LECTURE NOTES ON NON-LOCAL MINIMAL SURFACES

OVIDIU SAVIN

1. INTRODUCTION

We develop the basic theory of non-local minimal surfaces and follow mostly the
original paper [CRS]. We start with some motivating examples about non-local
minimal surfaces.

1.1. Motion of sets. Assume that £ C R"™ is a smooth bounded set.

We can generate a motion for the set E' by the following scheme introduced by
Bence-Merriam-Osher (BMO scheme):

Let

p(x) = g(lz) = 0,

be a smooth radial symmetric kernel with integral 1, and € a small parameter. We
define Fj, inductively as the 1/2 level set of the convolution between Ej_; and .,
the € rescaling of ¢:

1
E = {u>2}, U= XE_; * Pe,

ve(x) :=e "p(x/e), FEo=E.
We obtain a continuous evolution of sets as the parameter ¢ — 0. It turns out
that the evolution depends on the decay properties of ¢ at infinity.
Indeed, assume that
0 € 0F,
and denote by
faBr XEe — X do
e(r): = |
_ HYE°NOB,) —H" Y (ENJB,)

rnfl

the excess function. Notice that
le(r)] < C, e(r) =c, Hr + o(r?)

where C', ¢, are universal constants depending only on n and H denotes the mean
curvature of OF at 0 with respect to the inner normal v. We have

u(0) — % = —% /OOO e(ryr"~te™"g(r/e)dr

(1.1) =-3 /OOO e(er)g(r)r™'dr

If ¢ decays at infinity so that

(1.2) /gp(x)|x\dm < 00,

1
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then, by the expansion of e(r) near 0 we obtain

u(0) — % = —¢(dH + o(1)),

with o(1) — 0 as € — 0, and

d = cn/ g(r)r™dr,
0

is a positive constant depending on g and n.
On the other hand, if ¢ has fatter tails at co, for example

(1.3) g(r)=r"""° for large r, s € (0,1),
then the integral in (1.1) is of order €° > ¢,

u(0) — % = —%ss (/OOO fl(i)g dr + 0(1)) )
with

(1.4) H, = /0 h fl(:) dr.

In the borderline case s = 1 we obtain

u(0) — % = —¢|loge| (enH + 0(1)) .

Since
1, (0) = X * 0,0:(0) = e (" 4 0(1)), |D?u| < Ce™2,
with ¢ = ¢’(g,n) > 0 it follows that 0 € E moves in the v direction by an amount
coe(H +o(1)) if (1.2) holds,
or
coe' T (H, + 0(1)), if (1.3) holds,
or
coe?|loge|(H + o(1)), if s =1.
By taking the time interval between consecutive iterations accordingly, we obtain

that E evolves either by mean curvature motion H, or by nonlocal mean curvature
motion H, defined in (1.4). Notice that we can rewrite H, formally as

H,(0) = A (xge — x8)(0).
1.2. Phase transitions. Let u : @ — R be a density, and W : R — R™ a double

well potential, say with minima at —1 and 1. A typical example is given by
W(t) = (1 —t*)2

The Ginzburg-Landau energy model associated to u is given by
J(u, Q) = / e|Vul? + W (u)dz,
Q

where W (u) represents the potential energy and €|Vu|? the kinetic energy which
accounts for the changes in the density at small scales. A minimizer u is expected
to stay close to the least energy phases +1 except on a region of thickness ~ /e
where it transitions between the two values. Modica and Mortola showed that as
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the parameter ¢ — 0, the transition region converges to a a surface of least area,
i.e. a minimal surface :

ue = Xg — Xge in L}, (), and E minimizes perimeter in Q.

A similar analysis can be made for a model where long range interactions are
present, and the kinetic energy is replaced by

2 _ & [ (u(@) —uy)
6[U]Hs/2 = 5 / Wda:dy, s € (0,2)
It turns out that the value of s plays an important role in establishing the behavior
of minimizers as € — 0. If s € [1,2) then, interfaces converge to a classical minimal
surface as before, while if s € (0,1) the interfaces converge to a non-local minimal
surface. (see [SV] for further details)

Next we review some of the main results for classical minimal surfaces.

