y) = [Az + C'sin(bz), 0], fz,y) = [(A+ 2p)b*Csin(bz), 0].

on a square domain 2 = [—1/2,—1/2] x [-1/2,1/2]. The parameters are taken as A = 0.9, C' = 1.4 and
b=1.6.

. Hollow cylinder case: We consider the expansion of a hollow cylinder under an internal pressure
po = 0.1. The classical linear elasticity model predicts displacements given by
Bz By
uo(x,y) oWt e

where o
(1+ V)(l - ZV)PORO B (1+v)poRoR1

K(R? - R3) K(R?—R3) ’
Ro =1 and Ry = 1.5 are the interior and exterior radius of the hollow disk. An illustration of the hollow
cylinder problem setting and displacement magnitudes are plotted in Figure 3.

A=

To establish the numerical convergence rates for the difference between us and ug with given extensions

of different degrees of regularity, for each setting three boundary extension strategies are considered to
provide data on the exterior collar I 5

1. Smooth extension: A smooth extended local solution is provided as up(z) for ¢ € I';;. In particular,

we set:

up(x) = uo(x), Ve in I
Results of solution convergence with smooth extension are plotted in Figure 4. We observe that the
numerical solution passes the patch test within machine precision. For the nonlinear case and the hollow
disk case, we observe second-order LQ(.Q;]Rd)-norm convergence for displacements in both compress-
ible and nearly-incompressible materials, which is consistent with the theoretical bound discussed in
Theorem 5 (a) and Remark 1.

2. Constant extension: The naive fictitious node method is employed such that up(x) is defined by the

surface (local) data at its corresponding projection on 9f2. In particular,
up(x) = uo(E), Ve in I,
where T := argmin dist(y, ). We note that the constant extension on the boundary region doesn’t pass

yeonN
the linear patch test theoretically. Results for the three numerical cases are plotted in Figure 5, where we
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can see that ||g§5||Lm(F2}) is uniformly bounded but not converging in all cases, i.e., 7/ = 0. Therefore,
Theorem 5 (b) and Corollary 1 provides an estimated convergence bound for [[us — w0l 2(o.ra) a8
O(56'/?). Numerically, we observe an O(8 ) convergence for displacements, which is slightly better than the
0(51/ 2) theoretical convergence rate and suggests that the theoretical rate of convergence in Theorem
5 (b) might be sub-optimal.

3. Linear extension: We consider the mirror-based fictitious node methods which extends the surface
(local) and the interior data into the exterior layer F;g linearly. Particularly, we set

up(x) = 2uo(E) — us (2T — x), Ve in I,

where Z := argmindist(y, ). For the linear patch test case, machine precision accuracy is again ob-
yeonN
served. For the other two cases, in Figures 6 we present convergence results, where we observe O(9)

convergence for ||gm||LOC(F2_6) as § — 0, i.e., 7/ = 1. Therefore, an O(5%/?) theoretical convergence rate

is provided by Theorem 5 (b) and Corollary 1. On the other hand, numerically quadratic convergence
is observed for us — uo in the L? norm, which is again slightly better than the 0(63/ 2) theoretical
convergence rate.

6.2 Dynamic problem with Dirichlet boundary conditions
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Fig. 7 Dynamic problem with smooth extension boundary condition. Left: the L?(2;R%) difference between
displacement us (7, -) and its local limit uo (7}, ). Right: the convergence of ||g§5||LOC(F,) in condition (A4’).
25

With density p = 1.0, in dynamic LPS problems we also consider three different settings. To observe
the convergence with respect to §, in all cases we take a sufficiently small time step size At = 0.01 and
simulate until 7' = 0.1.

1. Linear case: We consider as linear patch test the displacement
wo(t, @, y) = (t+ 3z +2y,t — x + 2y)

on a square domain 2 = [—-1/4,1/4] x [-1/4,1/4].
2. Nonlinear case: We consider a manufactured local solution adopted from [61]:

