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ABSTRACT

This dissertation deals with the following two projects.

First, we characterize one-sided weighted Sobolev spaces W1P(R,w), where w is a one-sided
Sawyer weight, in terms of a.e. and weighted LP limits as @ — 1~ of Marchaud fractional derivatives
of order 0 < a < 1. These are Bourgain—Brezis—Mironescu-type characterizations for one-sided
weighted Sobolev spaces. Similar results for weighted Sobolev spaces W?2P(R™, v), where v is an
A,-Muckenhoupt weight, are proved in terms of limits as s — 17 of fractional Laplacians (—A)®.
We also additionally study the a.e. and weighted LP limits as o, s — 0.

Second, we define fractional powers of nondivergence form elliptic operators (—a® (x)d;;)* for
0 < s < 1 with Hélder coefficients and characterize a Poisson problem driven by (—a®(z)0;;)* with
a local degenerate extension problem. An interior Harnack inequality for nonnegative solutions to
such an extension equation with bounded, measurable coefficients is proved. This in turn implies

the interior Harnack inequality for the fractional problem.



CHAPTER 1. INTRODUCTION

This dissertation pertains to the mathematical analysis of functional spaces related to fractional
derivatives and fractional Laplacians and regularity theory of solutions to equations driven by
fractional powers of nondivergence form elliptic differential operators. More precisely, we solve the

following problems.

1. We define appropriate one-sided weighted Sobolev spaces W (R, w) which are conducive for
working with one-sided fractional derivatives. The weights w € A, (R) are one-sided Sawyer
weights. We prove a Bourgain—Brezis—Mironescu-type characterization of the weighted spaces

WP(R,w) and LP(R,w) by showing that the respective limits

lim (Dyege)*u(t) = u'(t) and lim (Dyeg)“u(t) = u(t) (1.0.1)

a—1- a—0t

hold in LP(R,w) and almost everywhere. Here, (Do )® denotes the Marchaud left-derivative
of order 0 < a < 1. We prove a similar characterization of the two-sided weighted Sobolev
spaces W2P(R™ v) and LP(R",v) using fractional Laplacians of order 0 < s < 1. Here,

v € Ap(R"™) are classical Muckenhoupt weights.

2. We define fractional powers of nondivergence form elliptic operators

Lu = —a"(z)d;ju, Dom(L) = {u € Co(Q) N W2™Q) : Lu € Co(Q)},

loc

using the method of semigroups, where 2 C R" is a bounded, Lipschitz domain and a“(z)
are Holder continuous and uniformly elliptic. We prove Harnack inequality for nonnegative
solutions v € Dom(L) to the problem L*u =0, 0 < s < 1, in a ball B CC Q. We characterize

the Poisson problem driven by L*u with a local, degenerate extension equation.



1.1 Introduction

Fractional derivatives were first introduced as a purely mathematical concept. When referring

to the nth order derivative d’;%t)’ G. L’Hopital asked G. Leibniz in his 1695 letter [45]

“What if n is 1/277

Leibniz replied,

“It will lead to a paradox. From this apparent paradoz,

one day useful consequences will be drawn.”

Many years later, in 1819, S. F. Lacroix devoted only two pages of his 700 page textbook on
differential and integral calculus to providing the first definition of a fractional derivative, with no

apparent physical interpretations:

dt1/2 I'(p+1/2) ’

p>0

where I' denotes the Gamma function [41]. The first known application of fractional derivatives
appeared shortly later in 1823 when N. H. Abel used fractional derivatives to model the tautochrone
problem [1]. Since then, many scientists, like Riemann, Liouville, Riesz, and Weyl, have attempted
to define derivatives of fractional order as seen in the very complete monograph by Samko—Kilbas—
Marichev [64]. Moreover, within the last 20 years, there has been an explosion of interest of
fractional derivatives in applied sciences. For example, fractional derivatives are used to capture
the avalanche-like behavior and trapping effects of particles due to eddies in plasmas [22].

In contrast to classical derivatives for which, to compute u/(t), we only need to know the values
of v in a small neighborhood of ¢, fractional derivatives are nonlocal in nature. For example, the

Marchaud left-fractional derivative of a function u = u(t) : R — R is given by

(Diety)*ult) = F(ia) /_OO ngh_) g)ﬂ(? dh, 0<a<l, (1.1.1)

see [52]. This operator satisfies the Fourier transform identity

—

(Diege)*u(&) = (i€)*u(§), £ e€R.



By taking a = 1, we can see that the definition agrees with the usual derivative. Notice from (1.1.1)
that to determine (Diegt)*u(t), one needs to know the entire history of u, i.e. all the values of u in
(—o0,t]. Fractional derivatives can be used to refine existing models in order to capture memory
effects such as with world population growth and blood-alcohol level systems in humans [5].

While fractional derivatives can be regarded as nonlocal in time, fractional powers of second-
order differential operators can be seen as nonlocal in space. Perhaps the most important nonlocal
operator in space is the fractional Laplacian on R™. For a function u = u(z) : R" — R, we define
(=A)*u by

(—A)u(z) = CWP.V./ W dy, 0<s<l, (1.1.2)

where P.V. denotes that the integral is taken in the principle value sense and ¢, s > 0 is a normalizing

constant. This operator satisfies the Fourier transform identity
—_— 25 ~
(=A)su(S) =57 u(¢) ¢ eR™

By taking s = 1, we can see that the definition agrees with the classical Laplacian and hence gives
the name “fractional Laplacian.” Like (1.1.1), fractional Laplacians are nonlocal, but, in contrast
to (Dieft)“u(t) for which we need to know the values of u in one direction, to compute (—A)%u(z),
we need to know the values of u everywhere.

Fractional powers of differential operators are classical objects that have been studied from
several points of view, including harmonic analysis [70], potential analysis [42], probability [10],
functional analysis [80], pseudo-differential operator theory [77], fractional calculus [64], among
others. Nonlocal equations of fractional order have received a lot of attention in recent years in the
field of partial differential equations, mainly due to the work of Luis Caffarelli and collaborators
[9, 17, 18, 19, 20, 21]. Indeed, over 90% of the papers on Google Scholar with the phrase “fractional
Laplacian” in the title appear after Luis Silvestre’s thesis in 2005 [68].

Despite all this activity, there are still many open questions in the theory of fractional operators
that need to be addressed. Given a model, the theory of PDEs requires refinements of the model to

prove desired estimates. Just to mention one instance, the theory of pseudo-differential operators



has proven to be insufficient for obtaining some fine regularity estimates, like Harnack inequalities,

on Lipschitz domains.

1.2 Applications of fractional operators

We present some models that are the main motivation for the work presented in this dissertation.

1.2.1 Fractional derivatives

I. Anomalous diffusion. Let u = u(x,t) be the probability of finding an object in position z at time

t. The normal diffusion equation is given by

0 0?

where D is the diffusion constant. Spider monkeys, however, have been observed to remain in
motion for a long period of time without changing direction. In this case, displacement grows

faster than normal diffusion and is modeled by

where o > 1 is non-integer. On the other hand, when displacement grows slower than normal
diffusion, such as for proteins diffusing across a cell or the movement of contaminants in ground
water, the model utilizes a fractional time derivative of order 0 < a < 1. These are so-called

anomalous diffusions. See [39] for these and more details.

II. Viscoelasticity. In continuum mechanics, when modeling how a continuous materials behaves
under deformations, we need a relationship between the internal forces (stress, o = o(t)) and the
measure of the deformation of the material (strain, e = £(¢)). For elastic materials, such as springs,

this relationship follows Hooke’s law in that stress is proportional to strain:

o(t) = Be(t)



where E is material constant, called the Young’s modulus. Viscous fluids, such as water or honey,

follow Newton’s law in that stress is proportional to the velocity of strain:

o(t) = —n =t

where 7 is a material constant, called the viscosity.

Viscoelastic materials, such as rubber and concrete, exhibit both elastic and viscous characteris-
tics when undergoing deformations. Classical models of viscoelastic materials, such as the Maxwell
and Kelvin-Voigt models, use combinations of elastic and viscous relations. Nevertheless, for some
viscoelastic materials, such as gels and biological tissues, these turn out to be rather inadequate
models. It has been observed experimentally that the stress-strain relationship for such materials
can be effectively modeled with a fractional derivative relation

o

c=C j?s,

which cannot be expressed as a finite combination of strain and derivatives of strain (see [51, 57]).
As the result of an internship at Oak Ridge National Laboratory in 2018, my mentor at the lab

Pablo Seleson, my major professor Pablo Ratl Stinga, and myself have established a model using

fractional derivatives to describe viscoelastic solids with growing cracks. The work presented in

this document is on the theory of Sobolev spaces that takes into account the history of fractional

derivatives and is foundational towards the analysis of our model.

1.2.2 Fractional powers of nonlocal nondivergence form operators

III. Random walks. Consider a particle moving randomly in a bounded domain 2 C R" that is
terminated at the boundary. We can describe this behavior with a Wiener process W; (also called
Brownian motion) that is killed at the first exit time 7 of W from €. This process is generated by
the Dirichlet Laplacian —A.

Suppose now that we want to describe a particle that is randomly jumping in 2 and is killed

when it tries to cross the boundary. In particular, we subordinate the process W; with an s-stable



symmetric Lévy subordinator 7;. This subordinated process is generated by the fractional power
of the Dirichlet Laplacian (—A)?®.

By considering the particle jumping in heterogeneous media, the process is generated by —a® ()05,
for some elliptic coefficients a*(z). The corresponding subordinated process is generated by the

fractional operator (—a%(z)d;;)°. See [36, 37, 69] for more details.
IV. The fractional Monge—Ampére equation. The classical Monge-Ampere equation, given by
det D?u = f for a convex solution u : @ € R" — R,

appears in the theories of prescribed Gauss curvature, optimal transport, and fluid dynamics. See
[28, 34] for more on applications and theory. Consider the class M of n X n symmetric, positive
definite matrices A with constant coefficients such that det(A) = 1. For a convex, C? function u,

one can check that

ndet(D?u(z))™ = inf{A(uo A) (A z) : A e M}

= inf{trace(A2D%u(z)) : A € M}.

The infimum is attained at A% = det(D?u)Y/™(D?u) .

Define the operators L4 for A € M by
Lau(z) = —A(uo A) (A7 z) = — trace(A2D?u(x)).
Caffarelli-Charro [15] defined a fractional Monge-Ampere operator by
Dou(z) = inf{—(=A)(uo A) (A z): Ac M}, 0<s<1.
Stinga—Jhaveri [76] showed that this definition coincides with
Du(z) = inf{—(L4)u(x) : A € M},

where (L4)® is the fractional power of L4.



We remark that both the local and fractional Monge—Ampere operators are degenerate elliptic.

Indeed, in dimension 2, the matrices

e 0

A, = fore >0
0o 1
g

are in the class M but degenerate as € — 0. Nevertheless, for the local Monge-Ampere equation,
if u is convex, D%u < My, and det(D?u) > 19 > 0, then one can take the matrices A > AI in
the computation of the infimum and the equation becomes uniformly elliptic (see [28]). In the
fractional setting, if w is Lipschitz, semiconcave, and D u > ng > 0 then, again, one can take the
matrices A > Al in the computation of the infimum and the equation becomes uniformly elliptic

(see [15]). Under these assumptions, it follows that
Dyu(z) = —(~a"(2)0;) u(x)

for some bounded, measurable, uniformly elliptic coefficients a (z).

1.3 Description of results

The results of this dissertation are contained in Chapter 2 and Chapter 3. Here, we describe

those results.

1.3.1 Chapter 2: One-sided weighted fractional Sobolev spaces

The work in this chapter has been published in Nonlinear Analysis, 2020 [75].
Since L’Hopital’s letter to Leibniz, many “derivatives of fractional order” have been defined
[64]. It is my opinion that any reasonable definition of derivative D® of fractional order 0 < av < 1

should at least satisfy the relations D*[DAu|(t) = D*TPu(t), and

lim D%u(t) = u'(t) and lim D%u(t) = u(t) (1.3.1)

a—1— a—0t

whenever u is a sufficiently smooth function. Recall that the Marchaud left fractional derivative,

given by

(Drefe)*u(t) = ! /t w(r) — u(t) dr, (1.3.2)



takes into account the values of u to the left of ¢ (the past). Similarly, the Marchaud right fractional

derivative

(Dright)au(t) = I‘(ia) /too W dr (133)

looks at u only to the right of ¢ (the future). These were first introduced by André Marchaud in
his 1927 dissertation [52] (see also, for example, [2, 3, 4, 8, 64] for theory and applications). One
can check that if u is a Schwartz class function, then (1.3.1) holds.

On the other hand, in 2001, Bourgain—Brezis—Mironescu famously characterized the Sobolev
space WHP(Q), Q C R”, in terms of the limit as s — 17 of fractional Gagliardo seminorms, namely,

the seminorms of the fractional Sobolev spaces W*P(Q) [11]:

\U y)I”
Sl_1>nlr17 - // n+sp dzdy = cnp Q\Du]p dx.

In 2002, Maz’ya—Shaposhnikavo complimented their work by using the limit as s — 0 to charac-

terize the space LP(R) [58]:

lim s |u u(y)l” dedy = c |ul? dx.
s—07t n n n+8p P Rn

These characterizations embody the same flavor as showing (1.3.1) in LP.

We define, for the first time, weighted Sobolev spaces that take into account the one-sided
behavior of fractional derivatives. We prove characterizations of such spaces by studying the limits
of fractional derivatives in the almost everywhere and LP senses.

In this regard, we remark that classical Sobolev spaces make no distinction between left and
right classical derivatives. Indeed, we recall that hidden within the limit definition of the usual

derivative, u/(t), are the following one-sided limits

d . u(t+h)—h(t) d . u(t+h)—h(t)
dt u(t) hiﬂ)* h ’ dt u(t) hi>0+ h

The property that a function is differentiable from only one-side, say the left, is lost in the weak

setting since, for a test function ¢ € C°(R),

- +
[ St = [ ut) et =— [ uo)e O de= (o)

In other words, % G —u = o in the sense of distributions.



We believe that a more natural, appropriate class of functions to consider is the weighted
Sobolev space W1P(R,w), 1 < p < oo, but where w is now a one-sided Sawyer weight in A (R)
(for left-sided fractional derivatives) or in A} (R) (for right-sided fractional derivatives). We define

these one-sided fractional Sobolev spaces as
WP (R,w) = {u € LP(R,w) : v € LP(R,w)}

with the norm
el gy = 1020y + 11

for 1 < p < oo. The Sawyer weights w € A, (R) are the good weights for the original one-sided

Hardy-Littlewood maximal function [35, p. 92]:

Indeed, M~ is bounded in LP(R,w) if and only if w € A (R), 1 < p < oo, see [66], and M~ is
bounded from L!(R,w) into weak-L!(R,w) if and only if w € Aj (R), see [55]. For more details, see
Section 2.2 and also [54].

We first develop one-sided distributional spaces in which fractional derivatives have sense. Then
we show that in such a setting one can always define (Dieg)“u as a distribution for any function
u€ LP(Rw),we Ay (R). We additionally prove that smooth functions with compact support are
dense in WHP(R, w).

As done by Silvestre for the fractional Laplacian [68], we show that if v € C*t¢(I) for some
e > 0 and open set I € R, then (Dje)*u, which a priori is a distribution, is a continuous function
in I and coincides with (1.3.2) in I.

One of the main results of this chapter is that our one-sided weighted Sobolev spaces W1P(R,w)
can be characterized by the almost everywhere and LP limits of fractional derivatives. We show

that u € WHP(R", w), w € A, (R), if and only if

lim (Diege)*u =+’ in LP(R,w) and a.e. in R.
a—1—
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If w € WHP(R",w), we also show that

lim (Diegy)®u = u  in LP(R,w) and a.e. in R.
a—0t

This part of my thesis is largely a study in harmonic analysis and function spaces. In general,
statements involving a.e. convergence are proved by considering the underlying maximal operators,
see, for example, [27, Chapter 2]. A key estimate that we are able to deduce is the pointwise

maximal inequality

sup

s 1 / u(T) — u(t) dr| < C(M~(u)(t) + M~ u(t)) ae inR (1.3.4)

[(=a) Joe (E=m)tre |7

for any v € WP(R,w), where the constant C' > 0 is independent of u, p, ¢, and .

As a consequence of (1.3.4), the pointwise formula (1.3.2) is well-defined for v € W1P(R,w)
when 1 < p < co. By a distributional argument, we are able to show that (Djeg)*u coincides with
Marchaud’s pointwise formula almost everywhere. Notice that the object on the left-hand side of
(1.3.4) is a maximal operator taken with respect to the orders of the fractional derivatives.

The one-sided LP(R,w) spaces, with w € A, (R), are also natural for the Marchaud left fractional
derivative in the sense of the Fundamental Theorem of Fractional Calculus. Indeed, let u € LP(R, w)

and consider the left-sided Weyl fractional integral [64]

(Dieft) “u(t) = 1/ (U(T) dr.

oo (t—T)
It was proved in [8] that (Dies)®(Diett) “u(t) = u(t) in LP(R,w) and for a.e. t € R, for any
0 < a<1andanyu € LP(R,w). Our work complements their results and shows that the one-sided

weighted Sobolev spaces W1P(R,w) are the correct spaces for one-sided fractional derivatives.

We also consider the weighted Sobolev spaces W2P(R", v) that we define by
W2P(R",v) = {u € L*(R",v) : Du, D*u € LP(R",v)}

with the norm

el By2mgn vy = el g ) + IDUll o gn ) + 1Dl en.
) v)
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where v is a weight in the Muckenhoupt class A,(R"), 1 < p < co. We recall that the A,(R")
Muckenhoupt weights are the good weights for the classical Hardy—Littlewood maximal function
M on R". We prove a similar characterization of our weighted Sobolev spaces W2P(R", v) with
the limits

lim (—A)’u=—Au and lim (-A)’u=u

s—1— s—07t

in LP(R™,v) and almost everywhere. For this, we prove the following maximal estimate

sup sup
0<s<1 e>0

Cn,s/l ‘ W dy| < Cp (M(D2u)(x) + Mu(z)) a.e.inR", (1.3.5)
z—y|>e |T —

for any u € W2P(R™, v), where the constant C,, > 0 depends only on dimension.

Other authors have considered similar questions for abstract settings, see for example [25, 79]. In
particular, their results apply to Ahlfors-regular metric spaces. On the other hand, some weighted
fractional spaces with power weights were defined in [26]. Nevertheless, neither are our weighted

spaces Ahlfors-regular nor do our weighted spaces correspond to those in [26].

1.3.2 Chapter 3: Harnack inequality for fractional nondivergence form elliptic equa-

tions

The work in this chapter will soon be submitted for publication [74].

Harnack inequality is a very important regularity estimate in partial differential equations that
was first stated by Axel von Harnack in the 1800’s for nonnegative harmonic functions. The simplest
statement of the theorem is as follows: there exists constant C' > 0 depending only on dimension

such that for any nonnegative harmonic function v : By C R” — R, we have that

supu < C inf u.
By 2 B1/2

It is essential to note that the estimate holds for all nonnegative harmonic functions in B; with
the same constant C. The proof follows, for example, from the mean value property for harmonic
functions.

Harnack inequality has since been studied for elliptic and parabolic PDEs in various settings.

Moser proved it for divergence form operators [60, 61], Krylov—Safanov proved it for nondivergence
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form elliptic operators [40], and Caffarelli proved it for viscosity solutions to fully nonlinear elliptic
equations [14, 12]. Other notable names include De Giorgi, Nash, Nirenberg, Serrin, Trudinger,
among others, see [31].

An important consequence of Harnack inequality is that weak solutions to divergence form and
viscosity solutions to nondivergence form elliptic equations with bounded, measurable coefficients
are Holder continuous. This has important consequences for nonlinear equations in proving higher
regularity estimates [14, 31].

For our setting, let L : Dom(L) — Cy(2) be the operator defined by

Lu = —a"(x)0;ju, Dom(L) = {uc Co(Q)N W2™(Q) : Lu € Cy(2)}

loc

where @ C R" is a bounded, Lipschitz domain and a” : ) — R are Hélder continuous, uniformly

elliptic coefficients. We prove interior Harnack inequality for nonnegative solutions u € Dom(L) to

(—a”(2)0;)°u =0 in B (1.3.6)

where 0 < s < 1 and B CC € is a Euclidean ball. Indeed, we show that there exist positive
constants Cyg = Cg(n,\,A,s) > 1, K = k(n, A\, A,s) < 1, and K= K(n,/\,A, s) > 1, such that if
Br(wo) is a ball such that By ,(xo) CC B CC €, then
sup u<Cgx inf wu.
Byr(zo) Brr(x0)

Furthermore, solutions to (1.3.6) are locally Holder continuous in B. We mention that Grubb
[32, 33] and Seeley [67] studied fractional powers of nondivergence form operators, but their work
utilizes the theory of pseudo-differentiable operators and does not contain our result.

The first difficulty is how to define the nonlocal operator L°u in an appropriate way. We use

the method of semigroups to define L*u, 0 < s < 1, using the definition of Balakrishnan [7], by

Liu(x) = F(is)/o (e” Lu(z) — u(z)) tl%
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tL

Here, v = e7""u is the Cy-semigroup generated by L which solves the heat equation with initial

data u:
O(z,t) = —Lo(z,t) in Q x (0,00)

v(z,t) =0 on 902 x (0,00)
v(z,0) =u(z) on Q x {t=0}.
For more details, see [80]. It can be seen from this definition that L® is nonlocal in 2.
To study regularity properties of equations with L®, we extend the nonlocal equation one di-
mension to R™™! with a local extension characterization by Galé-Miana-Stinga [30]. Indeed, for

u € Cp(§2), the function U given by

is a solution to
aij(2)0iU (2, 2) + 22730, (x,2) =0 in Q x [0, c0)
U(x,z) =0 on Q x (0,00) (1.3.7)
U(z,0) =u(xz) on Qx{z=0}

It turns out that if uw € Dom(L), then

- lim 9.U(2,2) = cs(~ai;(2)0;) (@)

for some constant c; > 0. Observe that the Neumann condition recovers the fractional operator.
Hence, to prove Harnack inequality for the nonlocal equation (1.3.6), we study the local, degenerate
equation (1.3.7) and take the trace at = = 0. We mention that the extension characterization in
[30] is more general than the one of Caffarelli-Silvestre for (—A)® [19]. See also the work of Stinga—
Torrea for an extension characterization of fractional operators in Hilbert spaces [73].

Towards this end, we define the even reflection of U by U(z,z) = U(x,|z|). For convenience,
we continue to use the notation U. We prove Harnack inequality for nonnegative solutions U €

C?(Q x [R\ {z =0}])nC(Q x R), such that U, € C(]0,00); Co(R)), to

a(x)0;;U (z,2) + 122V U,.(2,2) =0 in B x {z #0} (138)
—0.4+U(z,0) =0 on B x {z=0}
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where @/ (z) are bounded, measurable, elliptic coefficients and B CC (2 is a Euclidean ball. As a
consequence of (1.3.7), we obtain Harnack inequality for (1.3.6).

Next, we recast (1.3.8) as an equation comparable to a linearized Monge-Ampere equation.
For this, we recall some details about the Monge—-Ampére equation. The Monge-Ampére equation,
given by

det D*) = F, (1.3.9)

is a fully nonlinear second-order partial differential equation. One approach to studying regularity
estimates of (1.3.9) is to take the directional derivative 0. in the direction of e to obtain

trace(det(D?*y)(D%*)) "' D?*(9.1))) = O, F.

Notice that A, = det(D%)(D%*))~! is the matrix of cofactors of D*. If we define u = 9.1 and

f = 0.F, then u solves the linearized Monge-Ampere equation
trace( Ay (z)D?u) = f. (1.3.10)

This equation is a linear, nondivergence form equation and is elliptic as soon as D%y > 0 and
f > 0. However, (1.3.10) is not uniformly elliptic in general because the eigenvalues of A, are not
controlled.

For our degenerate equation (1.3.7), we define function ® = ®(z,2) : R"*! — R by

82

1
B(z,2) = 5ol + |2}

1—s

Notice that ® is strictly convex and C'(R"*!). This function was also considered by Maldonado—
Stinga in [50] to study the extension problem for the fractional nonlocal linearized Monge—Ampeére

equation Lgu = f associated to a convex function ¢ € C3(R™). Since the Hessian of ® is

) I 0
D*®(z,z) = )
0 |z~

the linearized Monge-Ampere operator for D?® is

trace((D2®)"1D2U) = AU + |22+ 9..U. (1.3.11)
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As the coefficients a/(z) are uniformly elliptic, there exist constants 0 < A < A < oo such that

AMéP < a(x)&e; < AJE)? forall € e R*\ {z =0}, = € R,

from which we can see that the coefficients in (1.3.7) are comparable to the coefficients in (1.3.11).

An important feature of the linearized Monge-Ampere equation is the intrinsic geometry that
was first discovered by Caffarelli-Guitérrez [16]. They proved Harnack inequality for nonnegative
solutions to (1.3.10) with f = 0 where the Euclidean balls are replaced by Monge—Ampere sections.
The Monge-Ampere sections associated to a convex, C'! function v are the sublevel sets of ¢ — /£
where £ is a linear function. The Monge—Ampere measure associated to 1 of a Borel set F is given
by y(E) = | DY(E)|.

It turns out that the geometry of our degenerate equation (1.3.7) is given by the Monge—Ampere
sections Sg associated to @, that is, the sublevel sets of ® — £. In many instances, we find it more
natural to consider Monge—Ampere cubes Qr. We will first prove Harnack inequality in these cubes
(see Section 3.5.5).

Harnack inequality has been studied for the linearized Monge—Ampere equation by Caffarelli—
Gutierrez [16], Gutierrez [34], Le [43], Maldonado [48], Le-Savin [44], among others. In each
case, they either assume that the matrix D?u is bounded away from zero and infinity or that
the convex function v is sufficiently regular. In [49], Maldonado proved Harnack inequality for
certain degenerate elliptic equations, but his techniques are different than the ones presented in
this dissertation and do not include the case in which 1/2 < s < 1.

We develop a method of sliding paraboloids as Savin did in the Euclidean case for uniformly
elliptic equations [65]. Similar approaches were used by Le when M < D?*y < AI, ¢ € C?
(making the underlying Monge-Ampeére measure comparable to the Lebesgue measure) [43] and
recently by Mooney for the uniformly elliptic case [59]. For our setting, we use the Monge-Ampere
geometry which brings additional challenges since ® is only C! and D2® is degenerate/singular.
Moreover, we cannot use any divergence form structure. Harnack inequality for (1.3.8) was proved

by Maldonado-Stinga for the fractional linearized Monge-Ampere equation when the matrix a% (z)
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is the identity matrix or comes from the matrix of cofactors D%y for a C3 function ¢ [50]. Their
proof however relies on the Monge—Ampere structure in divergence form.

For this method, we define paraboloids P of opening a > 0 with vertex (x,, z,) € R**! by
P(z,z) = —a(®(x, 2) — ®(zy, 20) — (DP(zy, 20), (2, 2) — (20, 20))) + Cp.

We lift these paraboloids from below until they touch the graph of U in a cube Qg for the first
time, and we measure the set contact points with the underlying Monge—Ampere measure. Then
we show that by increasing the opening of these paraboloids, they almost cover Qg in measure,
which ultimately leads to Harnack inequality. More precisely, the proof relies on three key lemmas.