1.3. Classical minimal surfaces. It is convenient to think of surfaces as bound-

aries of measurable sets E, and define the surface area of OF or the perimeter of E
in Q by

Po(E) = [XE]lBV(0)
= sup / xedivgdr with ¢ge C§(Q), g <1.
Q

Notice that if OF is of class C* then
Po(E) =H""YOENQ),

as expected. We list some of the key steps and refer to the classical book of Giusti
[G] for the details.
We assume that 2 is Lipschitz and bounded.

1) Lower semicontinuity:

E, — FE in Llloc(Q) - lim inf PQ(Ek) > PQ(E)

2) Compactness: If Pqo(FE})) are uniformly bounded there exists a convergent
subsequence of the Ej in L*(Q).

3) Ezistence: There exists a minimizer £ which minimizes the perimeter Pgn(E)
among all sets which are fixed outside €.

We remark that uniqueness does not hold in general. Also, F minimizes perime-
ter in Q (or OF is a minimal surface in Q) in the sense that Po(F) > Po(E) for
any set F' which equal F outside a compact subset of ).

4) Density estimates: If E minimizers perimeter in 2, and 0 € F then
(1 —¢o)|Br| > |EN B > ¢o|Brl, VB, C Q,
for some ¢y > 0 small depending only on n.

5) Compactness of minimizers: If E), minimize perimeter in Q, there exists a
convergent subsequence in L!(Q) to another minimizer of the perimeter.
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6) Monotonicity formula: If E minimizers perimeter in €, and 0 € 9F then
Pg, (E)

rn—l

is monotone increasing in r, as long as B, C ().

7) Blow-ups: If E minimizers perimeter near 0 € 9F, there exists Ay, — oo such
that
)\kE —C in L}

1oe(R™), with C a minimal cone.
A minimal cone is a homogenous of degree 0 set which minimizes perimeter in R™.

The above cone C is called a blow-up cone of E at 0.

8) Flatness implies reqularity: If the blow-up come C is a half-space, then the
original surface OF is smooth near 0.

9) Rigidity up to dimension n < 7: The only minimal cones are the half-spaces
if n < 7. Moreover, in R® the Simons cone

x%+..+xﬁ§w§+..+m§

is a minimal cone.

10) Dimension reduction: If E minimizes perimeter in €2, then F is a smooth
hypersurface except on a closed singular set of Hausdorff dimension n — 8.

11) Minimal graphs: Let Q be a mean convex domain, and ¢ a continuous
function on 0€2. There exists a unique minimizer E of the perimeter functional
in the cylinder Q@ x R ¢ R™"! with boundary data given by the subgraph of ¢.
Moreover, FE is the subgraph of a function v which is smooth in {2 and achieves the
boundary data ¢ continuously.

2. THE FRACTIONAL S-PERIMETER AND NONLOCAL MINIMAL SETS

We introduce the fractional s-perimeter and the corresponding s-nonlocal mini-
mal sets.

Definition 2.1. For s € (0,1), we define the s-perimeter in Q of a measurable set
EcR" as

1

/(Rnxw)\(ﬂcmc) |z —y|"ts

2
dxdy.

We use the notation
L,(A,B):= /
Axp |z —
and often drop the subindex s whenever there is no possibility of confusion.

Notice that
L(A,B) = L(B, A),
L(AjUAy,B)=L(A1,B)+ L(As,B) if A1NAs=0
L(AA,AB) = \""°L(A, B),
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and if F is a smooth bounded set then
L(E,E°) < oo, and lim (1 — ) Ls(E, E€) = ¢, Prn (E),

s—1—
for some constant ¢, > 0 depending only on n. We can rewrite
Poa(E) = | XEENE )
(RrxRP\(QexQe) [T —y["s
=LIENQE)+ L(ENQ° E°NQ).
Definition 2.2. We say that F is a s-nonlocal minimal set (or that OF is a s
nonlocal minimal surface) in a bounded Lipschitz domain 2 if
P, o(E) <P, o(F) if ENQ°=FNQ°.
It follows that F is a nonlocal minimal surface if and only if it satisfies the

sub/supersolution properties (with respect to outward direction to F)
i) subsolution property

L(A,E\A)—L(A,E®) >0, VACENQ,
ii) supersolution property
L(AE)—L(AE°\ A) <0, VACE°NQ.
Heuristically, if we take A ~ 0., with o € OF, the left hand sides are “equal”

to the nonlocal curvature
XE — XEe¢
H. (xzg) = = dx.
s(%0) /Rn x — x| ts

The Euler-Lagrange equation states that H(zo) = 0, see Proposition 2.8.
The goal is to develop basic properties of s-nonlocal minimal surfaces analogous
to the classical setting. We start with a few simple results.