uo(t, x,y) = [Az + Bsin(at)x 4+ Csin(bz), 0]
on a square domain 2 = [—-1/2,1/2] x [-1/2,1/2] with the external loading
ft,z,y) = [(A+ 2u)b>C sin(bz) — pa® Bz sin(at), 0].
The parameters are taken as A =0.9, B=0.1,C=14,a=1.0and b= 1.2.
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Fig. 8 Dynamic problem with constant extension boundary condition. Left: the L2(£2; R?) difference between
displacement us (7, ) and its local limit uo (7}, ). Right: the convergence of ||gﬁ5||Loo(F,> in condition (A4’).
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Fig. 9 Dynamic problem with linear extension boundary condition. Left: the L2(£2;R?) difference between
displacement us (7T, ) and its local limit uo(T),-). Right: the convergence of ||QE;||LOO(F7) in condition (A4’).
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3. Hollow cylinder case: We consider the expansion of a hollow cylinder under an increasing internal
pressure pot. Under this setting the classical solution ug is given by

o(t,z,y) =

Baxt
Axt + —
m+x2+

_ Byt

Ayt +
L
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where po, A, B and Ro, R; are as defined in the static hollow cylinder case.

Similar as in static LPS problems, three boundary extension strategies are considered to study the
numerical convergence rates with given extensions of different degrees of regularity:

1. Smooth extension: We set
up(t,z) = uo(t,x), Ve in F;;;,t > 0.

It is observed that the numerical solution passes the linear patch test to within machine precision. In
Figures 7 we plot the numerical results for the nonlinear and hollow cylinder cases, where second-order
L2 (02; R%)-norm convergence for displacements is again observed, which is consistent with the analysis
provided in Theorem 6.

2. Constant extension: We set

up(t,z) = uo(t,Z), Vain F;;,t >0,

where T := argmin dist(y, ). Numerical convergence results for all three numerical cases are provided in
yeonN

Figure 8, where we can see that the convergence rates are very similar to the static cases: Hgm”m(r)
25

is uniformly bounded with 4" = 0. Therefore, the theoretical analysis in Theorem 6 provides an O(8'/?)
bound for ||us — wuol] L2(s2;ray> While numerically we observe first order convergence.
3. Linear extension: We set

up(t,®) = 2uo(t,®) — us(t, 2 — x), Ve in IL5,t>0

where  := argmin dist(y, «). For the linear patch test case, machine precision accuracy is obtained. For
yeonN
the other two cases, in Figures 9 we plot the numerical results for ||us — uo|2( gy and [|[GUs HLOC(F—).
) 26
The convergence rates are very similar to the rates observed in static cases: second order convergence
rate is observed for us —uo in the L? norm and first order convergence rate for ||Gts ||L°°(F’ )- Therefore,
26

the numerical rate of convergence for ||us — wol|p2(g re) is half order higher than the theoretical rate
provided by Theorem 6.

7 Conclusions and Future Directions

The paper illustrates several aspects behind convergence of vector-valued solutions to nonlocal systems
of equations to classical counterparts. As a particular aspect, we investigate the relationship between
the smoothness of the extension of a classical solution and the degree of convergence as the horizon of
interaction shrinks to zero. The conclusion is that in order to increase the rate of convergence one must
align the nonlocal boundary data with smoother extensions of the classical solution. A better agreement
with the classical extension and a higher degree of regularity would guarantee a faster convergence rate.

The optimality of the theoretical results regarding the rates of convergence is an important question for
future explorations, especially as the theoretical results and numerical experiments exhibit an O(§ v 2) gap
in the order of convergence. It remains to be shown if one can produce examples of nonlocal solutions which
match the theoretical rates of convergence. For this direction, a sensible approach would be to explore more
irregular domains, or problems with more irregular data. These studies can further be carried out also in
terms of other types of regularity to nonlinear problems, e.g. nonlinear diffusion or wave propagation in the
nonlocal setting. While it is expected that more general kernels can be considered (due to the availability
of results in [19,20]), a much more complex investigation is needed for dynamic fracture, where the limit
for the nonlocal solutions would first need to be identified. Nonlinear problems in the vectorial setting
are additionally beset with well-posedness issues, especially as nonlocal Korn-type inequalities do not have
the same strength as for classical operators, so higher-order nonlinearities need to be tackled with more
sophisticated analysis tools.

Finally, these results have been obtained for Dirichlet-type boundary conditions, so Neumann-type
boundary problems such as [58,62] will be investigated elsewhere. An additional open problem would be
the investigation of convergence rates for higher-order problems, such as for the nonlocal biharmonic with
clamped or hinged boundary conditions, as introduced in [43].
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