The first lemma is similar to the Alexandroff-Bakelman—Pucci estimate for fully nonlinear
equations (see [14]). We prove that if we lift paraboloids of fixed opening a > 0 with vertices in
a closed, bounded set from below until they touch the graph of U, then, by using the equation,
the Monge—Ampere measure of the contact points is a universal proportion of the Monge—Ampere
measure of the vertices.

The second lemma is a measure estimate. Suppose that U can be touched from below with
paraboloid P of opening a > 0 in a cube ),.. We show that the set in which U can be touched from
below by paraboloids of increased opening C'a > 0 in a smaller cube @, 0 < 1 < 1, make up a
universal proportion of Q). The proof relies on a delicate barrier argument to localize the equation
and control the growth of U — P in Q).

The third lemma is similar to the Calderén-Zygmund decomposition. We use a Vitali covering
lemma in the Monge-Ampere geometry to show that, as we increase the openings of the paraboloids,
the measure of the contact points almost cover the domain in measure. By also controlling the
height of the paraboloids, we consequently show that the measure of the set where U is large is
small.

These ingredients allow us to prove Harnack inequality for the extension (1.3.8). By restricting

back to z = 0, we obtain Harnack inequality for the fractional Poisson problem (1.3.6).
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Stinga—Maldonado also proved a critical-density measure estimate and local boundedness for the
fractional linearized Monge—Ampere equation for the fractional linearized Monge—Ampere equation

[50]. We show that those results hold in our case and the proof is identical.
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CHAPTER 2. ONE SIDED WEIGHTED FRACTIONAL SOBOLEV
SPACES

2.1 Main results

We formally state the main results of this chapter.
The one-sided Sawyer weights A (R) are the good weights for the original one-sided Hardy-

Littlewood maximal functions M~ and MT:

1 t 1 t+h
M~ u(t) = sup / lu(T)| dr and MTu(t) = sup/ lu(T)| dr
R n>0 v Jy

Indeed, w € A, for 1 < p < oo if and only if M~ is bounded from LP(R,w) into LP(R,w). Also,
w € A] if and only if L}(R,w) into weak-L!(R,w). For more details, see Section 2.2.

We define the one-sided weighted Sobolev spaces WHP(R,w), w € A7 (R), 1 < p < oo by
WIP(R,w) = {u € LP(R,w) : v/ € LP(R,w)
with the norm
el w) = 170wy + 110 (R -

Theorem 2.1.1 (WYP(R,w) and limits of left fractional derivatives). Let u € LP(R,w), where

we A, (R), for1 <p < oo.

(a) If u € WP(R,w), then the distribution (Die)“u coincides with a function in LP(R,w) and

(Dreft)“u(t) = F(ia) /_Oo QEELTE ;)?JEZ) dr  for a.e.t€R (2.1.1)

with
| (Dregt) *ull Lo w) < Cpwo ([l Lo®w) + 116 [l Lo R w)) (2.1.2)

for some constant C,,, > 0. Moreover,

lim (Diege)*uw =" in LP(R,w) and a.e. in R (2.1.3)

a—1-
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and

lim (D) =u a.e. in R. (2.1.4)

a—0t

Furthermore, the limit in (2.1.4) holds also in LP(R,w) when 1 < p < oo, and in L*(R,w) when

p=1and M—u, M~ € L}(R,w).

(b) Conversely, suppose that (Dieg)®u € LP(R,w) and that (Die)*u converges in LP(R,w) as

a—17. Then u € WP(R,w) and (2.1.3) holds.

(c) Alternatively, suppose that (Dies)*u € LP(R,w) and that (Dieg)“u converges in LP(R,w) as

a — 0%, Then (2.1.4) holds and, as a consequence, (Dieg)*u — u in LP(R,w) as a — 0.

Theorem 2.1.2. There exists a universal constant C > 0 such that for any v € WHP(R,w),
we A, (R), 1 <p < oo, we have

1 = dr _, ~
I'(—a) /0 (u(t —7) —u(t)) ta <C (M~ (W) (t) + M~ u(t))

sup
0<a<l

for a.e. t € R.

Though we established Theorems 2.1.1 and 2.1.2 for the left fractional derivative, all the ar-
guments carry on by replacing Diegy by Drighe and A, (R) by A;f (R). Hence, for the rest of the
chapter, we will only consider the case of D and left-sided Sawyer weights.

The class of Muckenhoupt weights A, (R) are the good weights for the two-sided Hardy-Littlewood

maximal functions M:

where the supremum is taken over all balls B C R" containing =. Indeed, w € A, for 1 < p < oo if
and only if M is bounded from LP(R™, v) into LP(R"™,v). Also, w € A; if and only if L}(R", v) into
weak-L!(R™, v). For more details, see Section 2.4.

We define the weighted Sobolev spaces W*P(R™, v), v € A,(R"), 1 < p < oo by

W2P(R™, v) = {u € LP(R",v) : ' € LP(R,v)
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with the norm

R"™.

Theorem 2.1.3 (W2P(R"
A,(R

(a)

el fy2m g vy = 1l (@ ) + DUl o gn ) + 1Dl n

™), for 1 <p < 0.

In the following statement, {em}tzo denotes the heat semigroup generated by the Laplacian on

,v) and limits of fractional Laplacians). Let u € LP(R",v), where v €

If u € W2P(R™, v), then the distribution (—A)%u coincides with a function in LP(R™, v) and

1 dt

(~A)u(z) =

In addition,

u(z) — u(y)

(—A)’u(x) = ¢y s lim P

, dy for a.e. x € R" and in LP(R",
=20 Jja—y|>e |2 —y|

with
H(_A)SUHLP(R”,V) < Cn,p,V( Hu”LP(R”,V) + HAUHLP(W,V))

for some constant Cy, p,,, > 0. Moreover,

lim (—A)°u = —Au in LP(R",v) and a.e. in R"

s—1—

and

lim (-A)’u=u a.e. in R".
s—0t

T'(—s) /0 (etAu(x) — u()) rs for a.e. x € R"™.

(2.1.5)

v)  (2.1.6)

(2.1.7)

(2.1.8)

(2.1.9)

Furthermore, the limit in (2.1.9) holds also in LP(R™,v) when 1 < p < oo, and in L*(R",v)

when p =1 and Mu, M(D?*u) € L}(R",v).

Conversely, suppose that (—A)*u € LP(R™,v) and that (—A)*u converges in LP(R™,v) as

s = 17. If1 < p < oo then u € W?P(R",v) and (2.1.8) holds. If p = 1, then D*u €

weak-L'(R™, ).

Alternatively, suppose that (—A)*u € LP(R™,v) and that (—A)*u converges in LP(R™,v) as

s — 0%. Then (2.1.9) holds and, as a consequence, (—A)u — u in LP(R™,v) as s — 0F.
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Theorem 2.1.4. There exists a constant Cy, > 0 such that for any u € W*P(R™,v), v € A,(R"),

1 < p < o0, we have

sup sup
0<s<1e>0

Cns / | uz ’_yi%;“(x) dy| < C,, (M(D*u)(z) + Mu(x))
y|>e

for almost every x € R™.

This rest of the chapter is organized as follows. Section 2.2 contains preliminary results on
one-sided Sawyer weights, the new distributional setting for one-sided fractional derivatives, and
the proof of the Theorem 2.1.2. Theorem 2.1.1 is proved in Section 2.3. The fractional Laplacian
in weighted Lebesgue spaces is studied in detail in Section 2.4, where we also show the proof of
Theorem 2.1.4 Finally, Section 2.5 contains the proof of Theorem 2.1.3.

We denote by 8(R"™) the class of Schwartz functions on R”. We always take 0 < a,s < 1. We

will use the following inequality: for any fixed p > 0 there exists C,, > 0 such that, for every r > 0,

e < Cpe M2, (2.1.10)

For a measure space (X, 1), we define the space weak-L' (X, 1) as the set of measurable functions

u: X — R such that the quasi-norm ||| eur1(x,,,) defined by
||u||weak—L1(X, ) = Sup)‘:u({x €X: |U(ZL‘)| > )‘})a
a0

is finite.

2.2 Fractional derivatives and one-sided spaces

Let u = u(t) € §(R) and define

. ou(t) —u(t—r1) . ou(t) —u(t+1)
Diegru(t) = lim —4———~ and Dijpu(t) = lim ———"—2.
left ( ) e - right ( ) Ot T
Observe that Dieggt = —Dyightt = «'. From the Fourier transform identities

Dietu(€) = (i€)a(€) and  Dygnou(€) = (—i€)a(€),
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one can define

(Diert)*u(§) = (i§)*u(§) and  (Diigni)*u(§) = (—i&)*u(§). (2.2.1)
Using the semigroup of translations, it is shown in [8], see also [64], that (Dief;)*u(t) and (Dyight ) “u(t)
are given by the pointwise formulas in (1.3.2) and (1.3.3), respectively. For completeness, we provide

the details for (Djeg)®u(t).

Using the Cauchy Integral Theorem, we can write

dz

F(a):/ (e_z—l)m, forany0<a<l, —=—<0<
ray(0) z

oy
po|

)

see [8, Lemma 2.1]. Choose 6 = 7/2, parameterize the integral, and rearrange to obtain

(i€)* = F(ia) /Ooo (e—iff - 1) %, 3

Therefore, (Dieg)*u(€) can be written as

(Braole) = i61°0(6) = o5 [ (¢7ite) - @) 575

Since translations T,u(t) = u(t — 7) correspond to multiplication by e~"¢ when taking the Fourier

transform I/’T\u(f) = e~ T8h(€), we take the inverse Fourier transform to obtain

(i) *u(t) = — /0‘” u(t—7) —ult)

I'(—a) Tlta
1 b)) —u(t) .
= T(—a) /_Oo (t—nire 1T

We mention that the family of shift operators {7 },>0 forms a semigroup and that v = Tru

solves the transport equation with initial data v on R:

O;v=—Dipv forteR, 7>0

v(t,0) =u(t) forteR.

This is consistent with properties we will see for the fractional Laplacian in Section 2.4.
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2.2.1 Distributional setting
If u,p € $(R), then
| Ourat e =t [T t‘La U0 (4 at ar
R
e ke
- P(ia) el—if&/g /_oo ulr) T+TT11; 2 dr s

o0

= / (1) (Des) *o(r) dr.

—00

\\

We will use this identity to define (Dje;)“u in the sense of distributions. Notice that if u € 8'(R),

then a natural definition would be

((Diet)*u) () = w ((Dright)* ) -

Nevertheless, it is straightforward from (2.2.1) to see that, in general, (Drigni)®p ¢ S(R), so we
need to consider a different space of test functions and distributions.

We define the class
S_ ={p e 8(R):suppp C (—o0, 4], for some A € R}.

We denote by 8¢ the set of functions

C

(R) such that Al d‘ < —
© € C*°(R) such that suppp C (—o0, A] an dtk(’o t) < e

for all k > 0, for some A € R and C > 0.
Lemma 2.2.1. If ¢ € 8_ then (Diyight)*¢ € 8.

Proof. Clearly, if ¢ € 8_ with suppy € (—o00, 4], then (Diight)®¢ also has support in (—oo, 4],
see (1.3.3). Since (Dright)o‘%gp = %(Dright)o‘cp, we know (Dyignt)“e € C*°(R) and only need to

estimate (Drignt ) -
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If t > A, then the estimate holds trivially because (Dyight)®¢(t) = 0.

Suppose that —1 <t < A. The estimate holds because ¢ is smooth and bounded. Indeed,

‘(Dright)aSO(t)’ < /too M dr

|7 — t|ite

(e} 1 , t+1 1
SQ”SOHLoo(R) /t+1(7__t)1+ad7'+H90HLoo(R)/t T — ¢ dr

oo 1
= 2llellpeqey [+ | gy [

2lellpe®y N1l ooy
= +
a 1—«
’t’1+a+1 C
[ S T L

Suppose —oo < t < —1 and write

/mWWdT_/t/QMd +/°°|‘P()9"()’d =I+1I.

|7 —t[ite |7 —tftte b2 T —tire

For I, note that

lo(T) = o] < "7 — 1

S [C ) e ) BC T )

(L+1]€h3 = (1 +1eN)?

where £ is some point in between ¢ and 7. Hence,

1<C/”2 L 4o @ . C
el A o T S T e

On the other hand, if 7 > ¢/2, then 7 —¢ > —t/2 > 0 and

© (7)) o
US/ U dr+ e ——dr
P e e UL B e e

Q

< 70 t) < ¢
< g ol Ly + |t|1+0f‘w( )| < ST

Collecting all the terms, we get

00 | C
e(1) — o(t)]
’( rlght ‘ < C/ ‘T _t’H—Oé dr < 1+ ’t’1+a

for all t € R. Thus, (Dxight)%¢ € 82.
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We endow S§_ and 8% with the families of seminorms

0,k
2

dk
o () = sup | Srev)] for Lk >0,
S

and

N
P2 () = sup(1 + [¢]'79)
teR

dk
ﬁgp(t)‘ for k > 0,

respectively. Let us denote by (8_)" and (8¢)’ the corresponding dual spaces of §_ and 8. Notice
that 8_ C 8%, so that (8%)" C (S_)’. It turns out that (8%) is the appropriate class of distributions

to extend the definition of the left fractional derivative.

Definition 2.2.1. For u € (8)', we define (Diegt)®u as the distribution in (8_)" given by

((Drefe) 1) (@) = u((Drignt)“) for any ¢ € S_.

Consider next the class of functions given by

1 A Ju(n)
Lﬁ:{ueLloc(R):/ — 5 47 < o0, for anyAeR}.
—00 1+ ‘T|

We use the notation

A Ju(r)]
Hu||A:/OOH|T|MdT for A€ R,

Any function u € L defines a distribution in (8%)" in the usual way, so that (Dieg)%u is well
defined as an object in (8§_)". The following result is proved similarly as in the case of the fractional

Laplacian (see Proposition 2.4.1).

Proposition 2.2.1. Let u € LY. Assume that v € C*T¢(I) for some € > 0 and some open set

I C R. Then (Di)*u € C(I) and

(Dieg)*u(t) = F(ia) /_OO ?ET—) ;)?JEZ) dr  foralltel.

Proof. Let Iy CC I be arbitrary. There exists a sequence up € S_ such that fi is uniformly
bounded in C**¢(I), fx — f uniformly in Iy, and f, — f in L*.

‘We will show that

(Drefe) “up(t) — ! /t u(r) — u(t) dr ask — o0
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uniformly in Iy. Fix £ > 0. Let p > 0 be such that
(2.2.2)

M €
——dr < = here M = ade(Ta)-
/ |7'|175 TSg W ere sgp[uk]c +e(I)

Write
L1t () —w(t) L [0 uk(7) — us(t)
R e i el i el
1 Eou(r) — u(t) 1 =P u(r) — u(t)
I,+11,:= T(—a) /t_p =) dr + T(—a) /_OO de

First, observe that, by (2.2.2),
1 b lug(r) = up(t)]

I(=a)| Ji—p |t

o1 t MM—TH“d 1 /ij g <
< T = —dr <
T(—a)| Ji—p |t =7 L(=a)l Jo |7)*¢

e

Lo

It follows similarly that |I,] < £. To study I 5 — 11, notice that

o ruk ()|
L g = Ju(t) — u(t) / _
] / e o) 1+

= Jug(t) — u(t)| ﬁ < %_

for k large because uy — w uniformly in Iy. Since up — u in L? it follows that, for k large,

1
tplUk ()I tplUk ()|1+|T|+ad
1+a a)] 1+a 1+|7_|1+a T

t—p =
/ |uk 1+(;_)| dr < E
a)l 1+ |7 6

Here, we used that

1+ |7 1 |t — 7| |t]
< L
= ST—r =1 =1 " p p
Therefore,
) = (ur(r) = u(r)) = (un(t) — u(t)
(t _ 7—)1+a

/tﬂ\uk u(n)l /uk u®l , <
1+a | 1+o¢ 3
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We conclude that, for k sufficiently large,

o 1 bou(r) — u(t) _
(Dleft) Uk(t) - F(—a) /OO de < |I§’ + ’Ip‘ + ’I[F]f —I[p| < €

as desired.
Let ¢ € C°(Ip). Let A € R be such that suppy C (—o0, A] C Iy, so that ¢ € §_ and

(Diett)“p € 8. By the above uniform convergence, we have that

> o0 tou(r) —u
(D) o) = [~ Do [~ (gl [0St ar) et

—00 —

as k — oo. Furthermore, since ug — u in L*, we know that (Dieg)*ur — (Dietg)®uw in (8_)’. Hence,

((Drett) “ur ) (¢) = wr((Dright) @) = w((Dright)*¢) = ((Diets)“u)(¢), as k — oo,

By uniqueness of limits,

(0w = [ (s [ D=t ar) ety ar

—00 —

Since ¢ € CZ°(1y) was arbitrary, (Djef)“u must coincide with the pointwise formula in Iy. Moreover,
(Diegt)“u is continuous in Iy as it is the uniform limit of a sequence of continuous functions.

Since Iy was arbitrary, the result follows. O

Remark 2.2.1. We have found that the one-sided class LY is the appropriate space of locally
integrable functions to define the left fractional derivative. This is a refinement with respect to the

distributional definition presented in [8, Remark 2.6/, which was two-sided in nature.

2.2.2 One-sided weighted spaces

A nonnegative, locally integrable function w = w(7) defined on R is in the left-sided Sawyer

class A, (R), for 1 < p < oo, if there exists C' > 0 such that

1 a+h 1/p 1 a , 1/p
(h/ wdT> (h/ WP dT) <C
a a—h

for all @ € R and h > 0, where 1/p+ 1/p’ = 1. We then write w € A, (R). By re-orienting the

real line, one may similarly define the right-sided A (R)-condition: a weight & belongs to A} (R)
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if there is a constant C' > 0 such that

1 a 1/p 1 a+h 1w l/p/
_ % _ ~1—Pp <
(h/ahwdT) (h/a w d7'> <C

for all @ € R and h > 0. In this way, w € A, (R) if and only if w7 ¢ A;’, (R).

From the definition, one should note that, for w € A;(R), there exist —oo < a < b < oo such

1

that w = 0o in (—00,a), 0 < w < 00 in (a,b), w =0in (b,00), and w € L

((a,b)). For simplicity
and without loss of generality, we will assume (a,b) = R, so that 0 < w < oo in R.

The one-sided Hardy-Littlewood maximal functions M~ and M™ are defined by

1 st NG
M~ u(t) = sup / lu(7)] dr and MTu(t) = sup/ lu(T)| dr
h>0 b Jin h>0 I Jy

respectively. If 1 < p < oo, then M* is bounded on LP(R,w) if and only if w € A;,t(]R), see [66].
When p = 1, M* is bounded from L'(R,w) into weak-L!(R,w) if and only if w € Af(R), namely,
there exists C' > 0 such that

MTw(t) < Cw(t) forae. teR

see [55]. We refer to [46, 53, 54, 55, 56, 66] for these and more properties of one-sided weights.

It is clear that A, (R) is a larger family than the classical class of Muckenhoupt weights A, (RR).
In particular, any decreasing function is in A, (R), but there are decreasing functions that are not
in A,(R) (see Section 2.4). For instance, w(t) = " belongs to A, (R) but not to A,(R) because it
is not a doubling weight.

For a measurable set £ C R, we denote

w(E) = /Ewdf.

An important property that we will use is the following.

Lemma 2.2.2 (See [46, Theorem 3]). Let n = n(t) > 0 be a integrable function with support in
[0,00) and nonincreasing in [0,00). Then, for any measurable function u: R — R and for almost

all t € R, we have
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By changing the orientation of the real line, the analogue conclusion holds for nondecreasing n

supported in (—oo, 0] with M in place of M~ .

Lemma 2.2.3 (See [56, Theorem 1]). Ifw € A (R), 1 < p < oo, then there exist C,0 > 0 such

for all a < b < ¢ and all measurable subsets E C (b, c).

that

Lemma 2.2.4. If w € A7 (R), then there is a constant C > 0 such that, for any 0 < a < b,

w((=a,—a+ (b—a))) :
206 —a) SO ).

Proof. Let t € (—b,—a). Since (—a,—a+ (b—a)) C (t,t+2(b—a)), then, by the A] (R)-condition,

we get
N 1 t+2(b—a)
> M > —
Cult) > M*a(t) > 5 /t w(r) dr
1 —a+(b—a) p

>_ -

Zwma ), 0%

_ w((=a,—a+(b—a)))

N 2(b—a)
for almost every t € R. O

!/

The following result says that (Dieg)®u is well defined as a distribution in (8_)" whenever

u € LP(R,w), for w € A;(R), 1 <p < oo.

Proposition 2.2.2. Ifw e A, (R), 1 <p < oo, then LP(R,w) C L, a > 0, and, for any A € R,

there is a constant C' = Ca . p > 0 such that
lulla < Cllull Lo w):-
In particular, LP(R,w) C L. (R).

Proof. Let u € LP(R,w) and fix any A € R.
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We first let 1 < p < oco. By Hélder’s inequality,

A Ju(r)
lull, = / BCIG R
—00 1 +‘|T|

= [ e L0

o 1_+‘ |1+a

1/p
< Null o ryw) (/_Oo de

= ||UHLp(R,w) : (IA)I/p :
Observe that &(1) = w() #/? = w(r)' ¥ e A;, (R). To conclude, it is enough to recall that

I = / ’ L), dr < o0,
—oo (L |7])P
see [53, Lemma 4].
Now let p = 1. For convenience with the notation, we let A = 0 (the general case follows the
same lines). First observe that, by the A] (R)-condition and Lemma 2.2.4,

0 wlT 0
/ 7| ( )1|+a dr < /_1 |u(7’)|w(7')w(7')_1 dr

_11—|—|7"

< ull g ) t;mfo)w(t)’l

—1
. C
~ s (int 0®) < Tl sy <

On the other hand, by Lemma 2.2.4,

/: 1+\T|1+a Z/gm ITI
< Z 2k / w(F)w(r) " dr

2k+1

< lullpr g 227 sup  w(r)”!

—oktl gt ok
1 —1
S SE T G TINTC)
S 1
< Cllull g w) o((—2F.0))°

k=0
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Lemma 2.2.3 implies that there exist C,d > 0 such that

w((—l,O))) < ( 1 )5.

w((—2*,0) 2k
Whence,
T u(r)] c SIEAY
———dr < ——— [Ju| () < o0.
/_oo L e 7 w((=1,0) TR ;) 2*
Thus, v € L* with the corresponding estimate. O

2.2.3 Density of smooth functions in W!P(R, w)

The proof of the following statement is similar to that of Lorente [46, Theorem 3]. Indeed, the
idea is to bound ¥ € C2°([0,00)) by a measurable function 7 supported in [0, c0) which is nonin-

creasing in [0, 00), and follow the steps of the proof in [46]. We provide the proof for completeness.

Proposition 2.2.3. Let w € A, (R) and u € LP(R,w) for 1 <p < oo. Let ¢ € CX([0,00)) be a

e

nonnegative function such that / Ydt = 1. Define ¢.(t) = L1 (é) Then the following hold.
0

(1) |Jux:(t)] < CM~u(t) for almost every t € R.

(2) [l el o) < O llull o)

(3) limg_o+ u*x Y (t) = u(t) for almost every t € R.

(4) T [0 e — ul gy = 0.

It follows that C>°(R) N LP(R,w) and C°(R) are dense in LP(R,w) for w € A7 (R), 1 < p < oo.
Additionally, notice that if ¢ is as in Proposition 2.2.3 and u € WP (R,w), then
wr e () = [ (m)nlt =) dr = (5 02)(0)
Hence u * . — u as ¢ — 07 in W'P(R,w), so that C®°(R) N WHP(R,w) and C°(R) are dense in

WP (R,w) for w € A5 (R), 1 < p < oo.

Proof of Proposition 2.2.53. Let n > 0 be an integrable function with support in [0, 00), which is

nonincreasing in [0, 00) be such that ¢ < n everywhere.
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To prove (1), we first estimate

wew)o1< [ Jute=) 2o (%) ar
~ [ = enivte) ar

Define h(s) and 5 by
h(s) =sup{r > 0:n(r) > s}, s=sup{s:h(s)>0}.

Therefore, we have that

/Oooyu(t—m\/on(f) dsdT:/Os/oh(S) u(t — e7)| dr ds
_ /Osh(s) <8h1(s) /t:h(s) u(r)| dr) ds
< /Osh(s)Mu(t) ds
- M /0‘” /{TZO:n(T)Zs} s

oo rn(7)
= M~ u(t) / / dsdr
o Jo

:M_u(t)/o n(r)dr

=CM ™ u(t).

Combing the estimates, we obtain (1).

We now prove (2). For 1 < p < oo, it follows from part (1) and the boundedness of M~ that

HU * wa‘HL;D(R7w) <C HMiILHLP(R,w) <C ||u”LP(R,w) :
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Let p = 1, we have that
urvllinge < [ [t = lvurydr o de

:/_Z@be(r)/_z\u(t—T)\w(t)dth
= [t [ ol +rydtar
:/ |/ Wt + 7Y (7) dr dt.

By the computation in part (1) with v and —e7 replaced by w and e7, it follows that

/ Tt + ) () dr < CM*w(t)

—0o
which proves (2).
To prove (3), we see that

e}

hw%w—wmé/ fu(t — e7) — u(t) | 6(r) dr

— 00

</Oo|u(t—57)—u()]77(7)d7

/ / u(t — e7) — u(t)| dr ds
:/0 hs) <é_h1($)/08h(s)y (t—7) —u(t)] d7> ds =+ 0

as € — 0 for almost every t € R by the Dominated Convergence Theorem and Lebesgue Differenti-
ation Theorem.

Lastly, we prove (4). For 1 < p < oo, by part (1),
us e (t) — u®)P w(t) < C(IMu(®)]” + [ul”) w(t) € L'(R).
Hence, by the Dominated Convergence Theorem and part (3)
o0
. o _ . o P _
g s =l gy = [l e () = (o) ste) de =

For p = 1, we define the function g by

g(r) = /OO lu(t — 1) — u(t)|w(t) dt.

—00



34

If w € C(R), then g is continuous and we estimate
o0
ok =gy = [ s velt) = ule)ole)

/ / ult — 7) — u(t)| e () drw(t) dt
// w(t — 7) — u(t)] w(t) dt o(7) dr

=[_<>%<m7%mm=o

as € — 0 since {t):}e>0 is an approximation of the identity.
Since C2°(R) is dense in LP(R, w) (see [63, Theorem 3.14]), the result follows in general. Indeed,

for u € L}(R,w), let uy, € C2°(R) such that uy — u in L'(R,w). Let 6 > 0. By part (2), we get

[l e = ull gy < llu* e — wp * el prry + lluk * e — uell ey + llue — vl g
= [[(u — uk) * Vel 1wy + 1wk * e = ull prrwy + Tk — ull 1 (r )

< Cflu = upll g + o * 0 — il gy + Nk — ull g1 gy < 6

for k large and ¢ small. O

2.2.4 The maximal estimate (1.3.4)

Proof of Theorem 2.1.2. We begin by writing

! 1 dr 1 * dr
T(—a) /0 (u(t — 1) —u(t)) Tita + T(—a) /1 (u(t —7) —u(t)) e (2.2.3)

To study I, notice that

/|ut7' u()\THa_/ / ol (¢ — )] dr ST
:/0 /O ’u’(t—rT)’T—adr
:/01 </Or|u’(t—7')’f_z> rag (2.2.4)
g/olro‘l/ol‘u’(t—T)‘f_Zdr
:i/ol‘u'(t—T) dr

I, +11,:=
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Then, if we let 7(t) = t~“x(0,1)(f), by Lemma 2.2.2,

Lo <

1 .
m(hﬂ n(t)

1 _ L,
gmM u(t)/o T %dr

1 N = U
RSO Rl

where
1

“ Tt

Considering now the second integral in (2.2.3), we observe that

o dr 1
11, = F(a)/l u(t_T)TlJra + T —a) u(t).