Proposition 2.3 (Lower semicontinuity). If Ex, — E in L}, then
lim inf PS,Q(E]C) Z PS)Q(E).

Proof. Tt follows from the lower semicontinuity of L:
If A, -+ A and B, — B in L} , then up to subsequences we have

loc?

XA, ()xB, (Y) = xa(x)xs(y) forae. (z,y),
and
liminf L(Ag, B) > L(A, B),

by Fatou’s theorem.
O

Proposition 2.4 (Existence). Given a measurable set Ey C Q¢ (boundary data),
there exists a minimizer E to the problem
i P, o(F).
paRL , Pro(E)
Proof. Since Ps q(Ey) < oo, the infimum is finite. Let Ej be a sequence of
sets for which P; o(FE})) converges to the infimum value. The uniform bound on
IxE, m+/2(q) and the compactness properties of local H*/? functions imply that, up
to subsequences, Ey, — E in L? (). This convergence is valid in L'(R"™) because
the functions agree outside 2¢ and are uniformly bounded. Now the minimality of
E follows from the lower semicontinuity property.
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d

Proposition 2.5 (Compactness of minimizers). Let Ej be nonlocal minimal sets
in  and assume that
E,—FE inlL},.
Then E is a nonlocal minimal set in 0 and
limPsyg(Ek) = PSQ(E)
Proof. Let F be competitor of E which agrees with E outside €2, and let F;, be the
set which equals to F' in 2 and E, outside ). By minimality of E,, we have
Ps o(Fr) > Pso(Ek).

We claim that the left hand side converges to Ps o(F) as k — oo and the result
follows from the lower semicontinuity. Indeed,

|PS7Q(F[€) - PS7Q(F)| < L((EkAE) N Q°, Q)

and the right hand side tens to 0 by the Lebesgue dominated convergence theorem.
Precisely, if A, C Q, B, C Q°, and A, = A, B, — Bin L} then

loc
L(Ak, Bk) — L(A, B),
since
XAy (T)xB, (¥) < xa(®)xa:(y),

and the right hand side is integrable.
O

Proposition 2.6 (Density estimates). Assume that 0 € OF, and E is a nonlocal
manimal set in Q0. Then

|ENB.| > c|By|, VB, CX.
for some small ¢ depending on n and s.

Remark 2.7. We understand OF in the measure theoretical sense, i.e. the set of
points zg € Q for which

|B,(zg) NE| >0, |B.(xg)NE>0 forall rsmall

The remaining points are either interior to F or to E°.
Notice that OF is a closed set.

Proof. Assume that |E'N By| < ¢, with ¢ sufficiently small, and we want to show
that |E'N By /3| = 0. Denote by

E,.:=ENB,, uv(r):=|E] a(r) =H""YENIB,).
We use E \ B, as a competitor and find
L(Ey, E°) < L(E,, E\ E;)
which gives
L(E,,Ef) <2L(E,,E\ E,) < 2L(E,, BY).
Now we use the Sobolev inequality
L(E, Ey) > c|E, |,

and obtain
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We integrate in r from 0 to ¢:

/ v(r)! T wdr < / a(p)(t — p)' " dp < Ct~"u(t).

0 0

We set
1 —k
ty = 3 +27% v = w(t),
and obtain

1— 5
(tk — thr 1)V, {7 < Cug,
which gives vy — 0 if vg sufficiently small.
(I

As a consequence of the density estimates we obtain the uniform convergence of
OE), to OF whenever Fy, — F in L'.
Next we discuss the Euler-Lagrange equation in the viscosity sense.

