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Motivation :

① Mot#→ Bence - Merriam - Osher (BMO scheme)
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een) = ↳Bn×% Xiii
excess function
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.

Ielr) / ≤ Ci
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Uco ) - { = - I [ een r"' tng (E) dr
A
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If f 91×71×1 dx < a ⇔ / girl ridrco.

0
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Uco) - { = - E ( C
' H + ◦a) )

Oct ) → 0 as E→ 0
,



If gcr) = in
- ˢ

,

S C- lol) for large n ,

uca - { = - Es ([ en÷s dr + ◦ en)
-

Hglo)

Borderline case 5=1

Uco) - { = - E /loge / (CH + ◦ co)



U
,
10 ) = XE * 0, % 107 = E-

' (C " tocn )
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C
"
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1115nA ≤ ce -2

0 C- DE moves in the 2 direction

co EZ ( H + ◦en ) if 5 9cm 1×1 dx < a
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S - non - local mean curvature
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② Phase - transitions

→
u : r → R density
W : R → Rt double - well potential

AIErgymodel-flu.se) = f E Hutt Wcu ) dx
r

E Hut - penalizes changes at small scales .



u≈ -1

Theorem ( Modica - Mutola )
-

As E →0
,

minimizes we U≈1

converge on subsequences

UE → ✗
E
- XE , in L

'

e-
G)

with E a set of minimal perimeter in R .

( OE is a minimal surface )



Theorem ( S
.

- Vaedimoci)

Minimums of
2

g) lu⇔-u dxdy + f win ] dx
Ix-y/

Mts

converge on subsequences as {→ o to

UE → ✗
E
- ✗
Ec

in ↳
•

(r)

with E a set of minimal s-perimeter .

( minimizes [✗E- ✗Ec]
# ska,
) .



② Classical minimal surfaces ( see Giusti [G])

D_efim : Perimeter of E in R :

Pr (E) = [ ✗E)
Bun,

= I TVXE /
r

= sup Jrxedivg dx

1g / ≤ I

gEC◦%

xÉIf OE
c- C

' them

sup §
,
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do = H
"

/d-nr)
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key steps in the theory :

① Lower semicontinuity-

Ek → E in L
'

Cr) ⇒ liming Podge ) ≥ PIE)la

② C-mpactnessprlc.ie) ≤ M ⇒ Ekm → E in L'
e-
(r)

.

③ Existence
There exists E that minimizes Ppr (E) among all

sets that are fixed outsider .



No uniqness ! µ ☒
Definition : c- minimizes P"""" "" "

☒Pr / E) ≤ Pr (F)

if E IF CCR
.

✗

(OR DE minimal surface in r )



④ Densityestimates

OE minimal in R
,
0 EOE

,
them

ten Bnl X
1- Co ≥
- ≥ c. ,

f Br CR
113^1

C. > 0 depends only on me
.

⑤
C-ompactn-essofmimimioersdc.ieminimal in R ⇒ C-

km
→ E in L'eacr)

OE is minimal in R
.



⑥ MhiGfam#

DE minimal
,
o EOE ⇒ %¥m in ~

o%✓
" ""⑦ Blow-up

SOEminimal
,
◦ EOE ⇒ ✗KE → E- in L'

e-
(Rn)

for some ✗
a
→ • .

Moreover
,
E- is amimimalcone ( hang . of deg 0)

E - blow - up cone
at ◦

-1¥



⑧ T-la-tnecimplies-regula-u.ly

☒OE minimal in B
,
and

I ✗a ≤
-El C E C { ✗

_
≤ % }

◦ ,
E◦ small.

Then DE is smooth in Big .

E- is a half - space ⇒ E is smooth near 0 .

⑨ Rigidity_ofcones
Simons theorem :

Minimal cones are half - spaces if m≤ 7.

Bowebieni - De Giorgi - Giusti : I ✗it . _
+ ✗is ✗it . - t ✗I } is

minimal in R ?



④ DEtioˢ
DE minimal ⇒ DE is smooth except on a

closed singular set of dim .
m-8

.

④ Mi#g≈aphˢ
"ᵗ ^ "" "" """

' 9 " → R """""

7 ! E minimizes perimeter in R ✗ R

with tiny data given by subgraph of g.