For the first term, we estimate using Lemma 2.2.2 with 7(t) = x(o1(t) +

Rl

X (1,00) (B),

1
< ey * w0

< ’F(ia)Mu(t) (/01 dr + /100 rime dT)

1 1 - _ =
:]F(—a)<1+04>M u(t) = CoM~u(t)
where
14+«
“ Ti-a

which is bounded independently of .. Therefore,
|11, < CoM ™ u(t) + Cs|u(t)] < (C2+ C3) M~ u(t)

where
1

STl

The result follows since

24+« 2+a)(1—a)
= = <
Cy<1 and Cy+0Cs F(l—a) F(?—Oz) <3
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2.3 Proof of Theorem 2.1.1

2.3.1 Proof of Theorem 2.1.1 (a)

The proof of part (a) is organized as follows. We first show that the formula in the right hand side
of (2.1.1) is well-defined as a function in LP(R,w). It is then shown that the distribution (Djeg)*u
is indeed given by such pointwise formula using the fact that C°(R) is dense in W1HP(R,w). The
LP(R,w) estimate in (2.1.2) follows immediately from these steps of the proof. Next, we show that
the limit in (2.1.3) holds in LP(R,w) for u € C2°(R) and then use a density argument to show the
result for u € WHP(R,w). The a.e. convergence of (2.1.3) is proved by showing that the set of
functions in W1P(R,w) such that (2.1.3) holds a.e. is closed in WP(R,w). The a.e. convergence
of (2.1.4) follows similarly. Finally, the maximal estimate allows us to prove that (2.1.4) holds in

LP(R,w), 1 < p < o0.

Step 1. The integral expression in (2.1.1) defines a function in LP(R,w).

First let 1 < p < co. By Theorem 2.1.2 and the boundedness of M~ in LP(R,w) for w € A, (R),

it is immediate that

H p(la) /OOO (u(t —7) —u(t)) % <C, (HuHLp(R,w) + HU/HM(M) . (2.3.1)

For p = 1, we consider the terms I, and I], as in (2.2.3). We use (2.2.4) to observe that

Mol < ey | ) e =) Ly ar
= e L e
_ M/Z }u'(r)|/:+1 (tﬁ(?)a dt dr
:M/_: }u’(7‘)|/01w(t;_7)dtdr.

LP(R,w)
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Since w € A7 (R), for a.e. 7 € R we can use Lemma 2.2.2 with n(7) = 7| x(~1,0)(7) to get

w(t+T1) Ow(r—t) er\(r
/Ot i = /Ma dt = (w ) (r)

-1

Therefore,

ol (rw) < CuCi Hu/HLl(R )

where C] is as in the proof of Theorem 2.1.2. Moving to the second term in (2.2.3), we write

1 > dr 1
11, = (o) /1 u(t — 7')7_1+a + = a)u(t)

and estimate

[

L1 (Rw) / /oo |urt11a7 dr w(t) dt
/ /t | t—(rT))1|+ad w(t) dt
[Tl [T deas

w(t+7)
:/ |/ e dth.

By using again the A7 (R)-condition and Lemma 2.2.2 with n(7) = x{_1,0)(7) + X X(=o0,—1)(T),

Cw(t+T) -1 w(r —t)
/1 tl-i-oc dt = /oo |t|1+a dt
< (wx*n)(T

[ o s

1
<1 aMer(T)

for a.e. T € R,

< C’1 i Oéw(T).
a




38

Therefore, by collecting terms,

1
+
L'(Rw) ‘P(l -

& dr

1+« 1
<o lta L (23.2)
= ’F(—O&)’O& ||u||L1(]R,w) + |F(1 — Oé)| ||u”L1(]R,w)

1
el < ey e

< Cu(C2 + C3) ”uHLl(R,w)

where Co, C'3 > 0 are as in the proof of Theorem 2.1.2. Thus,

H p(ia) /000 (u(t —71) —u(?)) %

Hence, the integral in (2.1.1) is in LP(R,w) for 1 < p < oc.

o S (el g2y + 19| 1) - (2.3.3)

Step 2. The distribution (Dieg )“u coincides with the integral formula in (2.1.1). Therefore (Djeg )*u
is in LP(R,w) and, by (2.3.1) and (2.3.3), (2.1.2) holds.
To show (2.1.1), let uj, € C°(R) such that up — u in WHP(R,w) as k — co. We may write

1 dr

(D) walt) = s | Cunle =) = usle)

Using (2.3.1) and (2.3.3), we can show that the formulas converge in norm. Indeed,

h dr 1 > dr
F(—a) /0 (Uk(t—T) _Uk(t))m - F(—O&)/O (u(t—r) —u(t))m

<C (HUk — Ul ) + |uf — u'HLp(va)) —0 ask — oo.

LP(R,w)

If o € CX(R) and A is such that suppy C (—o0, A], then ¢ € 8_ and (Dyignt)“p € 8 with

supp((Dright)“¢) C (=00, A]. Now, by Definition 2.2.1,

(D) )(0) = [ ult) (D)) e
= Jim [ (0) (D) (1) di
“tim [ (Den)un(t) o(t) dt (2.3.4)

k—oo J_

i [ (e [ - ) — ) ) oty e
< 0 T

k—oo J_oo F(—Oé)

— /_C: (F(ia) /Ooo (u(t —7) — u(t)) T?L) o(t) dt.
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In the second identity above we used that, by Proposition 2.2.2,

o0

' /_ "t (Dusgne)*o(8) di— / w(t) (Dyg)o(8) dt

—00

A
< / |ug () — w(t)] [(Dright)“@(t)| dt

_ /A ju(t) = u)|
s 1+ ‘t’1+a
<ot w0,

oo 1 4+ |t|1+a

|(Drige) ()] (1 + [¢]+) dt

< Cllug — ull ppryy =0 ask — oo

and in the last equality we observed that

‘/_Z(Dle“)a“’“(tm” i - / i (p(ia) /0 "l —7) u(t)) Tﬁa) w(t) dt‘

4 OO B dr o dr 1
< C’/_OO /0 (ur(t — 1) — ug(t)) Tra /0 (u(t — 1) —u(t)) e | T dt
> dr o dr

as k — oo. Therefore, since ¢ was arbitrary in (2.3.4),

1 dr

(Dhegt) “u(t) = T(a) /Ooo (u(t — 7) — u(t)) g e in R.

Step 3. The limit as & — 17 in (2.1.3) holds in LP(R,w) for u € C°(R).

Suppose that u € C°(R) and write (Diegt)*u(t) = I + 11, as in (2.2.3). For 1 < p < oo, we

see from the proof of Theorem 2.1.2 that

Tl o) < (C2+ C3) [|M | 1y

1+a 1
<

as « — 17. For p =1, by (2.3.2) in Step 1, we similarly obtain

I Tall 1o () < Cu(Co + Cs) ull iy =0 asa—17.
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Next, observe that

1

L — /(1) = / Tt =) dr> Tf; — ()

SIS
// t—r))drj;+<r(2“_a)—1> 0
b I

0 /0 u"(t — ) dpdr ch; + <F(2O‘_ 5 1) o (8).

Let K be such that suppu”(- — p) C [-K, K] for all p € [0,1]. Then, for 1 < p < oo,

(- = 'U’)HLP(R,UJ) < HUHHLOO(IR) WK, K)'P =

where ¢ > 0 is independent of a. Therefore,

”I —Uu HLp R,w)

dr «
’/ / / Hu//t_ HLP d,u,dr 1+a+‘r(2—a)_1“‘UIHLP(R,QJ)

dr a
’ / / / dpdr Tlta * ‘F(Q — ) -1 HUIHLP(R7{U)
+|ip=ay | Il
|F(—Oé)|( o) T2 —a) | Mlrew
a(l — «) o i
:C|F(3_a)| I'2-a) -1 HUIHLP(RW)ﬁO as o — 1.
Hence,
H(Dleft)au — UIHU’(RM) < HIIO‘HLP(R,W) + HIa _ U/HLP(RM) -0,
as o — 1.

Step 4. The limit as & — 1~ in (2.1.3) holds in LP(R,w) for u € WHP(R, w).

Let u, € C°(R) be such that u, — u in WHP(R,w) as k — oo. We just observe that, by the

LP estimate (2.1.2) (that was proved in Step 2), for 1 < p < oo,

H(Dleft)au - U/HLP(R,w)
< I (Dreg)* (u — uk)”LP(R,w) + H(Dleft)auk - U;CHLP(R70J) + Hu;c - UIHLP(RM)

< O (=l ooy + 10 = 00 | )+ 11Dttt =4 o
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Then take k large and choose « close to 1~ (see Step 3).

Step 5. The limit as o — 17 in (2.1.3) holds almost everywhere for u € WHP(R, w).

It follows from Theorem 2.1.2 and the properties of M~ that the operator T defined by

T*u(t) = sup (Dieg)®u(t) for u € WIP(R,w)
0<a<1

satisfies the estimates
HT*uHLp(Rw) < Cpu HuHWl,p(R,w) for any u € WHP(R,w), 1 < p < oo

and

Cu
w({t e R: |T*u(t)] > A}) < THUHWLl(R,w) for any u € WH(R, w).

In particular, T* is bounded from WP (R, w) into weak-LP(R,w), for any 1 < p < co. To conclude,

we need to see that the set
E={uecW"YR,w): lim (Dieg)*u(t) = u'(t) a.e.}
a—1—

is closed in W'P(R,w). Indeed, since C>*(R) C E and C°(R) is dense in W1P(R,w), this claim
gives that £ = W1P(R,w).

To check that F is a closed set, let ux € E be a sequence such that u, — u in WP(R,w), for
some u € WIP(R,w). We will prove that v € E. Let A > 0 be arbitrary. By using the boundedness
of T* and Chebyshev’s inequality, we find that

w({t € R :limsup |(Dieg)“u(t) — v'(t)]| > A})

a—1—

<w({t € R : limsup |[(Diese)*u(t) — (Diege) “ur(t)| > A/3})

a—1-

+w({t € R: limsup |(Dleft)auk(t) - u;(t)‘ > \/3})

a—1-
+w({t e R: [ul(t) — ' (£)] > \/3})

<w({t €R: |T*(u—wp)(t)] > A/3}) +w({t € R: |(u —u)(t)] > A/3})

3C P
2 (3 = il ogey ) =0

IN
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as k — oco. Therefore

w({t € R : limsup |(Dieg)*u(t) — u'(t)| > 0})

a—1—

< Zw({t € R : limsup |(D]eft)au(t) - u’(t)‘ >1/n})=0.
n=1

a—1-
Since A > 0 was arbitrary, we have u € E.
Step 6. The limit as o — 0 in (2.1.4) holds almost everywhere for u € WHP(R, w).

As in Step 5, one can check that the set

E' ={ueW'YR,w): lim (Dieg)*u(t) = u(t) ae.}

li
a—0t
is closed in W1P(R,w). Since C°(R) C E', by density, we get E' = WLP(R, w).
Step 7. The limit as o« — 0% in (2.1.4) holds in LP(R,w).

By Theorem 2.1.2, for any 0 < a < 1,

|(Diege) *u(t) — u(t)” w(t) < (C(M™(u)(t) + M~u(t)) + [u(t)])" w(?)

< Cp (M (W)(1)P + (M~ u(t))) w(t) € LP(R).

Therefore, by Step 6 and the Dominated Convergence Theorem, (2.1.4) holds.

The proof of Theorem 2.1.1, part (a), is completed. O

2.3.2 Proof of Theorem 2.1.1 (b)

This is proved through a distributional argument.
Suppose that (Dieg)®u — v in LP(R,w) as a« — 17. Let ¢ € C°(R). Let A € R be such that

supp ¢ C (—00, A], so that ¢ € S_ and (Diignt)*¢ € 8. By Proposition 2.2.2,

‘/Z v(t) e(t) dt — /OO (Diete)*u(t) o(t) dt‘ < /A 0(t) — (Diege)*u(t)] C

dt
. . T+ 1

< Cpawp I = (Diet)“tl| p(r ) = 0
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as « — 17. With this and the definition of (Djeg)“u we can write

o (o]
/ vpdt = lim (Dre)“u p dt

—0 a—=1" J_~
o
= lim U (Drignt)“p dt.
a—1" J_~
Next, notice that, by Proposition 2.2.2,
() 1(Drigh) e + ¢/1 < [1(®)| 2 X oot (8
U right) @ T ¢ | > U 1+‘t‘1+aX(—oo,A}
|u(t)] 1
t) € L' (R).
891+|t|X(—oo,A]()€ ( )

Therefore, by the Dominated Convergence Theorem, as (Dyight)*¢(t) — —¢'(t) as a — 07,

[e. 9]

T | [ ) (D @w+[mmw¢@ﬁ'

S/ lim |u(t) H right )" cp/(t)‘ dt=0
0o =17

Whence,

/ vdt = lim © (Dright ) dt

— 00 a—17 ) _~

o0 o0
:—/ ugo’dt:/ o pdt.
—0o0 —0o0

Therefore v = u’ a.e. in R. Since v’ = v € LP(R,w), we get u € WLHP(R,w), and by Theorem

2.1.1(a), the conclusion follows. O

2.3.3 Proof of Theorem 2.1.1 (¢)

Using the exact same arguments as in part (b), we find that

/ vpdt= lim (Dret)*u p dt

—o0 a—01 J_
0o 00

= lim u(Dright)agodt:/ updt.

a—0t J_ o

Therefore v = v a.e. in R and the conclusion follows. O
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2.4 Fractional Laplacians and Muckenhoupt weights

For u € §(R"), the Fourier transform identity
(—A)u(§) = l¢l*a(e)
is used to define the fractional Laplacian as
(“APu(e) = [§P*a(e) for0<s <1,

Using the heat diffusion semigroup {e’®};>¢ generated by —A, it is shown in [72, 73] that the
fractional Laplacian can be expressed using the semigroup formula (2.1.5) and that this is equivalent
to the pointwise formula (2.1.6). For completeness, we provide some of the details.

Using the Gamma function, we can write

s 1 > -\t dt
= — e — , lor any S , .
A r=s) /o ( 1) e fi 0<s<1, A>0

Choosing A = |¢* and multiplying by @(¢), we obtain

— smpey 1 P~ . dt
(CAu(e) = €900 = 75 [ (79 a0 1) s

Taking the inverse Fourier transform, the semigroup formula (2.1.5) holds. Here, ¢*? is the operator
that satisfies
ctBu(€) = ¢ 1),

It is well known that e!®u(z) = (W; * u)(z) where Wy(z) is the Gauss-Weierstrass kernel

1 - n
Wt(.%'):we‘|/(4t) fOI'.TGR,t>O

and that v = e!®u solves the heat equation in R™ with initial data w,
o = Av forz e R",t >0
v(x,0) =u(z) for x € R™.

By writing

(8 ule) = g [ (Or0@) = ate) 5z

1 00 dt
- 5 /0 | Wil =) (aly) = u(@) dy

and applying Fubini’s theorem, the pointwise formula (2.1.6) holds.
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2.4.1 Distributional setting
The distributional setting for the fractional Laplacian was developed by Silvestre in [68]. Con-
sider the function class

5, = {eo € C¥®") : [Dgp(a) < —C

< —— for all vy e NG, z € R", for someC>O}.
1+ |z

We endow &g with the topology induced by the family of seminorms

() = sup (1+ [z|"*%*) |DVp(x)|, for v € Nj.
reR”

Let (85)" be the dual space of 8s. Notice that 8 C 8, so that (85)" C 8'. For u € (8;), (—A)*u is

defined as a distribution on 8’ by

(~A)°u)(p) = u((-A)'¢) forany p €8,

One can check that Ly C (85)’, where

Ly={ue Ll (R" :/ W(x)‘daz<oo}.

{ 1 c( ) ' 1+ |$‘n+25

Proposition 2.4.1 (Silvestre [68]). Let Q be an open set in R™ and u € Ls. If u € C*7¢(Q) (or
C125+e=1(Q) if s > 1/2) for some & > 0, then (—A)%u € C(Q) and

Su(x) — u(z) — uly)

(—A)’u(z) = cp s PV. | s dy  for every x € Q.
Re |z —y

Here (see [12, 13])
_ 4T(n/2+ s)

Cn,s = T(—s)[ 772 ~s(l—s) ass—0,1. (2.4.1)

2.4.2 Muckenhoupt weights

A function v € LL _(R"), v > 0 a.e., is called an A,(R™) Muckenhoupt weight, 1 < p < oo, if it

loc

satisfies the following condition: there exists C' > 0 such that

1 r /4 , 1/p'
<]B\/ Vd:n) (w/ pl=p dm) <C (2.4.2)
B B
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for any ball B C R™. If v satisfies (2.4.2), we write v € A,(R"). Observe that v € A,(R") if and

only if 177 ¢ Ay (R™). The Hardy-Littlewood maximal function is defined by

Mu(x) = sup —- / u(y)| dy
B>z ‘B| | |

where the supremum is taken over all balls B C R™ containing z. For 1 < p < oo, the operator M
is bounded on LP(R™,v) if and only if v € A,(R™). When p = 1, M is bounded from L!'(R",v)

into weak-L!(R", v) if and only if v € A;(R™), namely, there exists C > 0 such that
Mv(z) < Cv(x) for a.e. z € R".
For a measurable set £ C R™ and a weight v, we denote
v(E) = / vdz.
E
See [27] for more details about Muckenhoupt weights.

Lemma 2.4.1 (See [27, Proposition 2.7]). Let n = n(x) be a function that is positive, radial,
decreasing (as a function on (0,00)) and integrable. Then for any measurable function u : R™ — R

and for almost every x € R™, we have

s n(@)] < [|nll L1 @y Mu(z).

Lemma 2.4.2 (See [27, Corollary 7.6]). If v € Ap(R™), 1 < p < oo, then there exists § > 0 such

that given a ball B and a measurable subset S of B,

<o (o)

Our next result shows that for any function u € LP(R",v), v € A,(R"™), 1 < p < oo, the object

(—A)%u is well defined as a distribution in §8'.

Proposition 2.4.2. Ifu € LP(R",v), v € Ap(R"), 1 <p < oo, then u € Ly, s > 0, and there is a

constant C = Cp p,, > 0 such that

lullz, < Cllullppgn v -

In particular, LP(R™,v) C LL (R™).
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Proof. Suppose first that 1 < p < co. By Holder’s inequality,

()7
< ny | Cn | Ty @
lull, < llull ogen..) ( /R (1 + [ ™

Let o(z) = v(z)'7 € Ay (R™). It is enough to show

7(z)
/n< T4 [l <o

Let f(z) = xB,(x). If || <1, then M f(x) = 1. If || > 1, then B; C B(x,2|z|) and

~
S

B,y 1 C,

Mf(x) > 1B(z, 2 |z|)] = (2]z])" > (1+ |aj|)n

Since M is bounded on LP'(R", ), for 7 € A, (R™),

/Rn (At ey @=¢ (M (@) o) d

<C | (f@)VWi@)de=C [ b(x)ds=Cr' 7 (B).
R™ B

Therefore,

)
lull, < Cllull poggn,y v' ™ (Br) < oo

Now let p = 1. Observe that

ju(e) y
U o < Yl gy sup (@) < Co g
/$|<1 1+ ‘x‘n-&-Qs H ”LI(R V) veB ( ) n,v H ||L1(R V)

where in the last inequality we used that, since v € A;(R"),

—1 —1
1 . V(Bl)>
suprv~ " = | infv <C
By (Bl ) = (an

On the other hand, let B;j = By;(0), j > 0. By using the A;(R")-condition and Lemma 2.4.2 with

S =B, and B = B;,



| /\

|u(x oo/ ()]
_ @ d
/|m|>1 1+\x!”+25 z(:) Bji1\B |l‘|

00 1 -
< en flull o1 gn ) Z (27)n sup v~ ()

| /\

= 1 B’ s
SC”UHLI(Rn,u)Z ; }‘Bj’

<C Hu”Ll(R",V)

< Cny llullprgn,,y -

The result for p = 1 follows by combining the previous estimates. O

2.4.3 The heat semigroup on weighted spaces

Recall the definition of the classical heat semigroup {e*®};> on R™:

1 g
etAu(x) = - Wiz — y)u(y) dy = W /R" e’ y|2/(4t)u(y) dy (2.4.3)

for z € R, t > 0. We believe that the following result belongs to the folklore, but we provide a

proof for the sake of completeness.

Theorem 2.4.1. Let v € Ap(R") and u € LP(R™,v), 1 < p < co. The following hold.

(1) The integral defining e®u(z) in (2.4.3) is absolutely convergent for x € R™, t > 0, and
i;lg ‘e u(z)| < Mu(z)

for almost every x € R".
(2) etPu(z) € C=((0,00) x R") and d(et™u) = A(et®u) in R™ x (0, 00).

A
) Het UHLP(Rn,V) < Chpy HUHLP(R”,ZI)7 where Cpp,, > 0.
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(4) lim eBu(x) = u(z) for almost every x € R™.
t—0

. tA,
© iy e

“HLP(Rn,y) =0.

(6) If u € W2P(R™,v), then e'®Au = Ae'Pu.

™

=0.
LP(R",v)

/ Wiz — y)u(y) dy
|o—y|<e

Proof. Let u € LP(R™,v), v € A,(R"), for 1 < p < 0.
For (1), we apply Lemma 2.4.1 with n(x) = W;(z) and notice that ||[Wi|p1(gn)y = 1, for each

fixed t > 0 to estimate
| u(@)| = | u(@)] < 0l ey Mu(z) = Mu(z).

To prove (2), we recall that Wi(z) € C®°(R™ x (0,00)), O:W; = AW, in R™ x (0,00) and that
there exists ¢ > 0 such that [9;W;(x)| < $We(x) for each t > 0 and z € R". Thus, we can
differentiate inside of the integral in (2.4.3) to find that e'®u(z) € C*(R™ x (0, 00)) and solves the
heat equation.

If 1 < p < oo, then part (1) and the boundedness of the maximal function M show that

HetAuHLP(Rn ) S Cllull prn by~ I p =1, as in part (1) and by using the A;(R")-condition,

el < [ I ([ Wile - ptorde) dy
< /R Julw)] Mu(y) dy

<C
Rn

u(@)|v(y) dy = C l[ull s o -

Whence, (3) holds.

To verify the almost everywhere limit in (4), we only need to observe that lim, o+ e!®p(x) =
o(x) for every x € R™ whenever ¢ € C°(R"™), that C2°(R™) is dense in LP(R™, v) and that, by part
(1), the maximal operator

T*u(x) = sup ‘emu(:n)‘
>0

is bounded from LP(R",v) into weak-LP(R"™, v) (see, for instance, [27, Theorem 2.2]).
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For (5), notice that if ¢ € C°(R™), then, as in part (1),

‘ etA

o(z) — p(z)| = /O Due*S () ds

S/ ‘eSAAcp(x)‘ ds < CM(Ap)(x)t.
0

For 1 < p < oo,
%0 =l o) < OOl Loy = 0

ast — 0T. If p =1, then by part (3),

[0 = @l ansy = [ le26l@) = ola)]| (o) do
< / / e Ag(@)| v(a) ds do
]Rt" 0
= [ e 8l
< [ 1Bl s = CHIBA gy 0

as t — 0%. We then use the density of C>°(R") in LP(R"™,v).

For (6), let ¢ € C°(R™) and observe that

Aet®u(z)p(x) d:c:/ ePu(z)Ap(z) dx

n

R"

= [ ] Wila = pyutn) dla) dy da

= [ W] [ ut)dgpte + nay] do

= | W) [

Au(y)p(z +y) dy] dx
Rn

R

_ / e Nu(e) o) do.

Then Aet?u(z) = e!® Au(z), for almost every = € R™.

Let us finally prove (7). Observe that, by part (1),

[ W= ) ) dy < M),
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For 1 < p < 0o, Mu € LP(R",v) so, by the Dominated Convergence Theorem,

p
lim
e—0

/ We — 1) [u(y)| dy
le—y|<e LP(R™,v)

B /]Rn il—rif(l) </x—y<a Wiz —y) [u(y)] dy) v(z)dz = 0.

For p=1,

H /x_y|<g Wiz — y)u(y) dy

< [ wl [ wite - ity ad] ay
LY(R"v) " lz—y|<e
and, by part (1),

u(y)| Wiz = y)v(z) de < Ju(y)| Mv(y) < Clu(y)|v(y) € L'(R")

lz—yl<e
for a.e. y € R™. Therefore, (7) holds for p = 1 by the Dominated Convergence Theorem. O
2.4.4 The maximal estimate (1.3.5)

Proof of Theorem 2.1.4. Define the operator Ty . on W2P(R",v) by

Tseu(x) = cms/ u@—y) —u(@) dy.

wie |yt

We will show that there is a constant C' = C,, > 0 such that
Ts cu(z)| < C (M(D?*u)(z) + Mu(z)) for ae. x € R"

from which the statement follows. We write

ulz —y) —u(x ulz —y) —u(x
Tsﬁu(m):cn,s/ ( ZQHS ( )dy+cn,s/ ( yn)+23 ( >dy:I+II.
e<lyl<t |yl lyl>1 |

Let us first estimate the second term. Take n(z) = x{z<1}(2) + || 728 X{jz|>1} (%) in Lemma

2.4.1 and use (2.4.1) to get
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u(z —y)| 1
11| gcn,s/ B2 dy + ens Jul)| s Y
wi>1 [yl ly1>1 [yl
|u(x)

S

< Cos(l - s>(<|ur (@) +

~—

< Cps(l—s) < 1l 1 ey Mu() + ‘U(m‘)

— Cps(1 — s)< <1 ;fs> Mu(z) + |u5x)|>

< CpMu(x).

Consider now the first term, that we rewrite as

I—c / u(z —y) — u(ngi); Vu(z) -y i
<lyl<1 |y

Since u € W2P(R",v) and (2.4.1) holds, for a.e. z € R" we can estimate

I <e / lu(x —y) — u(z) + Vu(z) - y| dy
S Cns n+2s
<Jyl<1 ly["

2 1
< Cn,s/ ‘%Lzs / (1—1) ‘DQU(x — ty)| dtdy
e<lyl<1 |yl 0

1 D?u(x — ty)
0 e<lyl<t |y|

1 D2 _
<cns / (1—¢)¢20-9) / [Doulz —y)] :(f(lf))‘ dy di
0 \y|<t Y|

2 _
k=0

2- (kD i<|y|<2-Ft |y

oo

1
< cns/ t_2(1 8 / D?u(z —y)| dydt
o, - > g o, P )

k:O

< Cps(1 — )27 2079 M (D) (2) / (1—1) [i 1,{3] dt

ol @)

< anl(ls_s)lM(DZU)(a:) < CuM(Du)(x)

where in the last line we applied the estimate 4175 — 1 > ¢(1 — s), for any 0 < s < 1. Therefore,

|Tscu(z)| < |I| + 11| < Cp (M(D?u)(z) + Mu(z)) for a.e z € R™. O
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2.5 Proof of Theorem 2.1.3

2.5.1 Proof of Theorem 2.1.3 (a)

The steps in the proof of part (a) are similar to the steps in the proof of Theorem 2.1.1 (a).