Proposition 2.8 (Euler-Lagrange equation). Assume that E is a variational su-
persolution, and it has an interior ball tangent to OF at xg. Then

XE — XE-
H, = === dx <0.
(o) /Rn Iz — x0|"+s U

We remark that the integral above is understood in the principal value sense,
i.e. ® o(r)
e(r
Hg(x) = /0 Fits dr,

e(r) == 1 / L XE X dH el <
OB, (xo

Notice that Hs(zg) € (—o0,00] is well defined due to the existence of the tangent
interior ball which implies

with

e(r) > —Mr for small r.

Proof. We use a calibration argument. Assume that
Bl(*en) C Ea
and denote by

. 1
At :=F OB%+t(—§en), te [075],

. 1
A :=F ﬂaB%_‘_t(fien).

We claim that
(21) L(At,E) —L(At,EC\At) = Hs($)dl‘,
Ay

where Hj(z) represents the curvature of the set A,UE, p € [0,t], for which z € A7,
Notice that the terms in the equality are well defined in (—oo,o0] as the term
L(A¢, E°\ A;) is bounded above, and Hg(z) is bounded below.

The conclusion follows easily from (2.1). Indeed, by continuity, if Hs(0) > 0
then H,(x) > 0 for all x € As provided that ¢ is sufficiently small. We contradict
the variational supersolution property for A = As.
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First we establish (2.1) for the truncated kernel
K(z) := |2[~""xz.,

and the corresponding expressions Ly (A, B), Hs k(x). For this we differentiate the
left hand side of (2.1) with respect to ¢ and for a.e. ¢ € [0, 0] we obtain

L.

Lg(x— y)d%‘l) (xe(Y) — XEa\4, () dy

LA

We interchange = and y in the second integral and obtain

’
t

Lg(z — y)d’HZl) xa(z)de.

/
t

- / / L (z = y) (xaurp(y) — xea, () dy dH; ™

= | Hx@a
Al

d
=2 H,xd
dt J,, e

Both sides of (2.1) are Lipschitz in the variable ¢, thus we have established (2.1) for
the truncated kernels K. Now the result follows by letting ¢ — 0, and using that

Lik(A,B) — L(A,B), H;k(x)— Hs(x),

and —C < H, g(z) < Hg(z) + o(1),

with o(1) = 0 as e — 0.

Problems

1. Assume that F is a nonlocal minimal set in Bj.
a) If g € OF, show that

L(E N By(x0), E° N By(xg)) > er™™?, Y By(z9) C Bs.
b) Deduce that
H'2(OF) = 0.
¢) Show that E N B,.(xg), and E° N B,.(xg) contain a ball of radius cr.
2. Assume that s € [1/2,1).
a) Let @ be the unit cube, and assume that 1 —§ > |Q N A| > 6. Show that
(1 - S)LS(A7 Q \ A) > c(n>6)a

with ¢(n, d) depending only on n and § (but not on s).

b) Show that the constant in the density estimate depends only on n.

c) Prove that if s — 1 and (1 — si)Ps, o(Er) < M, then there exists a subse-
quence Ey, — E in L1(), and E is a set of locally finite perimeter in Q.
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3. THE EXTENSION PROBLEM AND MONOTONICITY FORMULA

We consider the Caffarelli-Silvestre extension of u € H*/?(R™) in the upper
half-space of one dimension higher

RV = {X = (v,2)[z €R", z>0}.
Recall that U € HY(R}™, 2173dX) is defined as the solution to
div(z'*VU) =0 in R}, U(z,0) = u(x).
Then A*/?4 can be expressed in a local way, i.e. if u € C$°(R") then

AN Pu(z) = en s lim 21700, (x, 2),
z—0

with ¢, s depending only on n and s.
The H®/? energy of u can be expresses in terms of the H' energy of U:

(3.1) [U] re/2 = cn’s/\VUle_SdX.
Indeed, for u € C§°(R™) we have
[U] gs/2 = f/u(x) A 2y (z)dx
= —Cn,s lim/U(amz) AU, (x, 2)da
z—0
=Cn.s / VU |?2'%d X,

and the general result follows by approximation.

The extension problem makes sense for more general functions v € H, ;;)/62 (R™) as
in our setting that satisfy the growth condition

|u(@)|
——————dx < 0.
/]R" (1 4 [a])mts

Proposition 3.1 (Extension problem). Assume E be a nonlocal minimal set in
and let U be the extension of u = xg — xXge. Then U minimizes locally the energy

/ |VU|?2'—*dX
Ry H

among all compact perturbations V' with trace v = xp — xpe and FAE C Q.

