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The Laplace operator with boundary conditions

The Dirichlet and Neumann B.C. for A
The classical Dirichlet-to-Neumann operator

T aplace ope

@ Let Q ¢ R" be an open set and u: Q — R a smooth function. The
Laplacian Au of u is defined by

N
9 u(x)
Au = Z EW:
Jj=1 J

@ A is the typical local operator, that is, for every u

supp[Au] C supplu].

@ To define boundary conditions for A one needs to introduce the
Sobolev spaces.
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The Laplace operator with boundary conditions

The Dirichlet and Neumann B.C. for A
The classical Dirichlet-to-Neumann operator

Classical first order Sobolev spaces

Let Q ¢ RY be a bounded open set with boundary 9Q. We let

wi3(Q) = {u € L%(Q), /Q\vu|2 dx < oo}

and W23(Q) = D) .

@ By definition, W;?(Q) € W12(Q).
o If Q is bounded, then W01’2(Q) C Wh2(Q).

@ Notice that functions in W, *(Q) are zeros on dQ (in some sense).

v
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The Laplace operator with boundary conditions

The Dirichlet and Neumann B.C. for A
The classical Dirichlet-to-Neumann operator

tion by parts formula for A

Let Q C R" be bounded, smooth with boundary 99Q. Let u € W12(Q)
be such that Au € L?(Q) and d,u := Vu - v exists in L2(99).

@ Then for every v € W12(Q), we have

—/ vAu dX:/VU-Vv dx—/ voyu do. (1.1)
Q Q o}

o If v e W,%(Q), then (1.1) becomes

7/ vAudx:/Vu~Vvdx.
Q Q
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The Laplace operator with boundary conditions
The Dirichlet and Neumann B.C. for A

The classical Dirichlet-to-Neumann operator

The Dirichlet BC for A

@ If Q is smooth, then Ap is the operator defined by
D(Ap) = W22(Q) N W, %(Q), Apu = —Au.
@ For every Q, Ap is the operator associated with the form
Ep(u,v) = /QVU Vv dx, u,v e W,%(Q)
in the sense that
D(8p) = {u e WGA(Q), 3 f € L(Q), Ep(u, v) = (F,V)iz()

Vv € W01’2(Q)}, Apu=f.

We have: D(Ap) = {ue W, (Q): Aue [2(Q)}, Apu= —Au.
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The Laplace operator with boundary conditions
The Dirichlet and Neumann B.C. for A

The classical Dirichlet-to-Neumann operator

The Neumann BC for A

@ If Q is smooth, Ay is the operator defined by
D(Ay) = {u € W?2(Q): d,u=0 on GQ}, Ayu=—Au.
@ For every Q, Ay is the operator associated with the form
En(u,v) = /QVU Vv dx, u,v e WH(Q)
in the sense that
D(Ay) = {u e W(Q), 3f € LX), En(u, v) = (F, V)2
Vv € W1’2(Q)}, Anu = f.

Assume that 2 has a Lipschitz boundary. Then
D(Ay) =3ue Wh2(Q): Aue L?(Q), d,u=0 on 9Q
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The Laplace operator with boundary conditions

The Dirichlet and Neumann B.C. for A
The classical Dirichlet-to-Neumann operator

Let Q ¢ RM be any bounded domain.

@ Ap has a discrete spectrum formed of eigenvalues satisfying

0<A <A< <AP <o, lim AP =oo.

n—oo

@ If Q is Lipschitz, then Ay has a discrete spectrum formed of
eigenvalues satisfying

o= <M< <AV <
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The Laplace operator with boundary conditions

The Dirichlet and Neumann B.C. for A
The classical Dirichlet-to-Neumann operator

The heat equation

Let A= —Ap or A= —Ay.
@ For every ug € L(Q), the Cauchy problem (or heat equation)

Oru=Au in Qx(0,00), u(-,0)=up in Q (1.2)

is well posed.
@ The solution v of (1.2) is given by

u(t, x) = ePup(x),
where the family of operators T(t) := e : L2(Q) — L?(Q) is the
so called semigroup generated by the operator A. That is,
T(t+s)=T(t)T(s), Vt,s>0and T(0)=1.
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The Laplace operator with boundary conditions

The Dirichlet and Neumann B.C. for A
The classical Dirichlet-to-Neumann operator

The Dirichlet-to-Neumann operator

Let © C RN be bounded, Lipschitz with boundary 9Q. Given g € L%(0Q)
and A € R\ o(Ap) (where o(Ap)=Spectrum of Ap), let u € W12(Q)
be the unique solution of the Dirichlet problem

—Au=Au in Q, u=g on 0. (1.3)
The operator Dy defined on L2(9Q) by
D(Dy5) = {g € L2(0Q), 3 ue W12(Q) solution of (1.3),

O, u exists in L2(8§2)}, (1.4)
Dl,)xg = 61/“

is called the Dirichlet-to-Neumann operator.
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The Laplace operator with boundary conditions

The Dirichlet and Neumann B.C. for A

The classical Dirichlet-to-Neumann operator

@ Some properties of ID; 5 have been used to give another proof of

AN <MD forall neN.
@ The operator D1 ¢ has been defined on very rough domains by
Arendt & ter Elst: JDE (2011).

@ D; o has been defined on exterior domains by Arendt & ter Elst: PA
(2015).