Step 1. The semigroup formula in (2.1.5) defines a function in LP(R", v).

Let us begin by writing
1 [ dt
o ) — )

Sule) = el + 16 — )l

=I+1I.

To study I, recall Theorem 2.4.1 and observe for ¢ € [0, 1] that

t
=l gy < [ 10 oy dr < C 80l agan st

Therefore
dt
tA
oo < gy 1620 = Wl s
C 1
= —— || Au|ppign, / todt
‘F(—S)‘ || HLP(R V) 0
S
= Cm HAuHLP(R",u) :

For I, in view of Theorem 2.4.1,

1 &0 ‘A dt

”IIHLP(RH,V) < ‘F(—S)‘ /1 <H6 uHLP(Rn,u) + HUHLP(R”,V)> tl+s

1 o dt

< 57 (C Moy + llleensy) | 7

C-s)
I'2-

)‘ ||u||LP(]Rn V)"

Therefore

oy [ @) - o) 1

LP(R™,v)

< C (1l oo ) + 1800 aan,y) < o0

(2.5.1)

(2.5.2)

(2.5.3)

(2.5.4)

Step 2. The distribution (—A)®u coincides with the semigroup formula in (2.1.5) for a.e. z € R".

Therefore, (—A)*u is in LP(R, v) and, by (2.5.4), we see that (2.1.7) holds.
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Since C2°(R™) is dense in W2P(R™, v) (see [78]), there exists a sequence u; € C2°(R™) such that

ur — u in W2P(R", v). We consider the terms I and IT as in (2.5.1) and, similarly,

. 1 LA dt 1 © A dt
(—A)°uk(z) = s /, (ePup(z) — up(x)) s T T /. (e"Cup(z) — up(x)) it
By (2.5.2),
s
1k = Il Lo (en ) < Cm [A(ur = w)llpp(n,y) =0 as k — oc.
Similarly, by (2.5.3),
C(l—s
[Tk — | o ) = ]?((25) [ur = ullLon ) =0 as k — oo
Therefore,
s 1 A dt
(—A)°ug(x) — s J, (e u(x) — u(:):)) s (2.5.5)

in LP(R™,v) as k — oo.

Next, let ¢ € C°(R™) and note that (—A)%p € 85. By Proposition 2.4.2,

[ n@-aye@de - [ u@)(-a)yp@)ds

<o [l —ual,
R 1_’_|x’n S

< Cllug = ull pp(rn ) =0 as k — oo

In addition, by (2.5.5),

s 1 . dt
L e upa de— g [ 7 (@) - uw) 5 e dr

)
. 1 [ A dt 1
< C an (_A) Uk(l') - F(—S) /0 (et ’UJ(QT) - U(-T)) t1+s 1+ ‘$’n+2s
00 : d
<C H(—A)Suk(x) — F(is)/o (e Au(:v) — u(x)) tl% - -0
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as k — oco. Therefore
| Caru@pa)de= [ u@)(-a) () ds

= lim ug(z)(—A)°p(x) dx

k—o0 Rn

= lim (—=A)’ug(x) p(x) dx

k—o0 Rn

and so we obtain

(—=A)’u(x) = (=) /OOO (emu(x) — u(z)) % for a.e. z € R".

Step 3. The integral expression in (2.1.6) defines a function in LP(R™,v) for all € > 0.

For ¢ > 0, define the operator T, on LP(R",v) by

Tou(z) = cms/ Mjﬁgjdy. (2.5.6)
je—yl>e |z =yl
We claim that Tru(x) € LP(R",v) for all ¢ > 0. Indeed, for 1 < p < oo this is immediate by

Theorem 2.1.4: there exists C' > 0 such that
HTau”LP(Rn,u) <C <HM(D2U)HLP(R”,V) + HMU”L”(R",V» < .

For p =1, we write

1 U
Tou(z) = cpsu(z) / s Y+ Cns / % dy

e—y|>¢ [T — Y| le—y[>e [T — Y|

Che™28 u(y)
= Cns o u(zx) + cms/l — s dy.

a—y|>e [T — Y|

We only need to study the second term above. By applying Lemma 2.4.1 with n(y) = x{jyj<c} (¥) +

—n—

|y| "2 X{Jy|>¢}(y) and the A;(R")-condition on v, we find
u(y v(z
[ < [l
jo—y|>e [T — Y] LU R" ) n lo—y|>e [T — Y]

< [ s ) dy
< Coe | o) Mv(y) dy

< Cn,s,s,u

il 1 ey < 0.
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Step 4. The principal value in (2.1.6) converges in LP(R", v) to the function (—A)%u.

We write the semigroup formula (2.1.5) as

. 1 ! dt
aru) = s [ ([ e =) ) —uto) a) 2
1 & dt
e [ (L it ) - o)) av) 5
=141

and, similarly,

- /| uz) —uly) 4,

z—y|>e [T — Y|

e : >/|x ioe ) (/ Wile t”s) W

(e — ) (uly) — u(x)) dy ox-

z— y|>€

|
dt
i r<—s>/1 /|| Wil = u) ) = i) s

=1.+11I..
From Theorem 2.4.1 it follows that

T = TLe| Lo g )

: N dt
I(=s) /1 [</x—y<a Wil —y)uly) dy) + u(x) e Wi(2) dz] P

dt
<c / (' / Wiz — y)uly) dy + el oz / Wilz) dz) 0
lz—y|<e |z|<e

as e = 07. We next show [|I — L[ ;ygn ) — 0 as € — 07 as well to conclude the proof. Indeed,

! 1 dt
I(=s) /0 ( ly|<e We(y) (u(z —y) - u(z)) dy) e

LP(R™,v)

LP(R™,v)

LP(R",v)

11— Is”Lp(Rn,u) =
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By Taylor’s Remainder Theorem and (2.1.10),

' |y|<aWt(y> (u(z —y) —u(z)) dy‘

1
2 — )| D*u(z —r r
< mqw«wwx(l<1 ) [D2ute = )| ar ) dy
1
— ) | D*u(z —r r
SCtyKJ%Aw<A(1 ) [D%ute — )| ar ) dy
1
:Ct/o (1—7’)( " War(y) ‘D2u(x—7‘y)} dy) dr
y|<e
1
— Ct/o (1—r) ( y W2 (y) ‘D2u(az—y)‘ dy) dr.
y|<re

In particular, since D?u € LP(R™,v), by Theorem 2.4.1,

' y Wi(y) (u(x — y) — u(z)) dy' —0 ase— 0" (2.5.7)

a.e. in R™. We continue estimating by
Wilo) (uli = ) — u(o))

1
< Ct/o (1—r) (/Rn Woi2(y) }DZU(:U — )| dy) dr
< CtM(D?u)(z) /1(1 — r)dr = CtM(D?u)(z).

0

Whence, for 1 < p < oo, we have

‘ ly|<e

1
I —1.| < CM(D?*u)(x tﬂ<CM D?u)(x) € LP(R™, v
0 t1+s

where C' > 0 is independent of €. Thus, by the Dominated Convergence Theorem and (2.5.7),

lim,_,o+ |1 — L] Lr@n ) = 0. When p =1, by following the computations above and by Theorem
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2.4.1, we get

- —=Iel| L1 (n )
< c/n /01t/01(1 —7) ( e Wop2(z — y) | D*u(y)| dy> dr%V(x) dx
o [a-n [ vt ([ Warsto = wvtorae) dyar
< 0/01 /01(1 —7) </|y<s | Du(y)| MV(y)dy> dr%
< 0/01 /01(1 —7) </|y<s | D?u(y)| V(y)dy> dr%

=C }DZU(y)|V(y) dy —-0 ase—0".
ly|<e

Step 5. The principal value in (2.1.6) converges almost everywhere in R" to (—A)%u.

It follows from Theorem 2.1.4 and the properties of M that the operator T defined by

T*u(t) = sup |Tou(z)| for u € WHP(R",v),
e>0

where T; is defined as in (2.5.6), satisfies the estimates
1T ull o (g ) < C llullwzpgn,) for any u e W2P(R",v), 1 <p< oo
and
n * c 2,1 /mn
v({z e R" : |[T*u(z)| > A\}) < XHUHWM(RTL,V) for any u € W= (R",v), A >0

where C' > 0 is independent of u. In particular, T* is bounded from W?2P(R" v) into weak-
LP(R™, v), for any 1 < p < oco. With these estimates, as in Step 5 of the proof of Theorem 2.1.1(a),

we find that the set

E= {u e W2P(R", 1) : lim Teu(z) = (—A)*u(z) a.e.}

e—0t
is closed in W2P(R",v). Since C2°(R") C E, by density, we obtain E = W*P(R",v).

Step 6. The limit as s — 17 in (2.1.8) holds in LP(R,v).
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Fix € > 0. By Theorem 2.4.1, there exists § > 0 such that
HemAu — Aul| <e when [t| <§
Ly(R™,v) )

We write

5 0o
(—A)Su(l') — I‘(is) /0 (etAu(a:) — U(IE)) % + F(is) /5 (etAu(x) — u(z)) tld%

=I5+ 11;.

Looking at the second term, by Theorem 2.4.1,

1 oo A dt
116l < gy /o (12 ullinn sy + Nilzocee ) 7555

¢ HUHLP(R" v) / (1-3)
< ————M—1~ t_l Sdt = Cl|lu n, 0 =0
|F( H HLP R”,v) |F( )|

as s — 17. Next,

15— (— )UHLP R v

_ //8erA dr%—i—AU()
t LP(R™ )
TA d
- Au(z 1t Au(z)
Lr(R™,v)
dt (—S) 6175 >
A
— e Au(z) — Au(z)) dr —i—( +1) Au(z
( ( ) ( )) tl+s F(Q—S) ( ) LP(R™,v)

L[ " ya dt [(—s)6i
S]F(—s)]/o /0 IE AU—AU“LP(Rny)drt1+S+‘F(2_ —|—1‘||AUHLPR”)

( )51 s
I'(2—s)

S

S 65175
(2 = s)|

—1—‘ —i—l‘HAuHLP(Rn p) € ass— 17
Since € > 0 was arbitrary, (2.1.8) follows in LP(R",v).

Step 7. The limits as s — 17 in (2.1.8) and as s — 07 in (2.1.9) hold a.e. in R".

This is proved as in Step 5. By noticing that supg.,; [(—A)®u(z)| can be bounded by means

of Theorem 2.1.4, one can check that the sets

E' = {uec W?P(R",v): lim (—A)%u(z) = —Au(z) a.e.}

s—1—
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and

E" ={uc W*P(R",v): lim (—A)*u(z) = u(z) a.e.}

s—0t

are closed in W2P(R™ v). Since C°(R") C E' and C°(R") C E”, by density, we conclude that

E' = B" = W2P(R" 1),
Step 8. The limit as s — 0" in (2.1.9) holds in LP(R™,v).

By Theorem 2.1.4, for any 0 < s < 1,

(=A)*u(z) — u(@) v(z) < (Cu(M(D*u)(z) + Mu(x)) + |u(x)|)" v(x)

IA

Crp (M (D?u)())? + (Mu(2))?) v().

Therefore, by Step 7 and the Dominated Convergence Theorem, (2.1.9) holds in LP(R",v).

This completes the proof of Theorem 2.1.3, part (a). O

2.5.2 Proof of Theorem 2.1.3 (b)

Suppose (—A)*u — v in LP(R",v) as s — 17. Let ¢ € C2°(R™) and observe that

/ vodr = lim (—A)’updr

s—1— Rn

= lim u(—A)’pdz

s—1— Rn

_ / Cu(=A)pde = (~Au)(p).

In the first line we used that, by Proposition 2.4.2 and the fact that ¢ € C°(R"),

Co
d
T

[ v s = [ (A u@p s < [ o) - (-ayu()

< Compy lv = (=A)ull pgn ) = 0

as s — 17, while in the second to last identity we used the Dominated Convergence Theorem, the
fact that (—A)%p € 8,, and Proposition 2.4.2 in the case of Ly.
Therefore, v = —Auwu a.e. in R". Since v € LP(R™, v), we get that Au € LP(R",v). Now we apply

the weighted Calderén-Zygmund estimates (see [27]). Hence, if 1 < p < oo, then u € W2P(R", v)
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and, as a consequence of part (a), (2.1.8) holds. On the other hand, if p = 1, then D?u € weak-
LY(R™, v). O

2.5.3 Proof of Theorem 2.1.3 (¢)

Using the exact same arguments as in part (b), we find that

/ vpdr = lim (—A)’updx

s—0t Rn

= lim u(—A)sgada::/ up dr.

s—0+ Rn n

Therefore, u = v = lim,_,g+ (—A)*u a.e. in R™ and the result follows. O
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CHAPTER 3. HARNACK INEQUALITY FOR FRACTIONAL
NONDIVERGENCE FORM ELLIPTIC EQUATIONS

3.1 Main results

We formally state the main results of this chapter.
Assume that a” = a”(x) are bounded, measurable functions on R” and are uniformly elliptic:

there exist 0 < A < A such that
AMéP < a¥(x)&e; < AJE)? for all € € R™\ {0}, = € R™ (3.1.1)
For a bounded, Lipschitz domain 2 C R™, let L be the operator defined by
L= —a"(z)d;;, Dom(L)={uec Co(Q)NWHQ): Lu € Co(Q)}.

If a¥ € C*(Q)NC(Q), 0 < a < 1, then the fractional operator L* = (—a"(2)8;;)* given by

s 1 > —tL dt
Lu:F(—s) ; (e u—u)@, 0<s<,

is well-defined on Dom(L). Here, e **u denotes the uniformly bounded Cy-semigroup generated

by L. See Section 3.2 for more details.

Theorem 3.1.1. Let 0 < s < 1. Assume that @ C R" is a bounded, Lipschitz domain and
that a¥ € C%(Q) N C(Q) satisfy (3.1.1). There exist positive constants Cyy = Cg(n,\, A, s) > 1,
k=#k(n,s) <1, and K = K(n,s) > 1 such that for every ball Bg = Bg(xq) satisfying BiprCCQ

and every nonnegative u € Dom(L) satisfying

(—a"(2)0;)*u=0 in Bpp, (3.1.2)
we have that
supu < Cy inf u. (3.1.3)
Bxr Bir
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Furthermore, there exist positive constants o = a(n, A\, A, s) < 1, C = C’(n,)\,A, s), and Ky =

Ko(n, s) < K such that for any u € Dom(L) satisfying (3.1.2), we have that
lu(zo) — u(z)] < C |z — xo|* (KoR) “sup|u|  for every z € By g (3.1.4)
Q

To prove Theorem 3.1.1, we use a local, degenerate extension characterization (see Section 3.2).
The extension equation can be recast as an equation comparable to a linearized Monge—Ampere
equation, so we will use the following Monge-Ampeére geometry.

Define the convex, C! function ® = ®(z, z) : R*"! — R by

_1
2

O(x,z) = p(x) + h(2) where ¢(z) 2>, h(z) = — |2+ .

The Monge-Ampére quasi-distance associated to @ is defined by
do((x0, 20), (x,2)) = D(x, 2) — D(x0,20) — (DP(x0, 20), (2, 2) — (0, 20))-

The Monge—-Ampére sections associated to ® are given by

Sr(zo,20) = {(z, 2) : d&((0, 20), (z,2)) < R}.

The Monge-Ampeére measure associated to @ is

ue(E) = |DO(E)| = / h"(2) dx dz
E
for all Borel sets E C R™*!. For more details, see Section 3.3.

Theorem 3.1.2. Let 0 < s < 1. Assume that a* = a"(z) are bounded, measurable functions on
R™ and satisfy (3.1.1). There exist positive constants Cyg = Cg(n, A\, A, s) > 1, k1 = K1(n,s) < 1,
and Ky = Ki(n,s) > 1 such that for every section Sgr = Sgr(zo,20) C R and every nonnegative
solution U € Cz(SKIR\{z =0}) ﬂC(gklR) such that U(z,z) = U(z,—z) and U, € C(Sg pN{z >
0}) to

a1 ()05 + 222 ..U =0 in Sgor \ {z =0} 5.15)
—0:4U(2,0) =0 on S pN{z =0},
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we have that

sup U < Cp inf U. (3.1.6)

SfﬁlR k1R
Consequently, there exist positive constants a1 = ai(n, A\, A, s) < 1/2 and Cy =Gy (n, A\, A, s)
such that every solution U € C’Q(S&R \{z=0}n C(§R1R> such that U(z,z) = U(x,—2z) and

U. € C(Sg,gN{z =2 0}) to (3.1.5), we have that

|U (0, 20) — Uz, 2)| < C1(6a((z0, 20), (z, 2))) (K1 R) ™ sup |U| (3.1.7)

KR
for every (z,z) € Sg p.

The rest of the chapter is organized as follows. In Section 3.2, fractional powers of nondivergence
form operators are defined using the method of semigroups and the Poisson problem is characterized
using a local, degenerate extension equation. Section 3.3 contains preliminaries on the underling
Monge—Ampere structure of the problem. A sketch of the proof of a critical density estimate and
of local boundness are in Section 3.4. Finally, Section 3.5 develops the paraboloids associated to ®
and contains the proofs three key lemmas that are used to prove Theorem 3.1.2 which, in turn, is

used to prove Theorem 3.1.1.

3.2 Fractional powers L°

3.2.1 Semigroups

It is not immediately obvious how to define (—a'(x)d;;)*.

For example, we saw in Chapter
2 that the fractional Laplacian (—A)® can be defined using the Fourier transform. However, a
nondivergence form operator L = —a% (x x)0;; has no natural Hilbert space structure. We use the

method of semigroups to define L.

The relation

s 1 * dt
)\—:F(_S)/O (6 —1)m forall)\>0,0<s<].,

suggests that we define L* for L = —a"(x )813 by
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tL

where v = e**u solves the heat equation generated by L with initial data wu:

o(z,t) = a’(z)0;v(x,t) fort >0, z €
v(z,t) =0 fort>0, x € 0N
v(z,0) = u(z) forz e Q.
In order to make the definition of L*® more precise we will state the following definitions and

results as found in [62].

Definition 3.2.1. Let X be a Banach space. A one parameter family {1} }o<t<oo of bounded linear

operators from X into X is a semigroup on X if
To=1 and Ty 4, =T 0Ty, for every ty,ta > 0.

The linear operator A defined by

Tz —
Dom(A) = {x € X: lim ~2 % epists in X}
t—0+t
and
Tz —
Az = lim 27 for z € Dom(A)
t—0t

is the called the infinitesimal generator of Ty. We use the notation Ty = et*.

We say T; is strongly continuous, also called a Cy-semigroup, if

lim Tiyx =x for all x € X.
t—0+

Theorem 3.2.1. Let T} be a Cy-semigroup and let A be its infinitesimal generator. If z € Dom(A),

then Tix € Dom(A),

d t
%Ttx = ATz =T} Ax, and Tix —x = / T Axdr.
0

Theorem 3.2.2. If T} is a Cy-semigroup, then there exist constants w > 0 and M > 1 such that

Ty < Me*®  for 0 <t < oc.

If w =0, we say that T} is uniformly bounded and if moreover M = 1, we say that T} is contractive.
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Theorem 3.2.3 (Hille-Yosida). A linear operator A generates a Cy-semigroup if and only if
1. A is closed and Dom(A) is dense in X

2. (w,00) C p(A), where p denotes the resolvent set of A, and

(AT —A)™"| < ( for all A > w, n €N.

M
A—w)n
If A is the infinitesimal generator of a uniformly bounded Cy-semigroup on X, then, for z €

Dom(A), define the fractional operator A® using the definition of Balakrishnan [7] by

. 1> dt
Ax:f‘(—s) ; (Ttx—x)m 0<s<1,

where the integral is taken in the Bochner sense. For x € Dom(A),

|4y < c HTw ey g [T (Tl + el 2
X s t X 4l+s L trllx X/ $1+s
dt o0 dt
anyir| e [Tl el 5 )

dt & dt
‘/Mwmuw- o+ [0 el )

s (| Az x + |z x) < o0
which shows that A° : Dom(A) — X is well-defined.

Example 3.2.1. For L = —A, let X = C(R") N L®(R") and Dom(—A) = C?*(R") N L*>®(R").
Then, —A is the generator of a Cy semigroup. In particular, we know that Tyu = Wy x u where W

is the Gauss- Weistrass heat kernel (see Section 2.4).
Define the Banach space Cy(Q2) by
Co(Q) = {ue C() :u=0on dN}.

The following result by Arendt-Schiitzle is, in part, the motivation for choosing a¥ € C*() [6].
We also reference the reader to [47, Theorem 5.1.19] for similar results on semigroups generated by

—a"(z)9;; with a” € C*(Q).
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Theorem 3.2.4 (Proposition 4.7 in [6]). For a bounded, Lipschitz domain Q C R", assume that

a¥ € CY(Q)NC(Q) satisfy (3.1.1). The operator
L= —ad"(z)d;;, dom(L)={ue Co(Q)NWZ"(Q): Lu € Co(Q)} (3.2.1)

generates a contractive Cy-semigroup, denoted by Ty = e~ '*, on Co(Q) such that if u > 0, then
ety > 0. Moreover,

He*fLuHCO(Q) <Me " ull gy, =0 (3.2.2)

for some M >0, € > 0. The resolvent (\I — L)™' is compact for all X in p(L).
Hence, the following definition of (—a%(z)d;;)® is well-defined.

Definition 3.2.2. Let 0 < s < 1. Assume that Q C R" is bounded, Lipschitz domain and a¥ €

CY(Q) N C(Q) satisfy (3.1.1). Suppose that X = Cy(2) and L is given by (3.2.1). We define the

fractional operator L* : Dom(L) — Cy(2) by

1 o0 dt
Léu = / (et — u) 0<s<1. (3.2.3)
0

3.2.2 The extension problem

In view of (3.2.3) and the pointwise definition of fractional Laplacian (2.1.6), we see that
fractional powers of differential operators are nonlocal which brings additional difficulties when
proving regularity estimates. Caffarelli-Silvestre introduced an extension problem to characterize
(—A)* as the Dirichlet-to-Neumann map for a local PDE [19]. In particular, they showed that if

U=U(x,z): R" x [0,00) — R is the solution to

AU+ 2275U.. =0 inR™ x (0, 00)
U(z,0) =u(x) onR"™x {z=0} (3.2.4)

lim, oo U(z,2) =0 for z € R,

then, for a multiplicative constant cs > 0,

cs(—A)u(x) = =U,4(2,0) for x € R".
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Note that —9,4U is the exterior normal derivative on 9(R" x [0,00)). Hence, to prove regularity
estimates for solutions to the nonlocal equation (—A)*u = f in R™, one may study the local,
degenerate equation (3.2.4) and take the trace across {z = 0}. The extension equation is indeed

degenerate as the coefficient 227% cannot be controlled by above or below, depending on the value

of 0 <s<1:
oo f0<s<1/2 0 if0<s<1/2
. _1 . _1
lim 2*75 =31 ifs=1/2 lim 2275 =01 ifs=1/2
4
0 ifl/2<s<1 oo ifl/2<s< 1.

The method of semigroups has been developed by Stinga—Torrea in [71, 72, 73] and Galé—
Miana-Stinga in [30] to characterize fractional powers of more general differential operators with
an extension equation in Hilbert and Banach spaces, respectively. The following is a particular case

of [30, Theorem 1.1].

Theorem 3.2.5 (See [30]). Let 0 < s <1 and let X be a Banach space. Suppose that A generates
a uniformly bounded Cy-semigroup Ty on X. For uw € X, a solution U € C*((0,00); Dom(A)) N
C([0,00); X) to

AU(2) +22750..U(2) =0 in {z > 0} (3.2.5)

U@O)=u on{z=0}

(25)z /OO 2.1 dt
U(z) 1T() Jo e T Tu

s given by

and satisfies

WUl x < Mully for some M > 0.

Furthermore, if u € Dom(A), then U, € C([0,00); X) and

2sI'(s)

— Uz =csA° ) s =
+U(0) = csA%u, ¢ T (5]

> 0.

Corollary 3.2.1. Let 0 < s < 1. Assume that Q C R" is bounded, Lipschitz domain and a¥ €

C*(Q)NC(Q) satisfy (3.1.1). Suppose that X = Co(Q) and L is given by (3.2.1). If u € Dom(L),
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then a solution U € C*°((0,00); Dom(L)) N C(]0,00); Co(R2)) to

a'(z)0;;U + 27U, =0 inQx {z >0}

(3.2.6)
U(z,0) =u(x) onQx{z=0}.
s given by
_ (25)2 /OO 7£z% —tL dt
Uz, z) = 2T(s) J, e 7 e u(x) s (3.2.7)

and satisfies

UG 2) o) < M llulleyq)y  for some M > 0.

Furthermore, U, € C(]0,00); Cy(2)) and
—0,4+U(2,0) = csLPu(x) € Cp(R).

Moreover, by interior Schauder estimates (see [31]), the solution U given by (3.2.7) is classical in

the sense that U € C?(Q x (0,00)) N C(Q x [0, 00)).

Let u € Dom(L) be a solution to L*u = f in a ball B CC  where f € Cp(2). By Corollary

3.2.1, the function U given by (3.2.7) is a solution to

" (2)0;U + 22730.,U =0 in Q x (0,00)
(3.2.8)

—0,4U =f onQx{z=0}
and, up to a multiplicative constant, U(xz,0) = u(x). Therefore, to prove estimates for u, it is
enough to study a priori estimate for solutions U to (3.2.8).

To study the trace across {z = 0}, we let U be the even reflection of U:
Ulz,2) = U(x,|z]), forall (z,2) € Q xR.

As long as the context is clear, we will continue to use U in place of U. Hence, for a Monge—
Ampere section S CC Q x R (see Section 3.3), we prove Harnack inequality for nonnegative,

classical solutions U € C%(Q x {z # 0}) N C(Q x R), U, € C([0,0); Co(£2)) to

0’ ()0, U + |2)> 5 8,.,U =0 in SN {z #0}
- Z+U:f OHSQ{Z:O}
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where —0,,.U = f is the exterior normal derivative on 9(£2 x (0,00)). Note that the Neumann
condition —0,,U = f does not apply if SN {z =0} = 0.
If f=01in B C Q, then, by the symmetry of U across {z = 0}, we have that

U(z,h) —U(z,0)

—0,_U(x,0) = — lim

h—0~ h
o U —h) = U@,0)
h—0*t —h
. U(x,h) = U(z,0)
=1 =0,4U(z,0) =0.
hgéh h +U(@,0)

3.3 Monge—Ampere setting

Given 0 < s < 1, we define the functions ¢ : R — R and h: R — R by

82

1—s

1 1
¢(2)=§\:r|2 and  h(z) = 2]

and notice that ¢ € C*°(R) and h € C*(R) N C%(R\ {0}) are strictly convex. Set
®(z,2) = p(z) + h(z) for all (z,2) € R"L,
We note that

1 0

W(z)= =572, W)= [2° 77, D*(a,2) =
— S

1
0 |2+
It is clear that

h'(=z) = —h'(z) and HK'(0)=0.