Here by a compact perturbation we understand that V' = U outside a compact
set of R™*! (and not of R7T.)

Proof. If E has compact support in R™ then the proposition follows directly from
(3.1), as xg € H*/?. The general case follows by approximation.

Indeed, let W be a function with support in Bx C R**! and with trace v —u on
z = 0. Also let Ug, Vg be the extensions of pru, ¢rv where pr denotes a cutoff
function which is 1 in Br and 0 outside Bsg.
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We use the minimality of Vg for the extension energy J among functions with
the same trace and obtain

JUr+W)—=JUg) > J(Vg) — J(Ur)
= c([vr]gss2 — [ur]ger2)
= C([”R}Hsﬂ(n) - [uR]HS/2(Q))'

As we let R — oo, the right hand side converges to a nonnegative constant by the
minimality of E, and Ug — U in H. (2'7°dX) and obtain that

J(U + W, Bx) — J(U, Bg) > 0.
O

Theorem 3.2 (Monotonicity formula). Assume E be a nonlocal minimal set in
and let U be the extension of u = xg — Xge. Then

Py(r) = rs‘”/ |VUPz'*dX,
B

is monotone increasing in r as long as B, C Q.
Moreover, ® is constant if and only if U is homogenous of degree 0.

Proof. We let U be the 0 homogenous extension of U from OB to the interior of
Bf. We compute

d
20 ()= = / IVU|?2'*do — (n — s)/ |VU*2'~%dX
dr OB+ -

z/ |VU|2z1_sda—(n—s)/ VO 221dX
aBt B

d

T dr
=0,

D (r)lr=1

In the second line we used Proposition 3.1 and that on 9B}
IVU| = |V,.U| < |VU|.

Notice that in case of equality U, = 0 at all points on dB;".
O

Corollary 3.3. Let E be a nonlocal minimal set in a neighborhood of 0 € OF, and
let U be its extension. There exists a sequence N\ — 0 such that

M\ 'E — Ey, Urz) — Ug(z) in Liy,,

with Uy the extension of Ey. Moreover, Uy, Ey are homogenous of degree 0 and Ey
is a global nonlocal minimal set Ey with 0 € 0FE.

The set Ey is a blow-up cone for E at the origin.

Proof. We sketch the proof. First we remark that if £ is minimal in B and 0 € OF
then, by density estimates,

(3.2) e < J(U,BF) < Or"s, J(U,B;) ::/ |VU[*2'%d X,
B
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for all » < 1. Also, the L? convergence of U(z, z) to its trace u(x) is locally uniform
as z — 0 since

(4(2) - 9(0))* < C=* / (g,

which gives
U (x,2) —u(@)||?,, .+ \ < C2°J(U,By) < Cz°.
L (31/2)

Let U = U(Agx) be the extensions of the minimal sets Fjy = )\IzlE. Using that
|Ug| <1, and that they are uniformly Lipschitz in any compact set of R'frl, after
passing to a subsequence, we may assume that U, — Uy uniformly on compact sets,
(and therefore U, — U in L}, ). Then the traces of U}, converge to the trace of U in
L? (R™), i.e. U is the extension of a set Ey, which is minimal by Proposition 2.5.
Notice that the convergence of 0Fy to OFy is uniform in By by density estimates.

We obtain the conclusion by taking the limit in the monotonicity formula for the
Uy, and obtain that ®g, () is the constant ®;;(0+). For this it remains to establish

the convergence of the energies i.e.
J(Uy, Bf") — J(U, BY).

Indeed, we cover OFy N By with a collection of balls B, ((z;,0)) with finite overlap
and let O denote their union. We choose r sufficiently small such that J(U, O) is
also small. Then, by (3.2), it follows that J(Uy, O) is comparable to J(U, O), thus
it is also small. Notice that outside the set O the traces of Uy and U are constant
and equal in balls of size ~ r. The convergence of the energies in By \ O follows
from the interior and boundary estimates for the extension problem, and the claim

is proved.
O

4. IMPROVEMENT OF FLATNESS

Next we study the case when E is sufficiently close to a half plane in B;. We
end up in this situation after a dilation, whenever the blow-up cone at zog € OF is
a half-space.

