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Classical (=local) version
Let u € W12(Q,R) be a solution to
n
div(KDu) = ZB@( u)=rf inQCR"
=1

where K(x) : Q — [0, 00) is bounded & measurable

;2{_2 (x)>0 (elliptic)

Calderon-Zygmund theory:

feWsP = ye wste (CZ)

» Here s < 0is ok: f € W=bP = (WLP')* L uewtr

Answer: Depends on regularity of



Classical (=local) version — approach by commutator

Let u € WL2(R",R) be a solution to

n
> 0(Kow)=f inR"
(=1

1

Apply (—A)72, set w := (—A)2u, g := (—A) 2 f.
ZRZ( Ryw)=g inR"
Where R, = (—A)_%ag is the /-th Riesz transform.
(—A)"zh(x) = c/ Ix — z|'""h(z) dz
Rn

Reh(x) = ¢ / X=2)e g,

re |x — z|" L



Classical (=local) version — approach by commutator

Let w € L?(R",R) be a solution to
n
ZRZ(KREW) =g inR"
We have >°)_ R/R; = —1, so

—Kw+ Z[Rg, Kl(Rew) = g
(=1

where [T, a](b) is the commutator T(ab) — aT(b).
So

w = ——g + — Z[Rg, K](Rew)



Classical (=local) version — approach by commutator

Let w € L?(R",R) be a solution to

= —*g + - Z[Rfv (Rew)
Main observation: is C7- HoIder continuous then

Re, KI#(x ' [ e e @) g,

<[K]c~

/ Ix — 2] |w(2)|dz
Rﬂ
~[K]er (—A)H wl(x)

So 1
w = ——g + compact distortion

and even for any 0 < 8 <~

1
DI’ w=—1|D|¢ <g> + compact distortion



Classical (=local) version — approach by commutator

Let w € L?(R",R) be a solution to
B B ]. . .
|D|” w = —|D|” | —g | + compact distortion

Thus we get (CZ):
> If £ € WSP then g = (—A)~3f € WITSP then
> ifB<1+s: |DI°weLP, thus
> (—A)2u=we WP
> ue WHP whenever t < 2+ s.

Fun fact: also works with g =0 if K € VMO, i.e. if

r—0

limsup r2”/ / |K(z1) — K(z)|dzndz, =0 Vx € R".
B(x,r) J B(x,r)



Nonlocal version

div(KDu) =f becomes divy(Kdyu)="f

where div, and d, are type of nonlocal divergence Gunzburger-Du
et al., Mazowiecka-S. (div-curl).

/ (x, y)(u(x) — uly))

|X _ y‘n+2a dy = f(X)

Many previous results for some cases of CZ: e.g.
Dong-Kim (K (x — y)), Brasco-Lindgren, Cozzi, and very recently:
Nowak (for VMO!!)



Approach? Same!

[ S —u) i

[x — y|rtee

o1

For a1 + ap = 2s apply (—A)" 2, set w := (—A)% u,
g = (—A)_Tlf.
Then

/ Ax(z1, z2)w(z)dz = g(z1)

where

Ax(zr, ) =

(6 y) (x=a|"" = |y = 21|*7") (Ix — 2[*27" — |y — 2"
|x — y|rt2e

RAXRA



Commutator? Similar!

/n Ax(z1, z2)w(z)dz = g(z1)

is written as

n

(Zl»Zl)W(21)+/ (Ax(z1,22) — K(21,22)02,2,) W(2z2)dzo = g(z1)

Main observation:

(z1,2) — K(21,22)02,2,) =

(K y)—K(z1,2)) (x = 2| 7" — |y — 21| 7") (|x — 22|* 7" —
|x — y|rt2e
RAxRA?

Similar as before this is a compact operator!