DE = } (× , next ) , ✗ c- r } u E CTR) A Ctr)
.



③ The fractional s - perimeter and nonlocal minimal sets .

Definite : S C- 10,1 )
,
E CR " measurable

The s- perimeter of E in R is

P
s,r(E) = [✗£ ] = If l✗E⇔,¥;,% dxdy

It"4r) R'✗R"-Kiri )

i.e.

P (E) = Jayan
,µ,,

'✗ dxdy
Sir / ✗ -y /
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Notation :

↳ CA
,
B) = fax , p+s ᵈ×ᵈY

a) L (A) B) = LIB
,A)

b) L (Ai VA
, B) = LCA , ,B) + L(Az, B) if AiRAz=¢

c) LITA , t B) = d
"

L CA
, B)



d) E smooth bounded set
.

!
,

L /E, E
'

) < so

/
Bien uts dy ≤ c is

linn ( l - s ) ↳ (E , E
'

) = Cm Pence)
s- l

-

- S

S Tints ᵈY → culet
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Definition : E is a

s-nonlaalminimalset-inriyps.r.IE) ≤ Ps,r( F) if Enr
'

= Fnr
'

(◦ROE is a s - nonlocal min . surface)

1) variational supersolution property : Ac Echr

LCA
, E) - L (A

,
E
'
- A) ≤ 0

¥x
Exercise : E s -minimal inr ⇔ satisfies sub /superstation

property



Heuristically , if A = of
.

,
✗
◦
EOE them

Hscx. ) = p.ir. J ✗E d×

Rn
/ ×- % /

nts

= 0

( Lecture 2)



① Iropont ( lower semicontinuity )

Ek → E in L
'

CRY ⇒ liming Ps,n(Ek) ≥ Ps,r(E)la

Proof :

Ah → A , Ba → B in L
'

la

✗ G) ✗13,4 ) → Xacx ) ✗BG) far are (×,y)Are

liming L (Au
,
Bk) ≥ L ( A

,
B ) ( Fatou 's lemma )



② Iropon ( Existence )

Given E. Cri
,
7 a minimizer E to

min P
s,r( E)

Enn
'
-
- c-
◦

'

Proof Psn (Eo ) < • .

Let Ek be a sequence with Ps.r( Eu ) → iufps.ir .

✗
E
E H
"2

a
e-
A) ⇒ Ek → E in Ecr]

⇒ Eh → E in L' (r) ⇒ E is a mininuiter .



③P⇒aitiI (compactness of minimizer)
Ek nonlocal min .

sets in R
, Eh → E in Iea (Rn)

Them E is a nonlocal min
.
set on R

.

Fk = {
F ius%→
E. ink

Ps ( Fk ) ≥ Ps ( En )

↓ ask→ • V1 l.se
.

Ps (F) ≥ Ps (E)



/ Ps /Fe ) - Ps (F) / ≤ LCR,(Era E) nri)

as k→ -0

EKAE → 0 in L'
e-
⇒

L / r, r
'

) < • 0

¥1#
FI



④ Preposition (Density estimates)
E s -minimal in r } ⇒ / En Br / ≥ CIBNI
◦ EOE

with Cls,m ) > 0 .

Remark : ✗
◦
EOE means / Bncx.] ME / >0 , / B~cx.ME

' / > o

f n >0 .

Proof Assume IENB
,
/ ≤ c small

.

W.IS/EnBy
,

/ = 0 .



Let £n=EnB~ '
"" = ""

¥¥[acr) = It
"

/EndBn) 3

L / En , E
') ≤ L / En, E- En) tach

L / Er , Ei ) ≤ 2L (Er, E-E)≤ 2L /En, Bi )
Sobolev iueg .

L( Er , Ei ) ≥ Clent
' -£

r

Vcr )
" £

≤ Cif
,
alp) ( r-g)

- s

dg



1- £ r

vlr ) ≤ Cif
,
alp) ( r-g)

- s

dg

Integrate re [◦ ,ᵗ ] :

t t
i - s

f. vcr]
' - £
dr ≤ Ci /

◦
ace) (t -g) dg

≤ Cit
' -suit)

set tk = { + 2-
k

, ok
= Ulta )

1- £
(th - tut,) Vk+ , ≤ Ci vie

Vie → 0 if % sufficiently small .