Theorem 4.1. Assume that E is a nonlocal minimal set in B1 and
{z, < —ep} C E C{x, <eo} in By,
with g9 small, depending on n and s. Then OF is a CY% graph in Bys.
We prove the following result.
Lemma 4.2. Fiz « € (0,s), and assume OF is a viscosity solution of the Euler-
Lagrange equation in By, and 0 € OF. If
{z-v< T} cEc{z-v<rt} inB,,
holds for a finite number of radii r = ri, = 27F, and unit directions v = vy, with

k=0,1,.., ko, then it continues to hold for all other integers k > kg, provided that
ko is chosen large depending on «, s, n.

Lemma 4.2 is stronger than Theorem 4.1 since it does not require minimality of
E. It does not hold in the setting of classical minimal surfaces, i.e. take OF to
consist of a collection of parallel planes.

The idea is to show that sufficiently flat solutions to the Euler-Lagrange equation
are well approximated by the graphs of a (1+s)/2-harmonic functions, which satisfy
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the improvement of flatness statement of the lemma. We prove the lemma by
compactness. and show that in the flat situation the Euler-Lagrange equation for
OF linearizes to the graph of a (1 + s)/2-harmonic function.

Proof. We prove the lemma by compactness. Assume by contradiction that the
statement does not hold, i.e. there exist minimal sets E} such that after an initial
dilation of factor 7",;1 and a rotation, satisfy

{zy, < —er} C By C {x, <ei} in By, ej:=2"%,

and outside B, Ex has the growth condition

{z, < —Cepr'™) C By C {x, < Cepr' ™} in B,, forall 7 > 1,
but OFy N By, cannot be trapped between two hyperplanes at distance ep2 17,
The second inclusion follows from the fact that dFEy N B, is trapped between two
hyperplanes at distance gxr!*® if r = 2™ m > 0, and C is a large constant

depending on n, «. This inclusion is meaningful only for the values of r for which
Cepr® < 1. In particular it shows that

[ e
Be(xo) |z — o]

For simplicity of notation we drop the subindex k.

(41) < Cr® g Vrg € B, NOE,, r>1.

Step 1 (Harnack inequality): There exists § > 0 depending on n,a,s, such that
in the cylinder
Cs = Bj x [—¢,¢]
either
(4.2) {2, > (-1+6*)e} CE, or EC{x,<(1-6)e}

Suppose E covers more than half of the measure of the cylinder Cs. We slide the

parabolas
T, =c(t—1—]2/|%)

by below, and increase ¢ from 0 till ¢ = tg, the first time it touches OF at a point
xo. We claim that to > 262 which implies the first inclusion in the dichotomy (4.2).

Indeed, if ¢y < 262, then we contradict the Euler-Lagrange inequality at zo from
Proposition 2.8. For this we let F' denote the subgraph of the parabola in By,
extended with E outside By. Then (4.1) implies that

HS,F(xO) Z —C€,

hence

XE\F
Hs,E(l'O) > Hs,F(l‘O) + 2/ 7\n+s
Bas |z — 0]

> —Ce+ Ces (119
> 0,

where in the second inequality we have used that |Cs| > ced"~! and that ¢ <.

Step 2 (Compactness): Up to a subsequence, the vertically rescaled sets
G = {(@,z,)| (2 exz,) € OEL}
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converge uniformly on compact sets to the graph of a Holder continuous function
T, = w(z'), weC?, w0)=0, |w) <CO+|2|'T).

This follows by iterating Step 1 several times. We only sketch the argument.
After one iteration OF is included in the cylinder
B(lg X [a1€,b15] with bl —a] = 2 — (52.
We rescale by a factor of 61, and verify that Step 1 can be applied again. We can
continue the iteration to deduce that OF is included in the cylinders
Bjm X [amé, bme]  with by, — am = 2(1 — 6%/2)™.

(Check that the tails remain well behaved in the iteration !)
Step 1 applies as long as the flatness of these cylinders, £(b,, — a,,)0 ™™ are less
than ¢ (which corresponds to € ~ 1 in Step 1). This means that

m ~ |loge|, som — ooase— 0.