Commutator estimate

Theorem (Mengesha-S-Yeepo)
IfKel>*nNC? foralle <1

/ (Ar(21,22) — K(21,22)0m 2) F(21) £ (22) drdza
RAxRn

S [ (8160 (-2) el () o

(Ax(z1,22) — K(21,22)02,2,) =

(K y)—K(z1,22)) (Ix = 2" — |y — 21| 7") (Ix — 2[*27" —
[x — y|r2e

RAXRA



Conclusion - Mengesha-S-Yeepo

s <0, K Holder continuous and bounded: equation becomes

w(z) = g(z1) + compact perturbation

(z1,21)

> If £ € WSP then g(z1) = (—A)™ 7 f € Waztsp
» Then w € Wo2tsP

> Then u=(—A)" 7w € Wartartsp

» Then u € W2atsp

decoupling of regularity of K and 2a. + s because a1 and ap can
be chosen freely.
works as long as 2cc + s < 2 (if > 2 needs more reg for )



Calderon-Zygmund kernel theorem

A :a17012(zl7 2) =

() (Ix = 21| ™" = |y — z21]M17") (|x — 22|*27" — |y — z|** 7"
’X _y|n+(041+042)

RAXRA

Theorem (Lewkeeratiyutkul- Khomrutai -S-Yeepo)
Let K € L®(R" x R™), (a1 + a2) € (0,2)

T = f() A ,a1,a2('az2)f(z2)d22
RN

is a Calderon-Zygmund operator, and
IT e S TN e 11l ey

IT#lemo S 1< 1leee (7]l oo ey

1T lL00) S Ao 11l 2 (mm)



Simon Nowak's result

» Simon Nowak obtained essentially same results assuming
€ VMO (different argument)

» So should we hope that if K € VMO then T is compact,
where

(TF,g) = /R (Aclenz) — Ko )i n) (=) £(z)dadz,

Is there a Coifman-Rochberg-Weiss-type
off-diagonal-commutator theorem??



Different Kernel: Fall, Mengesha, S., Yeepo
Think about

() (2) ~ 5 _
[ S LD L) e, e ooy et 01)] = 11

Equation for uo &1, e.g. where ® : R” — M is diffeo.
Leads to the kernel
[P(x) — ®(y)l
Ix =yl

~ ’Dqg(x)x_y

X—y!"

So we should maybe consider instead kernels (cf. Fall: Schauder

theory) of the form
X—y
X, ) |X - Y‘
x =yl




Different Kernel: Fall, Mengesha, S., Yeepo
CZ-theory for:

/n (Xa |§_§‘,Ix—y\) Wdy: F(x)

» Dong-Kim: If K = K (x — y) then full CZ-theory

fe WS = ue Wster

(Dong-Kim prove s = 0 case f € LP — since convolution
operator commutes with differentiation: follows for any s by
interpolation.)



If K(x, h, r) uniformly continuous in x for small r, freezing
argument

Lo (o) Bt

i (o) () 25

Then we can compare our solution to Dong-Kim-problem plus
small variation.

Use Banach Fixed-point theorem to show there is a unique solution
of the right regularity

Provides a generalization of Dong-Kim-type kernels (previous result
was not)



Fractional p-Laplacian:

div(|Vu|P2Vu) = f.

If u€ C! around some xg and |Vu(xg)| > O then any regularity
theory around xg.

/ |u(x) = u()IP~? (u(x) = u(y))

[x — y|ntap Y

DG E P (u(x) — ()
e

%/ (O, x = y) (ulx) — u(y))

|X7y|n+2,3 Y

dy

for g := 70{‘77(2"72).
If B € (0,1) we can apply our theory?  vyes: but K(x,h) =0 for
some h, just not so many!



Degenerate Kernel

Theorem (Fall, Mengesha, S., Yeepo)

Dong-Kim-result holds if K is nonnegative and bounded, and
degenerate only in the following sense:
For some v € S"1,

Voel0,1): IA=Xo)>0: A< inf (h).
heS(o,v)

Here S(o,v) denotes the the part of the sphere S"~! which is
bounded away from the v+,

S(o,v):={heR": |h =1, [(h,v)| > o}

Applies in particular if for some v #£ 0.

(h) = (v, h)l

Proof Same as Dong-Kim: a priori estimate by Fourier transform.



Consequence

Corollary
Our theorem applies also if

Vo €10,1): 3Ax=XA(o)>0: A<inf inf K(x,h).
X heS(o,v)

Corollary

Regularity for (some regime of) the fractional p-Laplace around xg
if [Vu(xo)| > 0.



Further Problems

» Boundary regularity
» VMO-result via commutator?
» unbounded and degenerate /< (for frac p-Laplacian)

» parabolic version?



Thank you for your attention
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