Definition 3.3.1. The Monge-Ampére measure associated to a strictly convex function ¢ € C1(R™)
s given by

py(E) = |DY(E)|  for every Borel set E C R".
Since Dy(z) = w, it clear that u,(F) = |E| is the Lebesgue measure of E.

Lemma 3.3.1. For a Borel set I C R,

wun(l) = /Ih"(z) dz.
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Consequently, for a Borel set E C R,

/@(E):/Eh”(z) dz dx.

Proof. Consider an open (or closed) interval (—a,a) C R. Note that A’ is monotone increasing,
injective, and h'(z) = 0 if and only if z = 0. Since h is C? and strictly convex in R\ {z = 0}, we

have that

pn((=a,a) = [W'((~a, a))|
— |W((~a,0)) UK'(0) UK((0,a))|

— |1 ((=a,0))| + [W(0)] + |1 ((0,a))]

0 a
= / h"(z)dz+ 0+ / h"(z) dz
0

—a

- / 1'(2) dz.

The result follows for any interval and hence for any Borel set I C R. O

Definition 3.3.2. The Monge-Ampére (quasi)-distance associated to a strictly convex function

Y € CL(R™) is given by
by (w0, x) = (x) — P(0) — (D(20), T — T0)-
We use the terminology quasi-distance when there exists a K > 1 such that
Oy (21, 22) < K (8p(21,23) + 0y (23, 22)) for all 1, 29,23 € R".

For our functions ¢, h, and ®, we have

1 1 1
Op(w0,2) = 5 ] — 3 jzo|* = (w0, 2 — wo) = 5 lz= wo|”
5h(Z07 Z) = h(z) — h(Z()) — h/(ZO)(Z — Zo)

9o ((x0, 20), (x, 2)) = 0y (20, ) + 0n(20, 2).

We will show that 6y, d,, and dg are indeed quasi-distances (see Lemma 3.3.4).
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Lemma 3.3.2. If ¢ € C1(R") is strictly convez, then &y is continuous.
Proof. Suppose that z — xg and yr — yo as k — oco. By the continuity of ¥ and D1,
Oy (T, yr) = Y(yk) — () — (DY(x), Yo — k)
— ¥(yo) — P (zo) — (DY(20), yo — o) = dy(z0,yo) as k — oco.

O]

Definition 3.3.3. The Monge—-Ampeére section of radius r, centered at xo associated to a strictly

convex function 1 € C*(R™) is given by
Sr(xo) = {x : dy(x0, ) <7}
When necessary, we use the notation Sy(zo, 7).
The supporting hyperplane to ¢ at zq is given by
U(z) = p(xo) + (DY (x0), ¥ — o).
By writing
Sr(xo) =A{z : (x) <7+ Y(x0) + (Dp(x0), 2 — w0)} = {7 : () — £(x) <r},

we can see that the Monge—Ampere sections for ¢ centered at xg are the sublevel sets of ¢ — £. In

the case of ¢, the sections correspond to Euclidean balls with the same center
1
Sr(zo) ={x: 3 |z — zo|* < R} = {z: |z — 20| < V2R} = B sr(0), (3.3.1)

The sections for h with radius r > 0 are one-dimensional, so they correspond to intervals in R.

Moreover, they are are comparable to intervals of radius r® (see Lemma 3.3.5).

Definition 3.3.4. We say that p, is doubling with respect to the center of mass on the sections of

¥ if there is a constant Cy > 0 such that

oy (Sr(x)) < Capiy <;SR($)) for all sections Sgr(z).



73

We write p, € (DC)y. Here, we use the notation
aSgr(z) ={a(y —2")+ 2" :y € Sg(z)}, a>0

where x* is the center of mass of Sr(x).

Definition 3.3.5. We say that i satisfies the engulfing property if there is a constant 8 > 1 such

that, for every section Sr(xg), if ©1 € Sr(xo), then Sr(xo) C Spr(x1).

Theorem 3.3.1 (Theorem 5 in [29]). Let ¢ : R™ — R be a differentiable, strictly convex function.

Then the following are equivalent
1 py € (DC)y;
2. 1Y satisfies the engulfing property;

3. .y satisfies
cR" < [Sg(x)| py(Sr(z)) < CR"

for all sections Sr(x) and some constants ¢, C > 0.

All statements are equivalent in the sense that the constants in each property only depend on each

other.

Forzani-Maldonado in [29] further remark that pu, € (DC)y is quantitatively equivalent to dy,

satisfying the quasi-triangle inequality.

Lemma 3.3.3 (Lemma 6 in [29]). Fiz m € N. For each j =1,...,m, let ; : R"™ — R be strictly

convez, differentiable functions. Set n = z;n:l n; and define

m

¥(@) = W), z=(a1,...,am) ER",z; €R™.
j=1

Then

Sy(z, R) C [ Su,(xj, R) C Sy(w,mR)
j=1

forall x = (x1,...,2ym) € R™ and R > 0.



74

In particular, if v; satisfy the engulfing property with corresponding constants 0; for all j =
1,...m, then ¢ satisfies the engulfing property with 8 = mmax;{0;}. Conversely, if 1 satisfies the

engulfing property for some 8 > 1, then v; satisfies the engulfing property with constant 6 for all

i7=1,....,m.

Consequently, we have that

So((x,2),R) C Sy(x, R) x Sp(z, R) C So((x,2),2R) (3.3.2)

for all (z,2) € R"* and R > 0.

We will show that p, € (DC), and pp, € (DC)j, to obtain the following Lemma.
Lemma 3.3.4. 1. ug € (DC)g with corresponding doubling constant Cy = Cy(n, s).
2. ® satisfies the engulfing property with corresponding constant 0 = 6(n, s).

3. pue satisfies

cR™ < |Sgp(x, 2)| pa(Sp(x, 2)) < CR™

for all sections Sr(x,z) and some positive constants C = C(n,s), ¢ = c(n,s).
4. there exists a constant K = K(n,s) such that

o ((21,21), (22, 22)) < K (min{ds((x1, 22), (23, 23)), 0o (3, 23), (21, 21)) } (333
+ min{&p((azg, 22), (:B3, 2’3)), 5@((%3, 23), (:Uz, 22))})

for all (z1,21), (2, 22), (3, 23) € R* L,

Proof. By (3.3.1), we can write

o (Sp(xo, R)) = ’B (xo, @)‘ = /2 )B (xo, \/Eﬂ = 2”/2;@ <S§O <:1:0, 1R>) .

Hence ¢ € (DC), with doubling constant Cj = C¥(n).
As discussed in [50, Section 7.1], h”(2) is a Muckenhoupt A (R) weight for all 0 < s < 1.

Consequently, h” is doubling on the real line which is equivalent to u; € (DC); with doubling

constant Ch = Ch(s).
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It follows from (3.3.2) that ue € (DC)¢ with doubling constant Cy = Cy(n, s). Items 2, 3, and

4 follow from Theorem 3.3.1 and the comment thereafter.

As a consequence of the doubling property (see [50, Equation 7.8]), there is a constant K; =

K4(n, s) such that

pa(S((x,2),r2) < Ky () we(S((z,2),r) forall 0 <ry <o,

where v := logy Kgq.

Lemma 3.3.5. There exist constants cs,Cs > 0, depending only on s, such that

BCST‘S(ZO) C Sh(Zo,’I“) C BCSTS(ZO)

for all r > 0 and all zp € R. Consequently, there exist constants c,,C" > 0, depending only on s,

such that

2csr® < |Sp(20,7)| < 2Csr*  and '™ < pp(Sp(z0,7)) < Clrt™®

for all sections Sy(2p).

Proof. For the function

ps(z) =s ]2\1/8, z € R,

there exist constants 0 < ¢ <1 < C < 00, depending only on s, such that

B(zg,cr®) C Sy, (20,7) C B(z9,Cr®), forall zp € R, r> 0.

See [49, Section 11]. It is easy to check that

S
ScpS(Zo,t) = Sh <Z(), 1_ St> .

Substitute t = %7‘ and take ¢s = ¢ (5)8, Cs=C (5)8, so that

S S

B (zp,csr°) = B (zo,c (1 _ Sr) > C Sp(z0,7) C B (zO,C(

S

for all zg € R and all r > 0.

1-—

S

V)= B

(3.3.4)



76

For a section Sp,(zo,7),
26,1* = [ Bowps (20)] < 1S(z0,7)] < |Besre(z0)] = 2C5r°.

Since pp, € (DC)p, by Theorem 3.3.1, there exist constants ¢,C > 0, depending only on s, such
that

cr < |Sn(20,7)| 1 (Sh(20,7)) < Cr.
Therefore,

pn(Sh(zo,7)) |1Sh(20,7)] _ Cr ) 1-s

= < =
Nh(Sh(Zm T)) |Sh(20, T‘)| — 2687/:8 CST
n(Sh(20,7)) S (20,7)] cr /1-s
#n(Sn(z0:7)) [Sn(z0,7)] =20

O

Unless otherwise stated, we will always let S, (¢, 20) denote a section association to ®. We will

need the following lemmas written for the sections of ®.

Lemma 3.3.6 (Theorem 3.3.10 in [34]). There ezist constants Coy > 0, p > 1, depending only on

n and s, such that for 0 < s; < so <1,t>0 and (x1,21) € So((Ty, 2v), s1t), we have that
S@((Q?l,zl),CO(SQ — 81)pt) C Sq;((wv,zv),th).

Lemma 3.3.7 (Lemma 10.6 in [50]). Given Sg(wo,z0) with Sr(xo,20) N {z = 0} # 0, there is
R, € (R,2KR) such that

Sr(wo, 20) C S2r, (70,0) C S4g, (70,0) C S, r/2(T0, 20)

where K > 1 is the quasi-triangle constant and Bs = 4K (1 + 8K) is a constant depending only on

0<s<1.

Many of our proofs will rely on the fact that ®(x, z) = ¢(x) + h(z) has separated variables. It

is therefore essential to some of our arguments to consider Monge-Ampere cubes associated to ®.
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Definition 3.3.6. The Monge-Ampére cube of radius v, centered at (x,z) € R""!, associated to
® is given by
Qr(z,2) = Sp(x1) X -+ X Sp(xy) x Sp(z) C R*H

where x = (x1,...,2,) and Sy(x;) = Sy(xi,r) is a one-dimensional section in R associated to

¢ : R =R given by p(z;) = 5(z:)°.
It follows from Lemma 3.3.3 that
Sp(z,2) C Qr(x,2) C Sgry(z,2) forall (z,2) € R > 0.

We also note that

Qr(xv z) - Qr(x) X Sr(z)

3.4 Local boundedness and critical-density estimate

Theorem 3.4.1. Let 0 < s < 1. Assume that a” = a"(x) are bounded measurable functions on R
that satisfy (3.1.1). There exist positive constants K' = K'(n,A\,A,s) > 0, &' = &/(n,\,A,s) < 1
such that for every p > 0, there exists positive constants C1p,Ca, > 0, depending on p,n, X\, A, s,
such that for every section Sg = Sg(z0,20) C R"™! and every classical supersolution U = U (z, 2) =
U(z,—z) to

¥ (2)0,U + 2> U <0 in Sk \ {z =0}

—0,4+U(z,0) > f(z) on SgrpN{z =0}
where f € L>®(SkgrN{z = 0}), we have

1 1/p s
00 < Oy (i [ 070+ o Ul -

Se'r
Theorem 3.4.2. Let 0 < s < 1. Assume that ¥ = a¥(z) are bounded measurable functions on
R™ that satisfy (3.1.1). There exist positive constants 0y = 0p(n, \,A,s) <1, g9 = e(n, A\, A, s) < 1
and M = M(n,s) > 1 such that for every section Sg = Sg(z0, z0) C R™™! and every nonnegative,
classical viscosity supersolution U = U(z,z) = U(x, —z) to
a¥(2)05U + 2>/ 9..U <0, in Sg,r\ {z = 0}
U,y (x,0) > f(x) on Sg,r N{z =0}
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where f € L>(Sg,r N{z = 0}), the inequalities

R HfHLOO(SBSRﬂ{z:O}) <6y and infU <1

Sk
mmply

no({(z,2) € Spr : Ulw,2) < M}) = eopa(Ss,r)-

Theorems 3.4.1 and 3.4.2 are proved exactly as in [50] for the fractional nonlocal linearized
Monge-Ampere equation with slight modifications involving the coefficients a*/. Before providing
a sketch of the proof, we recall the definition of the convex envelope and its relation to the ABP

estimate.

Definition 3.4.1. We say that an affine function £ is a supporting hyperplane for U at (xo, z0) in

a set Q C R*1 4f
U(xg, 20) = Ulxg, 20) and €(x,2) < U(z,z) for all (z,z) € Q.
The convex envelope of U in € is
I'y(z,z) = s%p{ﬁ(x,z) < U inQ, {is affine}.

The corresponding contact set for U in Q is

Ao(U) ={(z,2) € Q:U(z,z) =Ty(x,2)}.

We remark that 'y is indeed a convex function and that, for each (zg, z0) € Ao(U), there exists
a supporting hyperplane ¢ to U at (zo, 20).

The Aleksandrov-Bakelman-Pucci (ABP) estimate is a maximum principle which bounds a
subsolution H in Q by the L™T1(Q) norm of the right-hand side of the equation. We will need the

following variation which will be used to avoid the degeneracy at z = 0 in the extension equation.

Lemma 3.4.1 (Corollary 10.3 in [50]). Let € R™*! be open, conver, and bounded. Suppose that

H € C(Q) satisfies the following conditions

1. H >0 on 69
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2. there is an open set ¥ C Q such that H € C*(Y) and Ao(—H™) C ' where H- =

max{0,—H}.

Then

1

[Es1
max H < cn\Q]#l / |det D*H (z, 2)| dx dz .
Q Ao(—H™)

We sketch the proof of Theorems 3.4.1 and 3.4.2.

Proof. (Sketch.) Theorem 3.4.1 follows from Theorem 3.4.2 (see [50, Section 11]).
The proof of Theorem 3.4.2 follows exactly as in the proof of [50, Theorem 10.1]. If the section

Sar = Sar(xo, 20) is such that Sg N {z = 0} = 0, then we define an auxiliary function

da((z0, 20), (, 2))
2R

H(z,2)=Ulz,2) +4 ( - 1) . (2,2) € Sop.

Using the ellipticity of a”/, we can show that H is a supersolution with right-hand side %(nA +1)
and moreover that

0 < det (D*H) < cyaa(2R)~ ™D det D2,

By Lemma 3.4.1 with Q = Q' = Syg and with infg, U < 1,
n+1
1< (maxH) §cn]SQR]/ |det D*H (2, z)| dx dz
@ Ao(—H™)
< o |S2r] (2R) ™D g (Ag(—H7)).
By Lemma 3.3.4 and by estimating
Ao(—H™) C {(z,2) € Sag : U(z,2) < 4},
we can conclude that
1< CCn,)\7A/.L<I>(SQR)_1/.1/<I)({(.’L',Z) € SQR : U(x,z) < 4})

which proves the estimate for 1 = 1/(Ccyan), M1 = 4.

If the section Sop = Sar(xo,0) is centered on {z = 0}, then we instead use the auxiliary function

5@((!1)0, 0), (13, Z)) _ 1>

H(a:,z):U(:C,Z)+QS< 5T

1 S
— [1f  poe (s5) 121 = R 2]+ [1f1 oo () 4B 41
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for constants

25 1 — s S S
0= P nd Qo= gyl sy B S

Notice that de((x0,0), (x, z) and thus H are symmetric with respect to z.
We claim that I'_y- cannot touch —H™ on Zp and that the contact set Ag(—H ™) lies at a
positive distance from the set {z = 0}. Indeed, if I'(x2,0) = —H~ (22,0) for (x2,0) € Sar, then

[(z2,e) — T'(x2,0)

0< z
(—H7)(z2,8) — (—H)(2,0)
B €
- U(zo,€) ; U(x2,0) n g];&D«ano)a (z2,€)) ; 6o ((20,0), (z2,0)) 1l e sy — qs;s

As this holds for all € > 0 such that (z2,¢e) € Sog,

1

Qs
0 < U.q(22,0) + ﬁ(9Z<Sq>((xo,0), (2, 2))],_o — 11 Lo (55) — T

1
= —f(@2) + 0= [|fll poo () — ol 0,
a contradiction. Next, suppose, by way of contradiction that for each n € N, there exists z, €

(_l l) and Tn such that (l’n,zn) S S2R and

D(zp, 2n) = (—H ) (xn, 2n).

Since x,, € S,(x0,2R), there is a subsequence x,, = xj such that x; — z. By the continuity of T’
and —H

I'(z,0) = lim I'(zg, 2;) = lim (-H ) (xg, 21) = (—H)(z,0),

k—o0 o k—o0

a contradiction. Therefore, the contact set must be a positive distance from {z = 0}.

By Lemma 3.4.1 with Q' = Sy \ {z = 0} and Q = Sop, we obtain

n+1
<maxH> < ¢n |S2R)| / |det D*H (2, )| da dz.
Ao(—H™)

SaRr

Carefully following a similar argument as above, we estimate

po ({(z,2) € Sor 1 U(x, 2) < Ma}) > e2p10(S2R)

where My = 4¢s + 8 and g2 = 1/(2C16™ ¢, ) 0).
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Lastly, we suppose that Sg.r = S, r(z0,20) is such that Sg g N {s = 0} # 0 but zy # 0. By

Lemma 3.3.7, there is an R = (2R), € (2R, 4K R) such that
Sar(zo, 20) C S2R($0,O) C S4R($0,O) C SﬁsR(.To,O).

We can then apply the estimate from the case centered at zp = 0 and use the doubling condition

to estimate

po({(x,2) € Sp,r(w0, 20) : Ulw, 2) < Ma}) > &2 (Ka (85)") ™" e (S, r(x0, 20))

Since s > 2, Theorem 3.4.2 follows for any section Sg(zo,20) with g9 = g2 (Kjy (ﬂs)”)_1 and

M = My > 4. O

3.5 Harnack inequality

3.5.1 Paraboloids and preliminaries
3.5.1.1 Paraboloids associated to ¢
We define paraboloids P of opening a > 0 by
P(z,z) = —a®(x, 2) + ((y,w), (z,2)) + b

for some (y,w) € R"*! and b € R. We say that (v, 2,) is the vertex of P if DP(xy,z,) = 0.

We say that P touches a function U from below at (x¢, 29) in a convex set Q c R if
P(x0,20) = V(20,20) and P(x,2) < V(x,z) forall (z,z) € Q.
Lemma 3.5.1. A paraboloid P of opening a with vertex (x,, z,) can be written as
P(z,2) = —ade((xy, 20), (,2)) + ¢

for some constant c € R. If P(xo, z0) = U(wo, 20) for a function continuous function U : R"*1 — R,
then

P(z,2) = —ade((xy, 20), (2, 2)) + ads ((zy, 2v), (X0, 20)) + U(xo, 20)-
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Proof. Since
0= DP(zy, 2y) = —aDP(xy, 2,) + (y, w),
we can write
P(z,z) = —a®(z, 2) + a(DP®(zy, 2y), (x, 2)) + b.
Moreover, we have

P(z,2) = —a®(z, 2) + a(D®(xy, 2), (x,2)) + b
+a0(@0, 2) — aB(T0, 2) — A(DD(y, 20), (s ) + A DB(T0, 2), (0, 2))
= —a(@(z,2) — D0, 2) — (DB(20, ). (7, 2) — (20, 2)))
D0, 20) + a(DB(y, ), (20, 2)) +

= —adop((Ty, 20), (7, 2)) + .
Suppose that P(xg,z9) = U(xo, 20). Then
U(zo,20) = —ada((xy, 20), (z0, 20)) + ¢
By solving for ¢, we conclude that
P(z,z) = —ade((wv, 20), (2, 2)) + ada (20, 20), (0, 20)) + U (20, 20)-
0

Lemma 3.5.2. Suppose that P is a paraboloid of opening a > 0 that touches a continuous function

U from below at (xg,z0) in a convex set Q c R, For any @ > a, there exists a paraboloid P of

opening a > 0 that touches U from below at (xo, z9) in Q.
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Proof. Begin by writing

Pz, 2) = —ade((xv, 20), (7, 2)) + b (v, 2v), (%0, 20)) + U (20, 20)
= —a(®(x,2) = By, 20) = (DP(2, 20), (2, 2) = (20, 20)))
+a(®(x0, 20) — P24, 20) — (DP(20, 20), (20, 20) — (%0, 20))) + U (0, 20)
= —a®(z,2) + a(DP(xy, 2y), (z,2)) + a® (g, 20) — a{DP(xy, 2y), (0, 20)) + U(xo, 20)
= —a(P(x, z) — ®(xo, 20) — (DP(x0, 20), (z,2) — (z0, 20)))
+ a(D®(zy, 2v), (z, 2) — (x0,20)) + a{DP(x0, 20), (x, 2) — (0, 20)) + U(x0, 20)

= —ada((xo, 20), (z, 2)) + a(DP(zy, 2,) — DP(x0, 20), (x, 2) — (z0, 20)) + U(zo, 20)-

Define the paraboloid P of opening a by

P(z,z) = —ads((xo, 20), (x, 2)) + a{DP(xy, 2y) — DP(x0, 20), (x, 2) — (z0, 20)) + U(zo, 20)-

Since P(xg, ) = U(xo, 20) and

P(z,2) < —ado((x0, 20), (2, 2)) + a{DP(xy, 2,) — DP(x0, 20), (2, 2) — (%0, 20)) + U(xo, 20)

= P(z,2) < U(x, 2),

for every (x,z) € Q, we conclude that P touches U from below at (0, 20) in €.

The next three lemmas provide some observations regarding how the symmetry of U effects the

paraboloids that touch U from below.

Lemma 3.5.3. Consider a continuous function U = U(x,z) = U(x,—z). Let P be a paraboloid of

opening a with vertex (., z,) that touches U from below at (x0, 20) in a conver set Q C R*1. If

zo > 0, then z, > 0, and if z9 < 0, then z, < 0.

Proof. Assume that zg > 0. Write

P(x,z) = —ade((zy, 2v), (z, 2)) + ada ((xy, 2v), (o, 20)) + U(xo, 20)
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and note that

P(xg,—20) = —ada((Ty, 2v), (0, —20)) + ada (v, 2v), (T0, 20)) + U(z0, 20)

= —adp(2p, —20) + adp(2zv, 20)) + U(xo, —20).
Then

0 < U(xg,—20) — P(xo, —20)
= adp(zy, —20) — adp(2v, 20))
= a (h(—20) — h(zy) — B (20)(—20 — 2)) — @ (h(z0) — h(z0) — I (20) (20 — 20))
= a(h(=20) = h(z0)) + 2ak'(z,)z0

= 2ah/(2y)20.

Since zp > 0, it follows that

S 1_
0 < hI(ZU) = E ’Z’U|S QZU.
Hence, z, > 0, as desired. The case for zy < 0 follows similarly. O

Lemma 3.5.4. Let n € R and let QC QxR CR" be a conver set. Suppose that a continuous

function U = U(x,z) = U(x, —z) such that U, € C([0,00); C(Q2)) is such that
—0..U>n onQn{z=0}

If n > 0, then U cannot be touched from below in Q by the convex envelope or by any paraboloid
on the set Q x {z =0}. If n < 0 and P is a paraboloid of opening a > 0 with vertex (z,,z,) that

touches U from below in Q at (x0,0), then |k (z,)| < |n| Ja. Consequently, if n =0, then z, = 0.

Proof. Let 7 > 0. Suppose, by way of contradiction, that the convex envelope I' touches U from
below in Q at a point (z9,0) € QN {z = 0}. Let ¢ > 0. By convexity of I' and symmetry of I

across {z = 0}, we have

F(x()’g) + I‘(x(),g) _ F(.’IJQ, —6) + F(JL‘O,E) > F(x 0)
5 5 = 0,
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which implies

As this holds for all € > 0,

0<09.4+U(x0,0) < —m<0

a contradiction. Thus, T’ cannot touch U from below in € at (z, 0).
Let n € R and suppose that P is a paraboloid of opening a > 0 that touches U from below in
Q at (z9,0). Write

P(z,z) = —ade((zy, 2v), (2, 2)) + ada((zv, 20), (z0,0)) + U(zo,0).

Let € > 0. Since U — P attains a minimum of 0 at (xo,0), we know that

(U(zo,€) — P(xg,¢)) — (U(x0,0) — P(x0,0))

>0.
€
Therefore, taking the limit as € — 0T, we obtain
0 <0,4U(x0,0) — 0,P(x,0) <1 —ah'(2y). (3.5.1)

Similarly, for € > 0,

(U(zg, —€) — P(z0,—¢)) — (U(x0,0) — P(x0,0)) _ —U(xg, —¢) + P(xg, —¢) <o.

Taking the limit as ¢ — 0" and using the symmetry of the Neumann condition, we have that
0> 09, Ul(xo,0) — 9, P(x0,0) > —n — ah/(z,). (3.5.2)
Combining (3.5.1) and (3.5.2), we estimate
n < —ah'(z) < —n.

If n > 0, then this is a contradiction, so we cannot touch U from below in Q by P at (z9,0). If
7n < 0, then

ey < 1
a a

as desired. If n = 0, then A'(2,) = 0 which implies that z, = 0. O
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Lemma 3.5.5. Let Q C R"*! be a convex set that is symmetric with respect to {z = 0}. Consider
a continuous function U = U(x, 2) = U(z, —z). IfU can be touched from below in Q by a paraboloid
P of opening a > 0 with vertex (xy,z,) at (xo, 20), then U can be touched from below in Q by a

paraboloid of opening a with vertex (., —zy) at (xo, —20).

Proof. Let P(x,z) = P(z,—z). Then

P(x,2) = P(z,—2) < U(zx,—2) = U(z,z) forall (z,2) € Q

and

P(wo, —Z()) = P({Eo, Zo) = U(x(), Zo) = U(l‘o, —ZO).

Thus, P is a paraboloid of opening a > 0 that touches U from below in Q at (o, —20).
Lastly, since

azp(fr,z) = —azp(x, —Z) =0 when z = —2z,,

the vertex of P is (xy, —2y). O

3.5.1.2 Lemmas for Harnack inequality

The proof of Theorem 3.1.2 relies on the following three key lemmas.
The first lemma is a measure estimate similar to the usual ABP estimate. We slide paraboloids
of fixed opening a > 0 from below until they touch the graph of U for the first time. The set of

contact points make up a universal proportion of the set of vertices.

Lemma 3.5.6. Let 0 < s < 1. Assume that a” = a”(z) are bounded, measurable functions on R"
that satisfy (3.1.1). For a cube Qr = Qr(%,%) C R™", suppose that U = U(z,2) = U(x,—2) is a

classical supersolution to

' (2)05U + 2275 0..U <0 in Qr N {z # 0}
—0,4+U >0 onQrnN{z =0}
Fiza > 0. For each (xy,2,) € B C Qg, B a closed set, we slide paraboloids of opening a and vertex

(zy, 2y) from below until they touch the graph of U for the first time in a set A C Qr. Then A is
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compact and there is a positive constant ¢ = c¢(n, A\, A) < 1 such that
pao(A) > cpo(B).

Remark 3.5.1. Lemma 3.5.6 also holds for subsolutions when we slide paraboloids of opening
—a > 0 with vertices (zy,2,) € B C Qg from above until they touch the graph of U for the first

time in a set A C Qg.