In the limit this gives a Holder modulus of continuity for the vertical rescaled set
G at the origin. We apply this argument to the other points on OF, and a version
of Arzela-Ascoli theorem implies the conclusion.

Step 3 (Linearized equation): The limiting function w solves
1+s

AZw=0 in R

in the viscosity sense.

Assume by contradiction that ¢ is a smooth function that touches w strictly by
below at z(, and
A%cp(xg) >4
Let M be a sufficiently large constant, to be made precise later. By Step 2, in
the cylinder |2’ — x| < M, small vertical translations graphs of ejw(x’) become
tangent to OEj by below at a point zj with x}, — (. Let F) denote the subgraph

of this translation of e, w(a’).
By (4.1)

H, g, (x1) > / M Z X Gy 1 O(er M),
B, (z) ) xR |z — @y
Since 0F}) up to its second derivatives is of order ~ e near x; we obtain that the
integral above in the cylinder By, (z},) x R is equal to O(exp'~*). In the remaining
annulus we use that

@ — ] = |o — 2} + O(e})

in the cylinder centered at xj of height €5, and obtain
') — o(z]
H, g, (zr) > 2¢y / <p(/)7/507(l+,:)dx, +O0(e}) + O(epp' ™ + e M%),
(Bh B () [ = T
We choose i small and M large depending on § and ¢ and obtain that
Hs,Ek (l’k) > 5k5 > 07

for all large k, a contradiction.
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Step 4: Step 3 and the growth of w at infinity impy that w is a linear function
by Liouville theorem. The uniform convergence of Gy, to the graph of w gives that
E} can be trapped between two hyperplanes at distance £,27 1% in By /2, and we
reached a contradiction.

|

Remark 4.3. Higher C*° regularity of F can be obtained by considering the Euler-
Lagrange equation for C1 graphs, see Barrios, Figalli and Valdinoci [BFV]. The
method above can be adapted to give C1'* regularity for all a < 1.

Remark 4.4. The constant €9 in Theorem 4.1 can be taken independent of s as
s — 1. However, in this case we need uniform estimates in s in the proof of the
Harnack inequality, and minimality of E has to be used. See the paper of Caffarelli
and Valdinoci [CV] for further details.

The linearized operator.
Assume that F is a C? set, and denote by v the outer normal to 9E. Consider
the deformation
x — x+tn(z)y,
with v a smooth function, and denote by F; the image of E. Then, the change in
the non-local curvature at a point xg € OF is given by

d B n(z) — n(zo)v(zo) - v(x)
ﬁHs,E,, (7o) |t=0 = /aE I _0$0|nfs dx

@), 1w v,
_/a dz + n( 0)/ dx.

B |7 — x| T oE T — x0T

In particular, if E' is a non-local minimal and e is a fixed direction, then n = v - e
solves the linearized equation above with 0 right hand side.

We state a few consequences of Theorem 4.1:
a) The half-space is the cone of least energy.

b) There is a first dimension ng € [2, o0] for which a non-planar minimal cone C
exists, and OC is smooth outside the origin.

¢) If E is a minimal set in 2, then OF is locally a smooth hypersurface in {2
except on a closed singular set of Hausdorff dimension n — ny.

5. RIGIDITY OF CONES

Classification of cones plays an important role in the regularity theory of minimal
surfaces. We present such a result in 2D and all s € (0,1).

Theorem 5.1. Let E be a non-local minimal cone in 2D. Then E is a half-space.

Proof. Let U be the extension of E in R?*1. Let ¢ denote a cutoff function which
is 1 in B}, and 0 outside Bf” and let e be a unit direction. Let

1/2
UL(X) 1= U(X +2ep(X)), U_o(X) = U(X — eep(X)),
Uy = max{U.,U_.}, U_ =min{U,,U_.}
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and then
J(U4,B1) + J(U-,By) = J(Us, B1) + J(U-c, B1) = 2J(U, By) + O(£?),
where O(g?) depends on the energy of U in By. Using the minimality of E
J(Ux, B1) > J(U, By),

we find
J(Ux,By) < J(U,By) 4+ O(£%).

If Uy does not coincide with either U, or U_. in By then, by unique continuation,
U, it is not a minimizer in this ball. The minimizer with the same boundary data
on B;’s lowers the energy by an amount oe?~* for some constant o > 0, where the
€275 factor comes from the scaling, and we contradict the minimality of U.
In conclusion U, and U_. are ordered which means that F is monotone in any
unit direction e, i.e. F is a half-space.
O

Theorem 5.2. Let E be a minimal cone in dimension n < 7 and s sufficiently
close to 1. Then E is a half-space.

This result follows by compactness from the theory of minimal surfaces and the
uniform in s estimates mentioned before. See Caffarelli and Valdinoci [CV] for
further details.

Davila, Del Pino and Wei investigated in [DDW] the stability of Lawson’s cones
for nonlocal minimal surfaces and showed that they are all unstable up to dimension
n < 6.

The argument of Theorem 5.1 can be used to provide a bound for the standard
perimeter of E.
Theorem 5.3. Assume that E is minimal in B1. Then

PBI/Z(E) < C(n,s).
Proof. We sketch the proof. Let E. denote the image of E under the transformation
x— x4+ ep(x)e.
Then, as above we find
P, g, (E.) < Py, (E) + Ce,
with C' universal. Denote by
E.=EU(E.\E), E_-=F\E..
Then, the identity (see Problem 1 below)
Py p,(Ey) + Ps g, (E-) = Ps B, (Ec) + Ps 5, (E) —2L(E: \ E, E\ E¢),

and the minimality of E implies

L(E.\ E,E\ E.) < Ce?,

1 1
(5'1) E‘EE\E|E|E\EE|§C
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In By s, E. is the translation of F in the direction ee. We restrict to By /o, and we

have
[ e
B2

[(EcAE) N Byjo| < C,

1B\ E| - [E\ E¢|| = < Cpe.

From (5.1) we find
1

€
and the conclusion follows from the next lemma.

Lemma 5.4.

1
limsup —|

coB o (EaAE) n Bl/2| Z CnPBl/2 (E)
e 1,€

Proof. Tt follows from the definition of the perimeter that there exists a coordinate
direction, say e = e, such that

1
/XE 9y dr > —Pp, ,(E),

— 2n
with g € C§°(B1/2), |g| < 1. The left side is the limit as ¢ — 0 of
1 1
[ xelote + ze) ~ glada = - [ (xe. ~ xedg(a)do

1
<= Ixe — xE.|
€ B2

O

Remark 5.5. In the proof of Theorem 5.3 we used the minimality of E only with
respect to infinitesimal perturbations. It turns out that the same result holds for
stable nonlocal minimal sets E, see Problem 2 below and the paper of Cinti, Serra
and Valdinoci [CSV] for more details.

Non-local minimal graphs. If Q = ' x R is a cylinder and the boundary data is
graphical with respect to the e, direction, then F is graphical in €. It turns out
that OF is smooth in 2, however it has discontinuities on 992 with respect to the
outside datum. See [DSV] and [CC] for more details on this topic.

Open problems. We conclude with some open problems/directions:

a) the classification of minimal cones in dimension n = 3 for all s € (0,1).

b) the notion of s-nonlocal perimeter and minimal surface in codimension > 2.

¢) the study of singularities for the s-nonlocal mean curvature flow (monotonicity
formula).

d) existence of self-smilar solutions for the s-nonlocal mean curvature flow, for
example the translating shape in vertical direction in 2D - H, g(z) = v(z) - es.

Problems

1. a) Assume that ENQ° C FNQ°. Show that
P&Q(E n F) + PS7Q(E U F) = Psﬁg(E) + Psﬁg(F) — QL(E \ FF \ E)
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b) Deduce that minimizers are well ordered with respect to inclusions induced
by the data outside €.

2. a) Prove the opposite inequality of Lemma 5.4:
1
g|(EEAE) N Bys| < PB%JrE(E)'

b) Show that
PS,B1/2 (E) < C(n> S)PB1 (E)

¢) Deduce the following version of Theorem 5.3:
if F is a stable nonlocal set in By then

Pp, ,(E) < C(1+ (Pu5, (E))'/?).

d) Use parts b) and c) and scaling to show that Theorem 5.3 holds for stable
nonlocal sets.
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