Before stating the second lemma, we need to define the following constants and sets.
First, we will define a constant K» to be large enough so that if Qr(xo,20) C Qr(Z,2), then
Qa(n+1)r (20, 20) C Qf, (%, Z). For simplicity, consider when Qr(z,2) C R2. The case in R"*! fol-

lows similarly. Let (z1, 21), (%2, 22) € Qr(x0, 20) C Qr(Z, Z). Then, by the quasi-triangle inequality,

(5§0($1,£L'2) <K (5<p(£i',$1) + (S@(i',l‘z)) < 2KR

5h(217 22) S K (5/1(2, Zl) + 5h(2, 2’2)) < 2KR.
Therefore, r < 2KR. If (z,2) € Q2,(x0, 20), then, by the quasi-triangle inequality,

5p(i,7) < K (8,(&,m0) + 0,(z0,7)) < K (R+2(n+1)r) < K(1+4K(n+1))R

(5h(§, Z) <K ((5}1(2, Z()) + 5h(20; Z)) < K(l + 4K(n + 1))R
We will take Ky = Ky(n,s) to be
Ky = K(1 44K (n +1)). (3.5.3)

Let K3 = Kg(n, s) be given by
K3 = 4K%K,. (3.5.4)

If Qg, (% 2) N {z =0} # 0, then by Lemma 3.3.7, we observe that
Q,r(E:2) = Qi g (%) X Sg p(2) C Qope g, p(F) X Sy, p(0) = Qo (T, 0)
and similarly

Qoxc ity r(T:0) = Qo i, r(T) X Sope iz, (0) C Qupez e, p(T) X Sypea e, (2) = Qg p (T, ).



88

We define a vertex set B, C @RSR(@, Z) by

Qryp(@,2) i Z2=00rif Qg o(7,2)N{z=0}=0
Qorieyp(@0) ifZ2#0and Qg p(7,2) N {z =0} #0.

so that B, is centered with respect to the set {z = 0} if kaR(jv Z)N{z =0} #0.

B, =

Define a contact set Aq g for U on Q. (2, 2) by
AR = {(x,z) € QK2R(3~U,2) :U(z, z) < aR and there is (z, 2,) € B, such that
U can be touched from below at (z,z) in Q, (%, 2)
by a paraboloid of opening a > 0 with vertex (z,, zv)}

Define positive constants Kg > 1 and n < 1 by

1

Ko =2K? 42K d =

(3.5.5)

where K is the quasi-distance constant in (3.3.3).
The second lemma uses a delicate barrier to localize the solution to a smaller section. We prove
that if U can be touched from below in a cube @, by a paraboloid of opening a > 0, then in a

smaller cube @, U can be touched from below by paraboloids of narrower opening Ca > 0.

Lemma 3.5.7. Let 0 < s < 1. Assume that a” = a” (z) are bounded, measurable functions on R"
that satisfy (3.1.1). For a cube Qr = Qr(%,%) C R" suppose that U = U(z,2) = U(x,—2) is a
nonnegative, classical supersolution to
0" (2)03;U + 21> 0.0 <0 in QN {z # 0}
—0:4U >0 on Qg pN{z=0}

where K3 is as in (3.5.4). Fiz a > 0. Let Q,(xo, ) be such that

Qr(an ZO) - QR and @r(ﬂfo, ZO) N Aa,R 7é @

There exists positive constants C' = C(n,\,A,s) > 1 and ¢ = c¢(n, \, A, s) < 1 such that

M@(AC(Z,R N Qnr(xm ZO)) > C/L@(Qr(l‘o, ZO))

where n =n(n,s) <1 is as in (3.5.5).
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The third lemma is a Calderén-Zygmund-type covering lemma that allows us to use Lemma

3.5.7 across the whole domain.

Lemma 3.5.8. Let Ko = Ko(n,s) > 1 and n = n(n,s) < 1 be as in (3.5.5). Suppose the closed

sets Dy, C R"L satisfy the following properties:
1) Doy C Dy C -+ C Dy C Qpy, (%, %), Do # 0

2) for any (x, z), p such that

Qp(z,2) CQR(T,2), Qup(z,2) C Qr/Ky(T,2)

Qp(‘r? Z) N Dk 7é (Z)a

we have

1 (Qnp(, 2) N Dyy1) > cpa(Qp(, 2)).

Then

1o(Qr/ro \ Di) < (1= ¢)F o (Qryr)-

3.5.2 Proof of Lemma 3.5.6

Proof of Lemma 3.5.6. We first show that A is closed. Let (xy,z;) € A be such that (z,zx) —
(g, 20) as k — co. There exist corresponding polynomials Pj, of opening a with vertices (z¥, 2F) € B
such that Py touches U from below in Qg at (xy,z2). Since B C Qp is closed, B is compact.
Thus, there is a subsequence, which we will still notate by k, and a point (2%, 2%) € B such that

k

(xF, 2F) — (29, 20

v v v v

). By the continuity of d¢ and U, we have that

Py(z,2) = —ada((xy, ), (2, 2)) + ada (x4, 2), 2k, 24)) + U(an, 21)

- _a5¢(($2> 28)7 (:Ev Z)) + (15@((2138, Z8)7 (ZL‘(), ZO)) + U(l‘o, ZO)
Define the polynomial P of opening a by

P(:L’, Z) = _a5¢(($8? ZS), (xa 2)) + ad@((x?n zg)v (an ZO)) + U(an ZO)'
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Note that P(xq,z29) = U(xo,20). Since Py < U in Qg and Py(x,z) — P(z,z) for each (z,2) € Qr,
it must be that P < U in Qg. Therefore, P is a paraboloid of opening a with vertex (z9,29) € B
that touches U from below in Qg at (zg, zp). This shows that (z9, z9) € A, so that A is closed and,
moreover, compact.

Let (x0,20) € A. There exists a paraboloid P of opening a and vertex (z,, z,) € B that touches

U from below in Qg at (xg, z9) which may be written as

P(:Ua Z) = —a(Sq)((:L'v, Zv)v (ZL', Z)) + aé‘b((l‘va Zv)v (:L'o, ZO)) + U(J:O, ZO)'

Let By C B be the set of vertices such that the corresponding touching paraboloids touch
on the set {z # 0}. Let Ag = A\ {# = 0} be the contact points of these paraboloids. Since
the set AN {z = 0} is a set of measure zero, we know that pgs(Ao) = pa(A). Suppose that
(z0,0) € An{z = 0}. By Lemma 3.5.4, we know that z, = 0. Since BN {z = 0} has measure zero,
we also have that ue(Bo) = pa(B).

Let (xg,20) € Ag. Since U — P > 0in Qg and U — P = 0 at (xg, 20), we know that U — P

attains a minimum at (zo, z0). Hence
DU (x9,20) = DP(x0, 20) = —a (D®(xg, z0) — DP®(zy, 2v))
which implies
1 1
DB(z,.2) = DBz, 50) + £ DU(an,20) = D #+ 10 (a0, 0).

This is how the vertices (zy, 2,) € By are uniquely determined by the contact points (zg, z9) € Ap.

Define the map T : Ag — T'(Ap) = D®(By) by
1
T(:L“o, Zo) =D ((I) + CLU> ($0, Zo).
Fix € > 0 and define a compact set A, C Ag by
Ac = Ao\ {(z,2) : |z| < e}

Since A. is a positive distance from the set {z = 0}, we have that | D?® (g, z¢)| is uniformly bounded

on A.. Since |D?V (z0, 29)| is also uniformly bounded on A., we have that T : A. — T'(A.) Lipschitz
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and injective on A.. By the area formula for Lipschitz maps,

/ dy dw :/ |det (DT'(z, 2))| dzdz
T(Ae) Ae

= /A det (D2 <<1> + iU) (x,z))‘ dz dz.

Let (xo,20) € Ag. We claim that there is a positive constant C' = C(n, A, A) such that

I 0
—CLD2(I)(:L’0, Zo) < DQU(xo, Zo) < C(ZDQCI)(:I?(), Zo), DZCI)(J}(), Zo) = L, . (356)
0 J|zo|s~

The first inequality is straightforward. Since P touches U from below in Qg at (zo, 29), we know
that

D2U (z9, 20) > D*P(x0, 20) = —aD*®(z¢, 20).

Suppose, by way of contradiction, that D2U(zg, 20) > CaD?*®(z0, 29) for all C' > 0. Consequently,

9 e, ®er 0 I 0
DU (zo,20) > Ca —a .
0 0 0 |z|s 72
where e, £k =1,...,n are the standard basis vectors in R"” and e; ® e = ekeg. Since
- A(zg) 0 e, ®e. 0 I 0
A= (o) >0 and D?U(xo,2) — Ca +a X >0
0 0 0 0 0 |z|s 2
it must be that
. 9 e, ®er 0O I 0
A | D°U(xg,20) — Ca +a >0
0 0 0 |zo|*
In particular,
< 5 _ler®er O |1 0
trace | AD*U(xo, z0) — CaA +aA . > 0.
0 0 0 |zl 2

Rewriting this expression and using ellipticity, we obtain

a(0)0i;U (0, 20) > (Ca)a™ (o) — (a)a™ (o) > Ca — anA. (3.5.7)
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Next, note that

, 0 0 I 0
D*U(xp,z0) > Ca —a

0 |Zo|%_2 0 ’Zoﬁ_2

From the definition of positive definite matrices,
1_9 1_9
0..U(x0,20) > Ca|zo|> " —alzo|5 7.

Therefore,
|20’2_% 0..U(x0, 20) > Ca — a. (3.5.8)
Combining (3.5.7) and (3.5.8), we have
0 > @ (20)05;U (20, 20) + |20 % 02.U (20, 20) > CaX — anh + Ca —a

=al[C(A+1)—(nA+1)]>0

for C' = C(n, A\, A) large. This is a contradiction, so the claim holds.

From (3.5.6), we estimate
1 1
0< D? <(I) + aU) ((L‘, Z) = D2(I)(.CC0, Z()) + 5D2U({E0,Zo) < (C + 1)D2<I)(a:0, 20)
for all (xg, z0) € Ag. Therefore,
/ dy dw < / det ((C + 1)D*®(x,2)) dxdz
T(Ae) Ae
=(C+ 1)”+1/ det (D2<I>(ac, z)) dzdz

€

= (C+1)"Mus(AL)

< (€ 1™ g (Ag) = (C -+ 1) g (A).
Taking the limit as ¢ — 07,

po(B) = pol(Bo) = [ dydw < (€ + 1) pua(4),
T(Ao)

which completes the proof of the Lemma with ¢ = (C + 1)1, O
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3.5.3 Proof of Lemma 3.5.7
Lemma 3.5.9. A, p is closed in Qp, p(Z, 2).

Proof. Let (zy,2r) € Aqr be such that (xy,2r) — (2o,20). Since U(zg,zz) < aR and U is
continuous, it follows that U(xzo,20) < aR. By the proof of Lemma 3.5.6 with B = B,, we can

touch U from below in Q. p at (2o, z0) by a paraboloid P of opening a with vertex (29,29) € B,.

v

Therefore, (zg, 20) € Aq,r Which shows that A, g is closed in QKQR(QN:, zZ). O

We will need the following three lemmas to prove lemma 3.5.7.

3.5.3.1 The function Q

Lemma 3.5.10. Let 0 < s < 1 and zy € R. Define the function Q(z,z0) = R x R — [0,00) by

(W'(2) = I (20))?
on(20,2)0"(2)

Q(z,29) =

If z0 = 0, then Q(2,0) = 1/(1 — s).

Suppose zg > 0 is fixed.

o If0<s<1/2, then Q(z, 20) is a decreasing in {z > 0} and Q > 1 for z > 0.

o [fs=1/2, then Q(z,z9) = 2.

e If1/2 < s <1, then Q(0,z0) =0 and Q(z, 29) is increasing in {z > 0}.
Suppose zg < 0 s fized.

o If0<s<1/2, then Q(z, 2p) is increasing in {z < 0} and Q > 1 for z < 0.

o [fs=1/2, then Q(z,29) = 2.

e If1/2 < s <1, then Q(0,z20) =0 and Q(z, 29) is decreasing in {z < 0}.
Proof. If zo =0 and 0 < s < 1, then

2_o
(W(2)?  a—2* 1

Q(z) = = = .
B = b T L. 1o
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If s=1/2 and 7y € R, then

— =2>1.
51z =201
Let zp € R and 0 < s < 1. Since
W(=2) = 2= | =27 (=2) = === |2|* 2 = =1 (2)

and

(=20, —2) = h(—2) = h(—20) = h'(=20)(—2 — (—20))
= h(z) — h(z0) + h'(20)(z — 20)

= 5h(207 Z)7

we observe that

(I'(=2) — W (=20))
on(—z0,—2)h" (—2)
_ (=P(2) + I (20))?
On(z0,2)R"(2)
(h'(2) = I'(20))?

~ on(z0, )R (2) =z z).

Q(—z,—2) =

Assume for any Zy > 0 fixed that Q(z, Z) is decreasing in {z > 0}. If zp < 0 is fixed and 29 < 21 < 0.

Then, for 2y = —zg, we have that
Q(z1,20) = Q(—21, —20) > Q—22, —20) = Q(22, 20)-

Therefore, Q(z, z0) is increasing in {z < 0}. Similarly, if for any Zp > 0 fixed, we have that Q(z, Zp)
is increasing in {z > 0}, then, for zp < 0 fixed, we have that Q(z,z) is decreasing in {z < 0}.

Therefore, it is enough to prove the lemma for zg, z > 0.
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Fix zp > 0. For 0 < s < 1, observe that

lim Q(z,z) = (h(0) — h'(20))” lim 22+

z—0Tt h(O) — h(Z[)) — h/(ZO)(O — Zo) 2—0t
%—2 1; o1
120 07

2 ifs=1/2
=94 oo ifs<1/2
0 ifs>1/2.

and, by L’Hopital’s rule,

‘ - )
215120 9z, 20) = h"(29) z—z0 h(z) — h(z0) — W' (20)(z — 20)

Let 0 < s < 1 be such that s # 1/2. To study when Q(-, zg) is increasing/decreasing, we first

compute

(W(2) = I'(20))h"(2)
(n(20, 2)h"(2))?

(2(5h(20,2)h//(2) _ (h’(z) B h/(ZO))Q _ 5h(zo,2’)(h’(z) — h/(ZO))};ll,/’l((j))> .

0,9(z,20) =

Assume for now that 0 < z < 29, so (h/(2) — h'(20)) < 0. We will study the term

h///
I+ IT+ 11T :=26,(20,2)h"(z) — (R (2) — W (20))? — 6p(20, 2) (W (2) — W' (20)) h”((j))'
We will write this out explicitly in terms of z, zp, and s as
I = 263(20,2)h"(2)
s? 2_o s2 11 e S s L1,

= (1_st —1_Szozs _1—3Z0 Zs T+ %5 2 >
IT = —(W'(2) = h'(20))?

_ s e LA Eo U o s® i

o (1-s)? (1—s)? ‘ (1—5)27
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(2
h'(z)

IIT = —6p(20, 2) (W' (2) — B/ (20))
s3 1 19 1 $3 1 1
= —92 7_2 [ R s g—l - (29 s 5—2
1—s ( > <1—s>2(s >Z° : +<1—s>2<s )ZOZ
21 s 1 11 1, s 1 2.9 s
s 7_2 s S _ 7_2 s
1—3 >Z0 +(1—s)2 <s >Z0 & (1—29)%2 \s “0 1—s

2 1 2 2
s ) s 1 2.1 4
_(1—5)2( _2>ZOZS (1—3)2<s_2>20 :

We add these together and combine like terms to obtain

~—

1
5
1
s
1
s

2_o S 1 s(l—2s) i_ s(l—2s) 24
20 —1—1_ zoz%_Q—QZO e 1+¥z0§ 27!

IT+IT+111=—
T 1—s 1—s

1—s

Therefore, I + 11 + I11 > 0 if and only if

Multiplying both sides by zpz(1 — s)/s > 0, this is equivalent to
2_ 1 2
P(z) = —z§ Lt ZOJF Pr (1—2s)z 25 4 (1—-2s)z5 >0.
Observe that 1(z9) = 0 and

>0 if0<s<1/2

(=N

$(0) = (1 - 2s)z
<0 ifl/2<s< 1

Suppose that 0 < s < 1/2. We will show that v is decreasing for all z > 0. First, compute

2 1 141 1 1—2s) 1 1
1//(2):—203 +<S—1>z§+ z:i 2—7( . )Zd"zi 1

Therefore, 9'(z) < 0 if and only if

2_ 1 1 1—-2s) &
—z3 ! + < — 1> +lz%_2 — QZO z§_1 < 0.
s s

Multiplying both sides by z, Y (1 — s)/s > 0 and rearranging, this is equivalent to

1_9 < S 7—1 i 1—2s 1.4
Z zZs — | 23 Zs
0 1—s5)70 1—5
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which is true by Young’s inequality:

Pobe 1 1
abga——i——, where p,g>1, —-+-=1, a,b>0.
p q P g
Indeed, take
1 1-— 1-—
a = zp, b:zé_Z, p=—-—1= S>1, q= 8>1.
s S 1—2s

Since v is decreasing for z > 0, ¥(0) > 0, and ¥ (z9) = 0, we conclude that
Pv>0 for0<z<z and Y <0 forz> 2.
Equivalently,
I+IT+1III>0 forO<z<zy and I+ II+1II <0 forz> z.

Since
(W (2) — W (20))h"(2)

0:0(=.20) = 5 o W ()

(I+ 11+ III)

and

h'(z) —h'(20) <0 for0<z<z and h'(z) —h'(29) >0 for z > 2,

we conclude that 9,9(z,29) < 0 for all z > 0. Thus, when 0 < s < 1/2, we have that Q(z, zg) is
decreasing for z > 0.
Next, assume that 1/2 < s < 1. We will show that ¢ is increasing for all z > 0. By similar

considerations as above, ¢/(z) > 0 if and only if

1 — _
zl_%zo‘* 2 <1 s> Z_1+<25 1>zol
s s

which is true by Young’s inequality with

1
1-1 s—2 S S

> 1, q:28_1>1.

Since 1 is increasing for z > 0, ¥(0) < 0, and ¥(z9) = 0, we conclude that

P <0 for0<z<zy and Y >0 forz> z.
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Equivalently,

I+ 1T+1IT<0 forO0<z<zyg and I+ II+1II>0 forz> z.

Since
(W (z) — W (20))h" (2)
(0n(20, 2)h" (2))?

0:9(z, 20) = (I+11+1II)

and
h'(z) —h(2) <0 for0<z<zy and h'(2)—h'(z)>0 forz> z,
we conclude that 0,9(z, z9) > 0 for all z > 0. Thus, when 1/2 < s < 1, we conclude that Q(z, zg)

is increasing for z > 0.

Lastly, for any 0 < s < 1, we observe that
(W' (2) — W())?

lim Q(z,zp) = lim

200 z—o00 (h(z) — h(z0) — h'(20)(2 — 20))h"(2)
= lim (h'(2) — h/(ZO))2 22_%
z—o0 (h(z) — h(z0) — W' (20)(z — 20))h"(2) 22_%
s / 1—1 2
= lim (E_h(z())z ) S
o e ) T

Therefore, when 0 < s < 1/2, since Q(z, 29) is decreasing for z > 0, we conclude that

1
Q(z, z0) > 1 L.

3.5.3.2 Construction of a subsolution

The next lemma is the construction of a barrier ¢ which will be used to localize the solution U.
For a set S, we introduce the notation
St=8n{z>0} and S~ =Sn{z<0}.
If zgp > 0, then we will work in the partial ring [S,(zo, 20) \ Syr(20,20)]T. If 2o < 0, then we will
work in the partial ring [S; (o, 20) \ Syr (0, 20)]~. We will use the condensed notation
[Sr (20, 20) \ Syr(x0,20)]T if 20 >0

[Sr (w0, 20) \ Syr (0, zo)]i =
S (20, 20) \ Syr(0,20)] " if 20 < 0.
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Lemma 3.5.11. Fizr0 <y <1 and 0 < s < 1. Let S.(xg,20) C R**L.

If z9 > 0, then there there exist a classical subsolution ¢ = ¢(x,z) to

aij(w)&;jqb + \2\2_% 2¢ > a(nA + 1) in [Sar(20,20) \ Syr(x0,20)]T N{z # 0}

(3.5.9)
—024+¢(2,0) <0 on [Sa (20, 20) \ Syr(0, 20)] 7 N{z =0}
If zp <0, then there exist a classical subsolution ¢ = ¢(x,z) to
.. 1
al (2)8;j¢ + 2> % D2 > a(nA + 1) in [Sar(x0, 20) \ Syr(w0, 20)]~ N {2z # 0} (3.5.10)

—0.-¢(x,0) >0 on [Sar(r0,20) \ Syr(T0,20)]” N {z =0}.
In each case, ¢ > 0 in [S;(0,20) \ Syr (20, 20)], & < 0 on [0S2-(z0, 20)]F, and there is a constant

C = C(n,\,A,7y) > 0 such that ¢ < Car on [0S, (z0, 20)]F.

Proof. We begin by considering the function (dg((zo,20), (z,2)))”™ for a large constant o =
a(n,\,A,s) > 0. Let Q(z,20) be the function defined in Lemma 3.5.10. For a point (z,z) €

[Sor (20, 20) \ Syr (70, 20)] \ {z = 0}, we have that

a1 (2)035 (0 (w0, 20), (2, 2))) ™ + 2= =2 (da (20, 20), (&, 2))) ™
= a(de((x0, 20), (x,2)) 7

(01 1) (a9 (@) (& — 20)ile — 20); + |27 (W(2) — W (20))2) — (a(2) + 1) G (o, 20). (z, z))]

Vv

O‘<5<I>((x07 20)7 (x7 Z)))_a_2

(0t )Mo — aol? + [2F (£(2) — H(20))%) — (nA + 1) d((x0, 20). (x z))]

= a(e((z0, 20), (2, 2))) "2
(W(2) = I'(20))?
' (2)0n (20, 2)

= a(de((x0, 20), (x,2)) 7

-(a + 1) (2N (w0, z) + on(20,2)) — (nA + 1) (8, (2o, ) + On (20, z))]

2@+ 1) = (08 -+ 1) (an.a) + (2 20)(a + 1) = (14 1) 0 2)
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If 20 =0 or if 0 < s < 1/2, then Q(z, 29) > 1 in [Sa, (w0, 20) \ Syr (20, 20)]F \ {# = 0}. Therefore,
a1 (2)035(0a((w0, 20), (2, 2))) ™ + 2= =2 (da (20, 20), (&, 2))) ™
> a(da((z0, 20), (x, 2))) "2 (3.5.11)

2Aa+1) = (nA+1)) 6y (z0, z) + ((a+ 1) = (nA + 1)) 6n(20, 2) |-

However, if 1/2 < s < 1 and zy # 0, then, as seen in Lemma 3.5.10, we cannot bound Q from

below. Hence, we will build a subsolution for 0 < s <1/2 and for 1/2 < s < 1 separately.

Case 1: zp>0and 0 <s<1/2

Define

Ho,7) = a~a(2r)* (6 (0, 20), (2, 2))) "% — =] if 2 € [Sar (0, 20) \ Syr (0, 20)]*
ala2ot (v —1)r ifze (S (0, 20)] T

Note that ¢ < 0 when

do ((z0,20), (z,2))) > <r @

and ¢ < 0 when
0a((wo, 20), (z,2))) "% >r .
That is, ¢ < 0 in [Sa-(20, 20) \ Sr(20, 20)] " and ¢ > 0 in [S,(z0, 20)] T
Let (z,2) € [Sar (20, 20) \ Syr (0, 20)]" \ {z = 0}. From (3.5.11), we find that
0" ()05 0, 2) + |2* 7% B (x, 2)
> a(2r)° (6a((20, 20), ()72

CXMa+1) = (nA+1))dp(xo,x) + ((a+1) — (RA 4+ 1)) 0n(20, 2) | -
Choose a = a(vy,n, A, A) large so that

2Aa+1) = (nA+1)>2y ' (nA+1) and (a+1) = (nA+1) > 2y (nA +1).
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If yr/2 < 6, (w0, ) < 2r, then
0 ()00, ) + |27 Duad(, 2)
> a(2r)* (S0 (20, 20), (x, 2))) "2 [271(7“\ +1)0,(x0, ) + o]
> a(2r)* (0 (20, 20), (2, 2))) "> [27_1(nA - 1)'72”]
= a(nA +1)(2r)***(6a((20, 20), (z,2))) 7>

> a(nA +1).

If 8, (20, ) > 47/2, then v7/2 < dx(20,2) < 2r and we estimate
Al (2)0i;0(x, 2) + |27 % Dz, 2)

> a(2r)* L (89 (20, 20), (2, 2))) 2 {o + 2971 (nA + 1) 63 (20, z)]

> a(2r)* L (89 (20, 20), (2, 2))) 2 {27-1 (nA +1) 27}

> a(nA + 1).
Therefore, for all (z, 2) € [Szr (2o, 20) \ Sy (0, 20)] " \ {2 = 0},

a¥l (2)0s;0(x, 2) + |27 7 Oead(@, 2) > a(nA + 1).

We next check the Neumann condition for sections that S,(xo, z0) that intersect {z = 0}. Let

(2,0) € [S2r(wo, 20) \ Syr(x0,20)]T N {z =0} and observe that

az¢($7 0) = —a(2r)o‘+1(6¢((x0, ZO)a (33‘, Z))_a_l(h/(z) - h/(ZO))‘Z:()
= a(2r)**}(ds (20, 20), (2,0) 77/ (20)

> ah'(z) >0

since z9 > 0. Therefore, ¢ defined in [Sa, (20, 20) \ Syr(20,20)]" is a subsolution to (3.5.9). We
remark that if zg = 0, then we do not obtain a strict inequality in the Neumann condition. The
construction of a subsolution for zp = 0 is similar to case in which 1/2 < s < 1. We will address

this later (see Case 3).
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Lastly, for (z,2) € [0S, (20, 20)]*, we have that
bz, 2) = a a2 (v = 1)r = Car.

where C = C(vy,n,\, A) > 0.
Case 2: zp>0and 1/2<s< 1

We will use the ideas of Caffarelli-Gutiérrez [16, Theorem 2] (see also the work of Le [43,

1
Theorem 4.2]) to bypass the points where |z|275 is small with respect to the size of the section
Sar(20) = Sn(20,2r).

Let € > 0 be small and define H, by

1 251
Hg = {Z S SQT(ZO) : |Z|2*§ S 8?7-25—1}

- {z € Sar(20) : |2] < Eﬁrs}'

We first show that H. is small. Indeed, by Lemma 3.3.5,

s

el—syps
,uh(He):/ h"(z)dzﬁ/ . hW(2)dz

—el—sps

=2h (sl%srs> = Cer'™% = Cepup(Sar(20))

for a constant C' = C(s).
We will construct a function h. in [Sa.(20)]t that to bypass the points in H.. Let H. be an
open set such that

H. C H. C Sar(20), pa(H:\ H.) < & pn(Sar(20)),

and let ¥ = 1)(z) be a smooth function satisfying
Y =1in H,, 1 =¢in So-(20) \ﬁe, e <1 <1in So.(20).
We use the notation
[So,(20)]" = (2, 2R), where 0 < zp < 29 < 2g.

Note that zz, = 0 if 0 € Sa,.(20).
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In [S2-(20)]T, let he = h.(2) be the convex solution to

R =2(nA + 1)wh" in [Sy(20)]*
hs(zR) =0

hL(zp) = er'=s.

We remark that he € C°°([S2-(20)]") N C([S2r(20)]F). Since he is strictly convex in [Sa.(20)] 7, it
follows that k. > 0 in [S2,(20)]". Moreover, by the maximum principle h. achieves its maximum
at z = zp, so that he < 0 in [So(20)]".

We apply the ABP Lemma to obtain

Ihe| < € diam([San (20)] ) / B(2) de
[S2r(20)]F

= O diam([S2(20)]™") /[S - 2(nA + 1)(2)h"(2) dz

< Cdiam(S2,(20)) / WU dpp,.
SQT(ZO)

where C' = C(n,A) > 0. We estimate
diam(SQT(zo)) S diam(BCS(zr)s(zo)) = 205(27’)5 =C ‘BCS(QT)S (Z())| S C ‘SQT<Z())’

and

| vl [ wdme [ wdme [ v
SQT‘(ZO) H. HE\HE SQT(ZO)\HE

< | dp Jr/~ dpn +/ _edpp
H. H\H. Sar(20)\He
= pn(Hz) + pn(He \ He) + epun(S2r(20) \ He)
< Cepn(S2r(20)) + epn(Sar(20)) + eptn(S2r(20))
= Cepn(S2r(20))-
Hence, we obtain

|he| < Ce[Sar(20)] pn(S2r(20)) < Crer

for a constant C7; = Ci(n, A, s).
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Next, let § > 0. For z € [Sa,(20)] ™,
()] = H(z) = / B (w) dw + (21, + )

ZL+5
z

— / 2(nA + 1)yh" (w) dw + hL(zp + 3)
zr+6

< 2(nA—|—1)/ Ydup + hl(z + )
Sar(20)

< 2(nA + 1)Cepupn(Sar(20)) + hIE(ZL +9)

< Cer'™* 4+ hl(z1, +6).
Taking the limit as § — 0,
hL(z) < Cer'™5 + hl(z1) = Cer'™* + er! ™% = Cer'™*

for a constant Cy = Ca(n, A, s).

Suppose that yr/2 < dx(20,2) < 2r. By the convexity of §;(z0, z), we obtain
0= 5h(20, Zo) > (Sh(ZQ, Z) + 825h(Z0, Z) . (Z() — Z)

Since S2-(20) C B, (2r)s(20), this implies

0.00(z0,2)] > L0 2) o /2

= Cyr!™* 5.12
T |z — 20| T 2C4(2r)3 Car (3.5.12)

for a constant C3 = C3(7, s). Choose € = (y,n, A, s) > 0 small so that Coe < C3. Then,
‘826h(z0,z) — hlg(z){ > |0,0p(20, 2)| — }hlg(zﬂ > (O3 — Coe)r! ™ >0
and
(9.0(20, 2) — h.(2))? > (C3 — Cae)?r?728 = Oy % (3.5.13)

for a constant Cy = Cy(v,n, A, s) > 0.

For a large constant o = a(vy,n, A\, A,s) > 0, we define the function ¢ on [Sa,(zo, 20) \

Syr(wo, 20)]" by

Bz, 2) = (Go((0, 20), (2,2)) — he(2)) .
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Let (z,2) € [Sar (20, 20) \ Syr(20, 20)]7 \ {# = 0}. Since h. < 0, we first note that
yr < 0 ((zo, 20), (z, 2)) < da((x0, 20), (x,2)) — he(2) < 2r 4+ Crer = (24 Che)r.
The equation for ¢ in [Sa, (20, 20) \ Syr(20, 20)]" \ {z = 0} is given by
0¥l (2)05;6 + 2> 5 0.2
= a(5¢((x0, ZO)? (1'7 Z)) - hE(z))iaiz
((a 1) [a%xm — 20)i( — o)y + |22 (D60 ((z0, 20), (2, 2))) — m»ﬂ
~ (al(w0, ), (2, 2)) — he(2)) [a“(x) F1- h’;<z>])
— a(Bs((x0, 20), (1, 2)) — he(2)) 2
(0 )0 0) o 0o =0l + 5 (0. (a0, (2 20) — W)
~ (Bn((z0, 20). (. 2)) — he(2)) [a%) F1-2(nA 1)4 )
Using ellipticity, we estimate

a1 (2)03;6 + |2]> 7+ 0.2
> a(60((x0, 20), (7,2)) — he(2)) 2
(e Ao = f? % x5 20, (120) — 12D
— (03 ((xo, 20), (x, 2)) — he(2)) [n/\ +1—-2(nA+ l)w})
— aBa((w0,20), (7, ) — ha(2)) 2
(0 )[220000) + 7% @: (Gl 20, 20 22 — 1Y

— (02 ((z0, 20), (2, 2)) — he(2))(1 = 2¢)(nA + 1))-
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Suppose that z € H.. Since ¥(z) = 1, we drop the nonnegative term with (« + 1) to obtain
0 (2)0356 + |27 0.6
> alba{ (w20 (0,2) = 1e(2) 2 (Golla.20) 2.2) = hee)nd +1))
= a(nA + 1) (8¢ ((wo, 20), (, 2)) — he(2)) 7

> a(nA 4 1)(2 + Cre) >yt

1 2s5—1
Next, suppose that z ¢ H.. Since ¢(z) > 0 and |2[*75 > 1= 251 we estimate

1

a(2)0i; + |2|°75 D26
> a(0a((z0, 20), (. 2)) — he(2))
<<a 1) [m,(xo, 2) + T 120,08 (20, 20), (2, 2)) — he(2)))?
G, 0), (2, 2)) = el A+ 1) ).
If yr/2 < 6,(20,2) < 2r, then

2s—1
1—

2\, (20, ) + £ 1= 1 71(9, (08 (20, 20), (2, 2))) — he(2)))? > 2X0y (20, ) > Ayr.
Choose a = a(v,n, A, A, s) large enough to guarantee that
(a+ 1Ay — (A +1)(2+ Cie) > (nA+1)(2+ Che).
Then, we have that
ij ot 21 7
a’ ()0 + |2|”7 5 0.0
> alba((an, 20, (2,2)) = 1e(:) (@ + Dar = o + D(2r + Crer)

> a(ba((x0, 20), (z,2)) — he(2)) " 2(nA + 1)(2 + Cre)r
> a(nA 4 1)(2 4+ Cre) " 2r " 2(2 4 Che)r

= a(nA +1)(2 4 Cre) ot
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If 6, (20, x) < yr/2, then yr/2 < §;(20,2) < 2r and, by (3.5.13), we obtain

1

208, (20, ) + & 12 127D, (80 (w0, 20), (2, 2))) — he(2)))?

> <15 127 1(0.(80 (20, 20), (2, 2))) — ML)’

2s5—1
> el P25l Our2 72 = Cye T 1,

Let a = a(y,n,\, A, s) > 0 be large so that

(@+1)CieT> — (nA+1)(2+ Cie) > (nA +1)(2 + Cye).

Then, we have that

0’ (2)0:j + |25 0226
> a(be((x0, 20), (z,2)) — he(2)) 72 ((a + 1)045%7“ —(nA+1)(2+ Cpf)?“)
> a(da((xo, 20), (x, 2)) — he(z))_o‘_Q(nA +1)(2+ Cye)r

> a(nA +1)(24 Cre) @ tra L,

Hence, for all (x,z) € [Sar(20,20) \ Syr(20,20)]T \ {z = 0}, there is an & = a(y,n, A\, A, s) > 0

such that

1

a(2)0ij6 + |2|*75 9220 > a(nA +1)(2 + Cre) @ oL,

We define the barrier ¢ on [Sa, (20, 20) \ Syr (20, 20)]T by

d(z,2) = %(2 + Cpe)@tipatd ((&p((azo, 20), (z,2)) — he(2))"% — (1 4+ C1e) %r

For (z,2) € [Sar (20, 20) \ Syr(20, 20)] 7 \ {z = 0}, it follows that

@I (@)D + 227 0 = 22+ Cro)™ ot (0 (@)D + |2 0..0)

> — (24 Cre)*Mrotla(n + 1) (2 4 Cre) @ ol

Rle 2le

=a(nA + 1),

as desired.
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We next check the Neumann condition for sections that Sa,(zo, 20) that intersect {z = 0}. Let

(2,0) € [Sar(w0, 20) \ Syr(x0,20)]T N {z =0} and observe that
0:(x,0) = —a(2+ C1e)* T (8a (0, 20), (2, 2)) — he(2)) "7 (W' (2) — h'(20) — hL(2))],_q
= a(2 + C1e)* ot (55 (0, 20), (2,0)) — he(0)) " (A (20) + er™%)
> a(h/(20) +er' ™) >0
since zg > 0. Therefore, ¢ defined in [Sa, (20, 20) \ Syr (20, 20)]T is a subsolution to (3.5.9).
For (z,z) € [Sy (o, 20) \ Syr (w0, 20)] T, since
yr < 03 ((zo, 20), (x,2)) — he(z) < (1 4 Che)r,

we have that ¢ > 0 in [S, (20, 20) \ Syr (20, 20)]T. Choose ¢ small so that 2 > 1+ Cye. Then, ¢ <0

on [0Sy, (g, 20)]T. Indeed, for (z,z) € [0Sa (0, 20)]", we have that
—he(2) > 0> (14 Cie —2)r

which implies

0o ((zo, 20), (z,2)) — he(2) = 2r — he(2) > (1 + Cre)r.

Thus, ¢(z, z) < 0.

Lastly, let (z,2) € [0Sy, (20, 20)]T and observe that

P, 2) = 2(2 +Cre) et ((77" —he(2))"* = (1+ 018)70‘7”70[)
< 2(2 + C1e2) Mt ((yr +0)7* = 0)
= L(Q + Cle)a+1ar
a
= Car

for C = C(y,n, A\, A, s) > 0.

Case 3: zp=0and 0 <s<1/2
We saw in Case 1 that the inequality for the Neumann condition was not strict when zg = 0.
Hence, we need to add a function h. to the distance function to adjust the barrier as we did in

Case 2. Since 0 < s < 1/2, we will take H, = ().
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Let (z,2) € [Sar(20,0) \ Syr(z0,0)]". Since z € S2-(0), we know that

82

1—

125 = 84 (0,2) < 2r.
S

Therefore,

s 1-s.\°
|z| < C1r%, C) = 52 -

Since 2 — % < 0, we also know that

91 2ol 91
2275 > ¢y 0 el (3.5.14)

Define h. in [S2,(0)]" by

he(z) = er' ™%z — eCyr-.
For all 2 € [So,-(0)]*, we have that h. < 0, that

|he(2)| = eCir — er' ™52 < Cyer,

and that
hl(z) =er'™ >0, hl(z)=0.

Choose g9 = €3(7, s) such that ey < C5 where Cj5 is the constant from (3.5.12). For z > 0 such

that y7/2 < 0,(0, 2) < 2r, we estimate, as in (3.5.13), to obtain
(0.01(20, 2) — he(2))? > (C3 — €9)*r?7% = Cyr?™28 (3.5.15)

for a constant Cy = Cy(v,n,A,s) > 0.

Let that (z, z) € [S2,(20,0) \ Syr(20,0)]T. Since —h. > 0, we have that
yr < e ((z0,0), (x, 2)) < d5((x0,0), (z,2)) — he(z) < 2r +eCir = (24 Ch)r. (3.5.16)
We define a function ¢ on [Sa,(z0,0) \ Sy (20,0)]* by

d(x, 2) = (05 ((20,0), (x, 2)) — he(2)) ™.
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Let in (z,2) € [Sar(20,0) \ Syr(20,0)]T \ {z =0} and estimate the equation for ¢ using (3.5.14)
0 (2)05;6 + 2> 7 0.2
— a(Bo((@0. 20), (. 2)) — he(2)) 2
(o 1[0t~ )i = aw)s + 1 (0.l (o, ), (1) — 1221
 Galan, ). 0 2) ~ )| a0 + 1] )
> a(bel(0, 20), (2 2)) — he(2)) =2
((a ) [m(s@(mo, 2)+Cy 1D, (G (w0, 20), (2, 2))) — h;<z>>2}
~ (@((an,0), (2,5)) = el A+ 1)),
If yr/2 < 8,(wo, ) < 2r, then
20, (0, x) + CfsT_lr2S_1((")z(5q>((ajo, 20), (z,2))) — h/E(z))2 > 2X0p (20, ) > Ayr.
Choose @ = a(7,m, A, A, s) large enough to guarantee that
(@ + 1)\ — (nA + 1)(2 + Cre) > (nA + 1)(2 + Cre).
Then, we have that
0" (2):j + |22+ 0.2
> a0 ((xo, 20), (z,2)) — hg(z))7a72 ((a + DMyr — (nA+1)(2+ 015)7’>

> a0 (30, 20), (2, 2)) — he(2) (A + 1)(2 + Cre)r
> a(nA +1)(2 4 Cre) 2722+ Che)r
= a(nA +1)(2+ Cre) > ot
If §,(x0, 2) < y7r/2, then yr/2 < §;(20,2) < 2r and, by (3.5.15), we obtain
20310, ) + Cy 12710 (60 (0, 20), (2, 2))) — ha(2))?
> OF T 1L, (Bl (20, 20), (7, 2))) — B (2))?

2s5—1 2s—1

> Cl s 1"25_1047‘2_25 = 0401 S,
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Let a = a(vy,n, A\, A, s) > 0 be large so that
25-1
(a+1)CiCy ¢ — (nA+1)(24+ Cre) > (nA+1)(2+ Che).
Then, we have that
ij 7 2-1 7
a’(2)0ij¢ + 1217+ 0.9
251
> a(6s((x0, 20), (2, 2)) — he(2)) 72 ((a +1)CysCy° r—(nA+1)(2r + Cle)r>
> a0 ((20, 20), (z, 2)) — he(2)) " 2(nA 4 1)(2 + Cye)r
> a(nA +1)(2 + Cre) ot
Hence, for all (z,z) € [Sa,(20,0) \ Syr(z0,0)]7 \ {z = 0}, there is an a = a(y,n,\,A,s) > 0
such that
@ (@)0i6 + 2% 026 > alnd + 1)(2 4 Cre) 1o
We define the barrier ¢ on [Sa,(z0,0) \ Syr(20,0)]" by
8(r.2) = L2+ oo™ (B0, 0), (2. 2)) — Bel) ™ — (14 C1) )
For (z,2) € [Sa;(20,0) \ Syr(x0,0)]1 \ {z = 0}, it follows that
0" ()05 + 2775 0,26 > a(nA + 1).
For (z,0) € [Sa,(20,0) \ Syr(z0,0)]T N {z = 0} and observe that

0:9(x,0) = —a(2 + C1e)* T (8a (w0, 20), (2, 2)) — he(2))*7H(W (2) = 1'(0) — hL(2))]
= a(2 4 C18)* T2 (5 ((0,0), (2,0)) — he(0)) " Lept=s

1-s

> aer > 0.

Therefore, ¢ defined in [Sa, (20, 20) \ Syr (%0, 20)] " is a subsolution to (3.5.9).
One can check that ¢ > 0 in [S,(zo,0) \ Syr(20,0)]" and that ¢ < 0 on [9S2(xo,0)]" when
e = &(,s) is small enough to guarantee that 2 > 1+ Cae. Moreover, there is a constant C' =

C(v,n, A\, A, s) > 0 such that

#(z,2) < Car on [0S, (x0,0)]".
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Case 4: zp<0and 0<s <1

Note that if (z,2) € [S2r(%0,20) \ Syr(x0,20)] 7, then (z, —2) € [S2r(x0, —20) \ Syr(z0, —20)]"-
Define ¢ in [Sa, (20, 20) \ Syr(20, 20)]~ to be the even reflection across {z = 0} of the solution ¢ to
(3.5.9) in [Sa,(z0, —20) \ Syr(x0, —20)]T:

U(x,2) = o(x, —2), for (z,2) € [Sar(wo, 20) \ Syr(T0,20)] -
Since D*¥(z, 2) = D*¥(x, —2), we know, for (z, 2) € [Sar (20, 20) \ Syr(z0,20)]” \ {z = 0}, that
@ (@)t (, 2) + 2% Buth(,2) = 0¥ (@)0yy b, —2) + |21 Dusi(e, —2)
> a(nA +1).

For (x,0) € [Sa,(x0, 20) \ Syr(x0, 20)]” N {2z = 0}, we estimate

—82—1/1(%0) — — lim Zb(ﬂf,h) — ¢($70)

h—0~ h
— _ lim ¢(x7 _h) — ¢($, 0)
h—0~ h
_ hli)%l+ ¢(x7h) ; ¢($’0) — Z+1/}(x, 0) > 0.

Therefore, 1 is a subsolution to (3.5.10). It is straightforward to check that ¢ > 0 in [S,(x0, 20) \
Sor(o,20)]” and that ¢ < 0 on [0S, (20, 20)] -

Lastly, if (z,z) € [0Syr(z0,20)]", then (z,—z) € [0Sy (z0,—20)]". This gives the desired
estimate

P(x,2) = ¢(x,—2) < Car for (z,z) € [0Sy (z0, 20)] -

3.5.3.3 Localization

Lemma 3.5.12. Let 0 < s < 1 and fir 0 < v < 1. Assume that a” = a"(z) are bounded, measur-
able functions on R™ and satisfy (3.1.1). Let K3 be as in (3.5.4). For a cube Qr = Qr(Z,2) C R™,
suppose that U = U(x,z) = U(x, —z) is a nonnegative, classical supersolution to

a1 (2)0;U + |21° 75 0..U <0 in Qg N {z # 0}

—0:4U 20 on Qg xN{z=0}
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Assume that Qr(zo,20) C Qr. Suppose that U is touched from below in QK3R by paraboloid P of
opening a > 0 at (w1, 21) € [Sy(20,20)]F NAsr. Then, there exists a constant C = C(y,n, A\, A, s) >

0 and a point (z2,z2) € [Syr(z0,20)]F such that
U(xa, z9) — P(x2,22) < Car.

Proof. Assume that zg, 21 > 0. The case in which zg, z; < 0 follows similarly, using symmetry.

We also assume that (z1,21) € [Sr(z0,20) \ Syr (%0, 20)] 1. Indeed, if (21, 21) € [Syr (0, 20)] T,
U(z1,21) — P(x1,21) =0 < Car

for all C' > 0, so we take (x2, 22) = (x1, 21).

Let W =U — P. For (z,2) € Qg r \ {# = 0}, we have that
a(2)0;; P(z, ) + \z|2_é 0..P(z,2) = —a(a"(x) + 1) > —a(nA + 1)
which implies
Al ()W (, 2) + |27~ % 0..W (@, 2) < a(nA +1).
Since z; > 0, by Lemmas 3.5.3 and 3.5.4, we know that z, > 0. Therefore,
—0,4W(z,0) > 0+ ah'(z,) > 0.

Let ¢ be the subsolution found in Lemma 3.5.11. By choice of K (3.5.3), we have that

Qr(x0,20) C Qg implies
SQT($07ZO) C QQr(w(),Zo) C Qf(gR C Qf(gR

Therefore, W — ¢ is a supersolution to

ald ()0 (W — @) + |2]> 7% 0ua (W — ¢) < 0 in [Sar(20, 20) \ Sor (20, 20)]* N {2 # 0}

=04 (W = ¢)(2,0) >0 on [Sar(20,20) \ Syr(20,20)]T N{z = 0}.
(3.5.17)
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Let (z2,22) € [S2r(®0, 20) \ S+ (20, 20)] T be such that

W(wg, 22) — ¢($2, ZQ) = min (W — ¢)

[S2r(0,20)\S~r(x0,20)] T
By the Maximum Principle (see for instance [31, Theorem 3.1]), the minimum of W — ¢ occurs on

the boundary 9[Sa, (0, 20) \ Syr(z0, 20)]". That is,
(22, 22) € [0S2 (w0, 20)] " U [0Sy (20, 20)] T U [(S2r (0, 20) \ Syr(20,20)) N {z = 0}].
Since (21, 21) € [Sy(o, 20)]", we know that ¢(x1,21) > 0 which implies
W(x1,21) — ¢(x1,21) =0 — ¢(z1,21) <O.
Moreover, since ¢ < 0 on [0S2, (20, 20)] ", we have that
W(x,z) — ¢(x,2) >0 on [0S(0,20)]".

Therefore, the minimum is strictly negative and cannot occur on [0Ss, (o, 20)]*.
If [S2r (0, 20)] T N{z = 0} # 0, then suppose, by way of contradiction, that the minimum occurs

on [Sa, (20, 20) \ Syr(z0, 20)]7 N {z =0}, i.e. zo =0. Then
0 (W — 6)(22,0) <0,

which contradicts (3.5.17). Therefore, it must be that the minimum occurs at (z2, 22) € [0S, (20, 20)]T C
[Syr(o, 20)]T. It follows from Lemma 3.5.11 that ¢(x2, 22) < Car. Since W (z2,22) — ¢(x2, 22) < 0,
this implies

U(xa, z9) — P(x2,22) < ¢(x2,22) < Car.

3.5.3.4 Proof of lemma
Proof of Lemma 3.5.7. Without loss of generality, let
(z1,21) € Qr(20,20) N Ag,r # 0.

Otherwise, replace r by r 4+ ¢ and take the limit as € — 0 at the end.
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Since (x1, 21) € Aq R, there is a paraboloid P of opening a > 0 with vertex (z, z,) € B, such

that P touches U from below in Qg p at (z1,21). We write P as
P(z,z) = —ado((zy, 2v), (z, 2)) + ads (2, 2v), (21, 21)) + U(x1, 21).

We may assume that zg, z1 > 0 or that zg, 21 < 0. Indeed, suppose that z5 > 0 and z; < 0. If

@&R N{z =0} = 0, this is a contradiction. Suppose that @&R N{z =0} # 0. By Lemma 3.5.5,

P(z,z) = P(z,—z) touches U from below in Qg p at (21, —z1) with vertex (z,, —2,) € By. Since

On(20, —21) = h(—21) — h(20) — W' (20)(—21 — 20)
= h(z1) — h(z0) + h'(20)z1 + ' (20)20
< h(z1) — h(20) — W (20)21 + h'(20)20 since 29 >0 and 23 <0 < —2z;
= h(z1) — h(z0) — W (20)(21 — 20)
= 0p(20,21) <
It follows that (21, —21) € @, (0, 20) N Aa,r. We proceed with the proof of the lemma using P and
—z1 > 0 in place of P and z; < 0. The argument for zg < 0 and z; > 0 follows similarly.

Note that (21,21) € Qr(%0,20) C Spt1)- (0, 20) and let v = 1/(26%). By Lemma 3.5.12, there

is a point (22, 22) € Sy /(n+1) (205 20) € Syr (0, 20) and a constant C' = C(n, A, A, s) > 0 such that
U(xa, z9) — P(x2,22) < Car.

Let o = 1/(26%) < 1 and let ¢’ = C’(n,\,A,s) > 1 be a large constant, to be determined.

Slide, from below, the family of paraboloids

P(z,2) = P(z,2) — C'abo((Zy, 2), (z,2)) + d, for (Zo,Zy) C Sar(T2, 22) (3.5.18)

until they touch the graph of U in @ KsR for the first time. Without tracking the constant term,

we expand a paraboloid P by

P(x,2) = P(z,2) — C'ado((Ty, Zv), (z,2)) + d
= —ado((Ty, 20), (T, 2)) + ado (24, 20), (11, 21)) + U(21,21) — C'ads ((Zo, Z0), (,2)) + d

= —adp(Ty, ) — C'abip(Zy, ) — adp (24, 2) — C'abp(Zy, 2) + d.
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Suppose that £ € R is such that

in the variable z, we write

—adp(zy,2) — C'adp(2y, 2)
= —a (h(z) = h(zy) = B (20)(z — 20)) — C"a (M(z) — h(Zy) — I (20) (2 — Z0))
—(C" + 1D)ah(2) + ah(zy) + ab/(z,)z — ah/(2y) 2y + C'ah(z,) + C'ab/(z,)z — C'ah' (2,) 2y

—(C" + 1)ah(z) + (ah (zv) + C'ah/(z)) z +d

, "(2v) —|—C”h'(zv) ,
—(C"+1)a | h(z o1 +d
—(C"+1)a (h(2) £)z) +d

—(C"+ Da (h(z) = h(§) = M (§)(z = €)) +d”
—(C" + 1)adp (&, 2) + d".

Since

Dy(xy) + C'Dp(Ty) a0+ C'Ty z, + C'Ty
C'+1 - C+1 c'+1 )’

in the variable x, we similarly write

2y + C'Zy,

d/l/ .
O+1,m+

—ady (T, ) — C'ady (T, ¥) = —(C" 4+ 1)ad,(

Therefore

~ ':U’L) —i—C/,i'v 111
P(l’, Z) = —(C/ + ]_)CL(S(I) <<C’/_i_17€) ,(CE,Z)) +d .

Hence, the opening of P is (C’ 4 1)a and the vertex is of the form

W (zy) + C'h' (%)
C'+1 '

(a:v+0’fv

o ,£> where K(£) =

Let B denote the set of vertices for the family of P’s and A denote the set of touching points.

Since P(xy,2) < U(xz,22), we have that

P(x9,29) — C'ade ((Ty, 2), (22, 22)) + d < U(xa, 29).
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By the engulfing property, Su.(x2, 22) C Saor(Zv, Zy), S0 that
0((Zy, Zp), (w2, 22)) < afr.
Therefore,
d < U(xg,22) — P(x2,29) + C'ad((Zo, 20), (x2, 22)) < Car + C'abar.
Since (2, 22) € Sagr(Ty, Zv) C Soaor(Ty, Zy), We again use the engulfing property to see that
S200r (Tvs Zv) C Saapzr (T2, 22)-

Suppose that (z,z) € Qg, g is such that do((z2, 22), (z,2)) = 200%r. Then d¢((Zy, 20), (x,2)) >

2a0r and

P(z,z) < P(z,z) — C'a(2a0r) + (Car + C'abar)
= P(z,z) + (C — C'0a) ar < P(z,2) < U(z, 2)

when C is such that C’ > C/(fa). Hence, the contact points for P are inside Sy,g2, (22, 22).

Recall that (z2,22) € Sr(z0,20). Since v = af, we use the engulfing property to obtain

Sor(z0,20) = Saor (%0, 20) C Sag2r (22, 22)
(3.5.19)

C Sonpzr (T2, 22) C Soagsr (0, 20) = Syr(0, 20)-
Therefore, the contact points for P are inside Syr(0, 20) C Qur(0,20). That is, A C Qyr (0, 20)-

For sufficiently large C’, we estimate

P(z,z) < P(x,2)+d
= —adp((xy, 20), (2, 2)) + ado (x4, 20), (x1,21)) + U(x1,21) + d
< adp((xy, 20), (x1,21)) + U(x1,21) + d
< ado (w0, 20), (21, 21)) + aR + (Car + C'abar)
< aK (0a((7, 2), (20, 20)) + 00 ((F, 2), (21, 21))) + aR + (CaR + C'abaR)
< aK(KsR+ R) + aR + (CaR + C'abaR)
- ((Kg DK +14+C+ C’a0> aR < (C' +1)aR.

This shows that A C A(cr11)a,R-
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Therefore, by Lemma 3.5.6,

U@(A(C’-‘rl)a,R N Qm’(xO, 20)) > pao(AN Qm(«fo, 20)) = po(A4) = cuo(B).
We claim that
cpp(B) > ¢ pa(Qr(wo, 20))

for a small constant ¢ = ¢(n, A\, A, s) < 1.

We can express the set B as

T, + C'2y W(z)+C'W (z)
B = {(x,z) cr= 1 h'(z) = o1 y (Zv, Zy) € Sar(x2,22) ¢ -
We will first show that
Cl n+1
nolB) = () no(S (o2 )
First, note that
ar ar
Sar/2($2722) C Sap (.%'2, 7) x Sp <z27 7) C Sar($2az2)-

Define the sets B, and B, by

T, +C'7y ar
sz{x: o1 :xves“"(@ﬁ)}

_1 (W (z) + C'W(Z, _
Bz:{ZZh 1( (Z)C/+1 (Z)):Zv65h<22,a27”>}.

Therefore, B, x B, C B and

e (B) = /Bh"(z) dz > /z/zh”(z) dzdx = /Bz dx/Bz h"(2) dz.

By change of variables, we have that

/ n
n C'+1 Skp(w%ﬂ)

2

Notice that

(50 H(5) = —%h’(zv)} — {5 =0},

(3.5.20)



119

Then, by change of variables, we have that

/ h"(z) dz
:/ h"(z) dz
B:\{z=0}
/ 11 ( =5 !
-/ v (0 (PP SR Yo (o7 ) i
Sn((22,% )\ {z,=0} ¢’'+1 W (o) O'H (50) C'+1

_ c’ (Rt h/(zv) + Clh/(zv) h//(zv) dz
T O F1 - () 1 W) ONE) )
+1J5, (20,9 )\ {z,=0} + B ((h’)—l ( Shzeldch ))
C/

s +1 /Sh(zz,o‘;)\{,a,O}
c’ /
= — h"(z,)dz,.
C/ + 1 Sh(@’%) ( )

Combing these estimates, we obtain

h"(z,)dz,

C/ n+1
e (B) > < > / h"(2) dz dx
¢+l S (02,5 ) xS (22,5

Vol n+1 , ' n+l1
> <C”+1> /s ( )h (2)dzdx = (C’ n 1> M@(S%(ZC%@))
% T2,22

as desired.

By the doubling estimate (3.3.4), we estimate

~6r
ar/2

29

po(Syor(22,22)) < Kq ( - )Vucb(Sa; (w2, 22))

)Vucb(sag (2, 22)) = Ka (

and

o St 0)) < Ko (PE0) a5 200) = K (1) oSt ).
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Since (22, 22) € Syr(20, 20), the engulfing property gives S, (2o, 20) C Sy, (22, 22). Hence, we have

ca (B ] ) po(Sar (w2, 22))

C’ 1 [ a v
o 1) K (297) pa (Syor (22, 22))

2 (a
=<
(0'611) ;id >VM<I>(SW($0,ZO))
=<
~(&
I

(

f@) () 7 () oo
<26(n+1)) ’ 13 (S(nt1)r (0, 20))

> e (Qr (0, 20)).

This completes the proof of the claim.

From (3.5.20), we conclude that

o (Acr1ya,r N Qur (o, 20)) > ¢ pa(Qr (20, 20)).

3.5.4 Proof of Lemma 3.5.8
We will need the following variation of [23, Theorem 1.2] for cubes.

Theorem 3.5.1. Let E C R"™ be a bounded subset and {Q,, (x,z)} be a covering of E. There
exists a countable family {Qr,(zi, zi)} of disjoint cubes such that the family {Qx,r,(Ti,zi)} covers

E. The constant Ko > 3K, where K 1is the quasi-distance constant.

Corollary 3.5.1. Let E C R™*! be a bounded subset and assume that for each x € E, we associate

a cube {Qy, . (x,2)}. Then, we can find a countable number of these sections Qr,(x;, z;) such that

EC U Qr; (73, 20), with Qy, k. (i, 2;) disjoint.

Proof of Lemma 3.5.8. Let (z0,20) € Qr/k, (T, 2) \ Dx and let 7 be given by

r = inf{rg : Qr,(z0,20) N Dy # 0}. (3.5.21)
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By Corollary 3.5.1, there is a countable collection of these cubes {Q,,(z;, z;)} such that

Qr/Ko \ Dy C UQ” (x4,2i), with Qr, /K, (x4, ;) disjoint.

Then,

pa(Qr/ky \ Dk) < p1o (U Qr; (i, 2i) N QR/K0> < ZN@(Qm (w3, 21) N Qr/K, )-

We claim, for any (z9,20) € Qr/k, \ Dk, that and r given by (3.5.21),

pa (Qr(z0,20) N Qr/K,) < %M@(QT/KO (w0, 20) N Dyy1).

Suppose for now that the claim holds. Then

pa(Qr/ iy \ Di) < po (U Qr, (@i, z:) N QR/KO>

(2

< Z pa (Qr; (74, 20) N Qr/K, )

1
< Z Eﬂ@(Qri/Ko (74,2) N Dyy1)

= %M@ <U Qr, /K0 (Tis ) N (Dgta \Dk)>

1
< E/MD(DkH \ Dy).

Since
Qr/ko \ Dk = (Qr/ky \ Dr+1) U (D1 \ Di),

we have that

pa(Qr/ky \ Dit1) = 1a(Qr/i,y \ Di) — pa(Dry1 \ Di)
< 1o(Qr/Ky \ Di) — cpio(Qryy \ Dk)

= (1= )pa(Qr/k, \ Dk)-
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We iterate to obtain

po(Qr/k, \ D) < (1 = c)pa(Qr/k, \ Dr-1)

< (1-¢)*ua(Qr/K, \ Dr—2)

< (1-0)"ua(Qr/x, \ Do)

<(1- C)k,mb(QR/Ko)

and complete the proof of the lemma.

It is left to prove the claim. We will present the proof for n = 1 for which we have that
Qi(z,2) = Sy(z) x Sy(z) C R2.

The more general case following similarly.

First, let (w1, 21), (72, 22) € Qr/K, (%, Z). Then

) 3 R R 2KR
Sp(x1,m2) < K (6,(F, 1) + 0p(%,22)) < K <K0 T Ko) " Ko

Similarly, §5(z1, 22) < 2K R/ K. Therefore, r < 2K R/ K.

Let (z,2) € Qr(x0,20). By the quasi-triangle inequality (3.3.3) and choice of Ky (3.5.5),

0p(T, ) < K (0,(F, 0) + (0, 7))
R
K _
< <K0+r)
R 2KR K+ 2K?
_ — < R.
<K<KO+ K0> Ko R<R

Similarly, one can show that 5(Z,2) < R. Therefore, we have that Q,(xo,20) C Qr(Z, 2).
Without loss of generality, assume that zg <  and zg < Z. We will break into cases based on

how far (Z, 2) is from (xo, 20).

Case 1. Suppose that (7, 2) € Q,/k, (0, 20)-

We will show that Q,(zg, z0) satisfies the hypothesis of property 2):

QT(:L'OVZO) C QR(j72)7 QT]T(an ZO) - QR/K@(jaz)a Qr(m()vz()) N Dk 7& @
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We have already shown that Q,(zo,z0) C Qr(Z, 2), and by the definition of r, we know that
Q,(x0,20)NDy, # 0. Thus, it is left to show that Q- (0, 20) C Qr/k,(Z, Z). Let (x,z) € Qe (20, 20)-

By the quasi-triangle inequality (3.3.3) and by our choice of Ky and 1 (3.5.5),

0p(Z,2) < K (8,(0, &) + dy(xo, )

K
K

<K i—i— 2KR<£
- K Ky — Ko

We can similarly show that 6,(2, z) < R/Ky. Hence, Qy (w0, 20) C Qr/K, (T, 2).

Therefore, by property 2), we know that

1 (Qyr (o, 20) N D+1) 2> cpa(Qr (20, 20))-

Since n < 1/Kj, we obtain the desired estimate

1 (Qr/ ko (%05 20) N Dig1) > pa(Qr (0, 20) N Diet1)
> cpa(Qr(wo, 20))

> cpa(Qr (o, 20) N Qr/ Ky (T 2))-

Case 2. Suppose that T ¢ S, /k,(70), Z € S, /K,(20)-

From our previous work, we deduce that
Sr(20) € Sr(Z),  Spr(20) C SkryK,(2)-
We will find an z1 between zg and & and a positive constant 8 < 1 such that
Spr(71) C Sy /K, (T0) N SR/, (T)-

Let w1 > x¢ be such that d,(wo,z1) = /(2K Ko). We first show that S, /oxk,)(z1) C Sy/K,(T0)-

Indeed, for = € S, /2xK,) (1), we have that

r r r
< = —.
dp(x0, ) < K (0p(x0, 1) + 0p(21,2)) < K <2KK0 + 2KK0> e
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Since

r —_
2KKy

r
2KKY’

dp(x0, 1) < Kop(r1,20) < K25¢(x0,x1) = K?
we know that
r r
— < < —.
IR, = el ) < g
Thus, w0 & S,/2K2K,)(71). Since the sections S, /ox2k,)(z1) and S,/ (7o) are one-dimensional

intervals, we can write them as
ST/(QKQKO)(wl) = (xp,xr) where z; <z < xR
Sy /Ko (20) = (29,2%)  where 29 < zq < 2%,
Since Z ¢ S, /k,(z0) and wg < ¥, we know that
29 < x9 < 2% < 7.
Since z¢ < z1 and S, (2x2 k) (T1) C S/, (T0), we have that
x0<xL<x1<xR<x%<j.

Thus, for any x € S, /(2x2K,) (1), we know that zo < z < Z. By the convexity of ¢,

e

which implies

= 690(j’ 170)
B
Ko
for any = € S, k2K, (71). Hence, S, or2r,)(71) C Sgr/K,(Z) and we proven the claim for

8 =1/ (2K Ko).
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Define

1
—(K+—)r
p <+2K0>T

We claim that Q,(xo,20) C Q,(x1,20). Clearly S.(z0) C S,(20). Let x € S.(x0). Then,

Hence, S, (zg) C Sy(x1). Therefore,
QT(xO,Z(]) = Sr(l'o) X ST(Z()) (- Sp(.l‘l) X Sp(ZO) = Qp(.%'l,Zo).

Since Q,.(z0, z0) N Dy, # 0, we know that Q,(z1,z0) N Dy # 0.

We will show that @Q,(x1, 20) satisfies the assumptions on property 2):

Qp(z1,20) C QR(T,2), Qup(w1,20) C Qr/K,(T,2), Qup(1,20) C Qr/K, (0, 20)-

First, let us check that Q,(x1, 20) C Qr(Z, 2). Take (x,2) € Q,(x1,20). Observe that

by choice of Ky (3.5.5). We can similarly show that §5(2,2) < R. Hence, Q,(z1,20) C Qr(Z, 2).
Next, we check that Q,,(71, 20) C Q/k, (0, 20). By choice of 1 (3.5.5), we know that Sy,(z1) C

Sr/(ZKQKO)(xl)' Since ST/(QKQKo)(J:l) C ST‘/KO (xo), we obtain

Qnp(x1, 20) = Spp(1) X Spp(20)
C S, /2x2K0) (T1) X Sy 2K2K0)(20)

C Sk (m0) X Sy K0 (20) = @ /i, (T0, 20).-
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Lastly, we check that Qy,(21,20) C Qr/k, (%, Z). Indeed, for z € Sy, (20),
0n(%, 2) < K (6n(20,2) + 0n(20, 2))
<K (I:'O + np)
b (Eenee )
< (L (el )) 2R

by choice of Kq and 7 (3.5.5). Therefore, S;,(20) C Sg/k,(2). Since Sy,(21) C S, /2x2K4)(71) C

SRr/Ko (Z), we obtain
Qup(x1,20) = Spp(21) X Spp(20)
C Sr/K,(T) X Sgr/Ky(2) = Qr/K, (T, 2).
We have shown that Q,(x1, 20) satisfies the conditions of property 2). Therefore,

113 (Qnp(1, 20) N Diy1) > cpia(Qp(wo, 21)).

Since np < r/(2K%Kj) < r/Kj, we have that

Qnp(1,20) = Spp(z1) X Spp(20)
C Sp/@r2Ko) (T1) X Spp(20)

C ST‘/K()(:UO) X S?"/K()(ZO) = Qr/KO(anZO)-
Therefore, we obtain the desired estimate

10 (Qr /Ky (20, 20) N Dyy1) > pra(Qnp(21, 20) N Dyy1)
> cpa(Qp(wo, 21))
> cpa (Qr (2o, 20))-
Case 3. Suppose that T € S, /g, (70), Z € S, /K,(20)-
This follows as in Case 2 by switching the  and Z coordinates.

Case 4. Suppose that T ¢ S, /g, (70), Z & S, /K,(20)-

This follows by combining Cases 2 and 3. O
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3.5.5 Proof of Theorem 3.1.2

We will first prove the following variation of Harnack inequality then show that Theorem 3.1.2

follows.

Theorem 3.5.2. Let 0 < s < 1. Assume that a” = a”(z) are bounded, measurable functions on R"
and satisfy (3.1.1). Let K3 be as in (3.5.4). There exist a positive constants Cyy = Cpr(n, A, A, s) > 1
and ke = Ka(n,\, A, s) < 1, such that for a cube Qr = Qr(%,%2) C R™"! and every nonnegative,

classical solution U =U(x,z) = U(x,—2) to

0’ (2)0;U + 21° 75 0.0 =0 in Qg \ {z = 0}
- z+U(x7O) =0 on QK3R a {Z = 0}’
we have that

sup U < CpU(z,2).

sz R

Proof. Let a > 0 be such that
aR

T]{Q == U(CL’,Z).

Slide the paraboloid
P($a Z) = —CL(S@((Z%, Z)a ($a Z)) +C

from below in @ KsR until it touches the graph of U, at say (z, z0). We may write
P(z,z) = —ade((Z, 2), (x, 2)) + ada((Z, 2), (z0, 20)) + U(z0, 20)-

We claim that (o, 20) € Sg/k,. Indeed, if dg((Z, 2), (x0, 20)) > R/ Ko, then

N U(#.2) > P 2) = adal((#,2), (20, 20)) + Ulzo, 20) > 2,
2K0 KO

which is a contradiction. Hence, (0, 20) € Sp /Ko C Qr /K, and
Aur N Qryk, # 0

Define

Dk; = Aack,RﬂéR/Ko’ k‘ZO
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where C' is the constant from Lemma 3.5.7. As a consequence of Lemma 3.5.2, we have
() £ Dy C D1 C Dy C -+ C Dy,
so that, by Lemma 3.5.7,
pa (D N Qur/iy) = Bo(Aqer g N Qyr/Ky) = cla(Qr) 1, )-

By Lemma 3.5.8,

10 (Qr/ico \ Di) < (1= ) 110 (Qry i) (3.5.22)

and from the definition of A ¢k g,
U(z,z) < aRC* for (z,2) € Dy.

Define

k/v
5

pr = co(1 —c) co

_C*(n+1) (2}(3)1/”

KO C

where K, is the doubling constant and v = log, (K ). For convenience in the notation, let

1

62371(0'

Suppose there exists a point (zx, 21) € Qsr/n+1) C Spr such that
Ulxg, 2z) > aRC* k> ky

where kg = ko(n,\, A, s) is a large constant, to be determined. We claim that there is a point

(Tk+1, 2et1) € 08, R(Tk, 21;) such that
U(Tkit, 2kt1) = aRC*t2,

Suppose, by way of contradiction, that U < aRC**2 on 05, rR(xk, 21). In the cylinder, {(z, 2) :

do((xk, 2x), (x, 2)) < ppR}, slide paraboloids of the form

20K Ckt2
P(x,z) = T&p((xv,zv), (x,2)) + ¢y, (Ty,20) € S%(fnk,zk)
oC
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from above until they touch the graph of U for the first time. Let A denote the set of contact
points.

Slide the paraboloids further until they touch U at (zy, z;). Write these paraboloids as

5 2 ch+2 9 ch+2
Pz, 2) = *féli;**f6¢<<xv,zv>,<x,z>>~— *9*72;**f6¢<<xv,zv>,<xk,zk>>+—zf<xk,zk»

Since (x4, 2y) € Spur (T, 21), We use the engulfing property to obtain
6c?

In particular, we know d¢((zy, 20 ), Tk, 2)) < 222, Therefore,

_ k+2 20K k+2
P(x,z) > ﬂ&p((&:v,zv), (x,2)) — L@ + aRC*!
Pk Pk C
20K CF 2
_ apc5¢((3;v,zv), (z,2)) + aRC* (C - 2K)
k
k+2
> QCLKPC&D((%,ZU), (z,2)) + 2aRC*.
k

Therefore, the height of U at the contact points is above 2aRC* which shows
A C {(x,2) € Sy,r(zr, 21) : U > 2aRC*}. (3.5.23)

We will show that the contact points for the family of P’s are interior points of SpiR(Tk, 21)-

Let (z,%) be a contact point for P. Assume, by way of contradiction, that

oo ((wr, 21), (7, 2)) = ppR.

By the quasi-triangle inequality (3.3.3),

ka <K (5‘1’((xk7 zk)v (ww ZU)) + 54’((‘73717 Zv)v (i'v 2)))

< & (B + a2, (2.2))

so that

prlt prR

do((Ty, 20), (T,2)) > K T ac
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Therefore,
) k+2
P(7,7) > M{/)Ca@((mv, 2), (2, 2)) + aRC* (C — 2K)
k
2aKCk+2 ka ka k
— — 2K
— (K 602>+aRC (C — 2K)

K
= 2aRC**2 + 2aRC* <C’ — 2K — 9>

> 2aRC*+2,

which contradicts our assumption that U < aRC**2 on 08, r(Tk, z). Therefore, it must be that
the contact points are interior points of Sy, r(2g, 2k)-

By Remark 3.5.1, it follows that

pa(A) = cpp(Sor (T, 21))-

Cc2¢

Since 8 < 1/Kj, we have that
QBR/(n+1)(%,2) C Spr(T,2) C SR/, (7, %) C QryK, (T, 2).
Since (v, 2x) € QaRr/(n+1)(T,Z) C Sg/Kr, (T, Z), we use the engulfing property to obtain
SRk (%, Z) C Sor/K, (Ths 2k)-
As a consequence of the doubling property (3.3.4),

OR/Ky \"
< - -
Sor/ Ko (T, 21) < Ky (ka/(020)> uqs(Sngz; (71, 21))

C202\"
=Ky (pkK0> u¢(5@(xk,zk))

and

R(n + 1)/K0 v
MCP(SR(n+1)/Ko) < Kq (R/Ifg) Ncﬁ(SR/KO)

=Kq(n+1)" na(Sr/k,)-
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Thus, we use the above estimates to obtain

pa(A) > cug(Spr (T, 21))

K
;2(93) pa(Sor Ko (Tks 2k))

E
(?jgg > pa(Sr/K, (7, 2))
(PkKO>

(3.5.24)

(n+1)"" pao(Srm+1)/K, (2 2))
=2(1 = ¢)F o (Srm1)/K, (%, 2))
> 2(1 — o) e (Qry ke, (T, 2))-
We next show that Sy, r(2k, 2x) CC Sr/k, C Qr/K, for k > ko.

Since (z, z;) € Spr(Z,Z), we know by Lemma 3.3.6 that there exist constants Cp > 0 and

p > 1 such that

S((.%'k, Zk), ka) =9

Choose kg large so that

ipjl/ Zpl/p —121—ﬁ
Co l/p 3Ky 2K '

Jj=ko Jj=ko

Therefore,
Sper(@ks 2k) C Spy(215)(Z,Z) CC Spyre, (T, 2) C Qryiy (T, 2). (3.5.25)
Since U(z, z) < aRC* for all (x,z) € Dy, we know that

Dy C{(,2) : Uz, 2) < aRC*} N Qpyx,

so that

{(z,2): U(x,z) > aRC* }NQr/Kky C Qr/K,y \ Di-
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Therefore, by (3.5.22), (3.5.23), (3.5.24), and (3.5.25),
po({U(z, 2) > aRC*} N Qr/K,) < Ho(Qr/K,y (T, 2) \ Di)
< (1-0)fue(Qr/x,)
< Sha(4)

1
= §M<D(A N QR/K())

IN

1
§,UJ<I>({U > 2aRC"} N Qryk,)

IN

1
§M¢>({U > aRC*} N Qg1 ),

a contradiction. This proves the claim.
We now use the claim to prove Harnack inequality. We want to show that
sup U< aRCFo+1,
QBR/(n+1)
Suppose, by way of contradiction, that there is a point (z,, 2k,) € QBR/(n+1) Such that
sup U > Ul(apy, 25,) > aRCTL,

QBR/(n+1)

By the claim, there is a point (2,41, 2ky+1) € aspkOR(kao» 2k,) such that
U(Tkot1: 2ho+1) > aRCHOT2,

Repeating this process, we can find a sequence (zj41,2k+1) € 0S,, R(@k, 2;) such that

Ul(xg, z) > aRC* for k > k.

Notice that

Therefore, (wx, 2x) € Qr/2k,) for all k > ko.
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We have shown that U is unbounded in Qp /(2K,)» @ contradiction. Letting ra = 8/(n + 1), we
conclude that
sup U < CM+1qR
QKQR

= CMH (2K U (%, %) = CuU(, %)
where Cy = Cy(n,\, A, s) > 1. O

Proof of Theorem 3.1.2. Let Ky and K3 be as in (3.5.3) and (3.5.4), respectively.

Let K1 = Ki(n,s) > 1 and k1 = k1(n, s) < 1 be such that
1< (n+ 1)9K3 <K; and 0k < ks < 1.
Let (%, %) € Sk, r(70, 20). By the engulfing property,
Sk1r(20,20) C Spryr(Z,2) C QoryrR(Z, Z) C Quor(ZT, 2).

Again applying the engulfing property, we have

ngR(:E, 2) C S(n+1)k3R(:E, 2) C S(n+1)0K3R(xO’ ZO) C SR»IR(.%'(), Zo) cCc QxR
By Theorem 3.5.2, we get
sup U< sup U<CyU(Z,2)
Sk1r(%0,20) Qo R(T,2)
Taking the infimum over all (Z, 2) € Sy, r(20, 20), the desired Harnack inequality (3.1.6) holds.

It remains to prove the Holder estimate (3.1.7). The proof follows by a standard argument (see,
for example, [31, Section 8.9]). We provide the details for completeness. Let 0 < r < KR and
define

M(r)= sup U and m(r)= inf U.

Sr(z0,20) Sr(z0,20)
Apply (3.1.6) to M (r) —U >0 in S, (g, 20) to obtain

sup (M(r)—U)<Cyx inf (M(r)-"U0).

SI‘CIT(‘TOVZO) Snlr(IO,ZO)
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Therefore,
M(r) —m(kir) < Cy (M(r) — M (k7)) . (3.5.26)

Similarly, applying (3.1.6) to U — m(r) > 0 in S,(z0, 20), we obtain

sup (U—-m(r))<Cyx inf (U—-m(r)),

Snlr(x[)»ZU) SNIT(IO’ZD)
so that

M(kir) —m(r) < Cg (m(kir) —m(r))). (3.5.27)
Let w(r) = M(r) — m(r). Adding (3.5.26) and (3.5.27) together, we get
w(r) +w(kir) < Chg (w(r) —w(kir))

Rearranging, we obtain

Cp-1
fy_CH—i-l

w(k1r) < yw(r), <1

Note that v = v(n, A, A, s).
By [31, Lemma 8.23], for any p € (0,1), there are constants C; = C1(n,A\,A,s) > 0 and

a1 = (1 — p)log~y/log k such that

aq
w(r)y<cC < T > w(K1R) <2Cr*'(K1R)™ ™  sup |U].
KR Sk, r(%0,20)

Choose p so that ay < 1/2.

By taking 7 = d¢((20, 20), (z, 2)) and Cy = 2C, we estimate

U (20, 20) — Uz, 2)| < w(r) < C1(8a((20, 20), (w,2)* (K1R) ™™ sup  |U]

SKIR(xO’ZO)
for all (z,z) € Sk p(®o,20)- O
3.5.6 Proof of Theorem 3.1.1

Proof of Theorem 3.1.1. Let U be the solution to (3.2.6) given by (3.2.7) in Q x R ¢ R**!. By

Theorem 3.2.4, since u > 0, we know that e~*Fu > 0. It follows from (3.2.7) that U > 0.
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Let k= k(n,s) <1and K = K(n,s) > 1 be such that
Kk < /K1 and 2K1<K.
We recall from (3.3.1) that
B, (7o) = Sy2/9(w0) for any r > 0.
Taking r = /k1 R, we obtain
Byr(20) X [Sk,r2/2(20,0) N {2 = 0}] C B /mgr(w0) X Sk, r2/2(20,0)

= S51R2/2(:U0>0) X San2/2(x070) (3.5.28)
C 551R2 (l‘o, 0)

Taking r = V2K R, we obtain

Skle (z9,0) C SklRQ (zg) x SKIRQ (0)
= B /Tf(lR(aZ()) X SK1R2(O)
C Bipg(®wo) X Sk p2(0) CC QxR
Let U be the even extension of U so that U(z, z) = U(z, —z). We apply Theorem 3.1.2 to U to

obtain the following Harnack inequality

sup U<Cyx inf U.

Sml R2 (330,0) Snl R2 (1'070)
By (3.5.28), we have that
sup u = sup U
BNT(-TO) BnR(iO)X [SanQ/Q(anO)m{ZZOH
< sup U

S"vl ) (20,0)

SHle (xo,O)

< Cy inf U=Cyx inf u
BnR(IO) X [SNIRQ/Q(:E(),O)O{Z:O}] Bnr(mo)

which proves (3.1.3).
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It remains to prove the Holder estimate (3.1.4). By (3.1.7), we obtain the estimate

Ul(x,0) — Uz, z)| < C1a((20,0), (2, 2))™ <K1R2>_a1 . sup U

Ry R2 (0,0)

for every (z,z) € Sk p»(20,0). Since
B\/IZR(SUO) X SKIRQ/Q(O) = SK1R2/2($O) X SKIRQ/Q(O) C Skle(l‘o,O),
we have, for any « € Bz z(20), that

[u(wo) = u(a)| = |0 (20,0) = U(,0)

< G168 ((20,0), (z,0))™ (Klpﬁ)_al sup ’U‘
Sf(lR(xO’O)
A —2a B
< g]:nfxo\hl (\/K1R> sup ‘U‘
2 BKR($0)><SK1R2(O)
For each fixed z > 0, by (3.2.2), we take the supremum in x to get
(2s)z [ 2.5 L dt
HU(UZ)HL‘X’(BA (z0)) — ’ s e e u() 1+s
KR\TO 4 P(S) 0 t LOO(BKR(IO))

_ dt
€ LtuHLOO(Q) s

o0
< Lo = g
— 45T S) 0

(
2s)z [ _2.1 dt
<29 /O T M [l ey e = M [l o gy -

t1+s

Letting Ky = \/IATI, C = Mél/2, and o = 2«7, we conclude that

lu(z0) — u(z)] < C |z — x0|* (KoR) ™ Slslzp lu| for all x € By p(wo).
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