@ For every ug € L?(09), the Cauchy problem
Oru+Dyxu=0 on 002 x (0,00), u(x,0)=uy on 09,

is well-posed. The solution is also given by u(x,t) = e~ P12 yg(x)
and the family of operators (e~1:2),~¢ satisfies the semigroup
properties.
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The fractional Laplacian The two fractional Laplace operators

Fractional order Sobolev spaces

Derivation of singular integrals: Long jump random walks

Let K : RY — [0,00) be an even function such that

> K(k)=1. (2.1)

kezZN

Given a small h > 0, we consider a random walk on the lattice hZN.

@ We suppose that at any unit time 7 (which may depend on h) a
particle jumps from any point of hZN to any other point.

@ The probability for which a particle jumps from a point hk € hzN
to the point hk is taken to be K(k — k) = K(k — k). Note that,
differently from the standard random walk, in this process the
particle may experience arbitrarily long jumps, though with small
probability.
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The fractional Laplacian The two fractional Laplace operators

Fractional order Sobolev s

Long jump random walks: Continue

@ Let u(x, t) be the probability that our particle lies at x € hZN at
time t € 7Z.

@ Then u(x,t+ 7) is the sum of all the probabilities of the possible
positions x + hk at time t weighted by the probability of jumping
from x 4+ hk to x. That is,

u(x, t+7) = > K(Kk)u(x+ hk,t).
kezN

@ Using (2.1) we have the evolution law:

ulx,t+7)—u(x,t)= Z (k) [u(x + hk,t) — u(x,t)]. (2.2)

kezZN
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The fractional Laplacian

The two fractional Laplace operators
Fractional order Sobolev spaces

Long jump random walks: Continue

@ In particular, in the case when 7 = h?* and K is homogeneous (i.e.,
K(y) = |y|~(N+29) for y # 0, KC(0) = 0, and 0 < s < 1), (2.1) holds
and K(k)/T = hVK(hk).

@ Therefore, we can rewrite (2.2) as follows:

u(x,t+7) — u(x,t)

= WV 37 K(hK) [u(x + b, £) — u(x, )]

kezZN

(2.3)
@ Notice that the term on the right-hand side of (2.3) is just the

approximating Riemann sum of

Ol +y:8) = ulx )] dy.
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The fractional Laplacian The two fractional Laplace operators

Fractional order Sobolev spaces

Long jump random walks: Continue

@ Thus letting 7 = h** — 0" in (2.3), we obtain

ux+y,t)—ulx,t
Beu(x, t) = /R ) ( ylesz Jay. (2.4)

@ The integral in (2.4) has a singularity at y = 0. However when
0 < s <1 and u is smooth, we have

| u(x+y,1) — u(x, 1)
I|m/ dy (2.5)
10 JrM\B(0,e) |y |N+2s

:Iim/ ulz, 1) — ulx. ) t)_,ﬁg’ D g,
0 JrmB(xe) |2 — XN

= —(Cus) " (=B u(x, 1),

for a proper normalizing constant Cy s > 0.

Mahamadi Warma (UPR-Rio Piedras)This author is partially sup;  What are the classical BC for the fractional Laplacian?



The fractional Laplacian

Long jump random walks: Continue

This shows that a simple random walk with possibly long jumps
produces, at the limit a singular integral with a homogeneous kernel.
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The fractional Laplacian

The two fractional Laplace operators
Fractional order Sobolev spaces

The fractional Laplace op Using Fourier Analysis

Let 0 < s < 1. Using Fourier analysis, we have that the fractional
Laplace operator (—A)* can be defined as the pseudo-differential
operator with symbol [£|?°. That is,

(—A)u= CusF (€7 F(u)),

where F and F ! denotes the Fourier transform and the inverse Fourier
transform, respectively, and C(N,s) is an appropriate constant.
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The fractional Laplacian The two fractional Laplace operators

Fractional order Sobolev spaces

The fractional Laplace operator: Using Singular Integrals
Let 0 <s< 1 and

LpMYy — {, RN 5 R | / |u(>)| )
L,(R™) {u — R measurable , o T X)) dx < oo}

For u € L1(RN) and & > 0 we let

(~A)u(x) = Cus /{ ux)—uly) o g,

yERN: [x—y|>e} |X Y|N+2s

The fractional Laplacian (—A)*u of u is defined for x € RV by,

(—AYu(x) = Cu.sP.V. /R U —uly) i (-2)zu(x)

0 |X _ |N+2s

S22 (fi2e)

provided that the limit exists, where Cy s := .
T2l(1—s)
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The fractional Laplacian The two fractional Laplace operators

Fractional order Sobolev spaces

Caffarelli-Silvestre extension

Let 0 < s < 1. For u: RN — R, consider the extension
w : RN x [0,00) — R that satisfies the Dirichlet problem

Aw + 2w, +wy, =0 in RV x (0, 00),

w(x,0) = u(x).
Then the fractional Laplace operator can be defined as

(=AY u(x) = —ds lim y™*wy(x,y),

where the constant ds is given by

os1_ [(s)
ds 1= 22 1@.
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The fractional Laplacian

The two fractional Laplace operators
Fractional order Sobolev spaces

All the definitions coincide

@ Let0<s< 1. Then

(—A)u(x) =CnsF (| F(u))
—CpP.V. /R ) “X(X) " uy) g,

2

=—d lim Y 2wy (x, y),

where w : RV x [0, 00) — R is a solution of the Dirichlet problem

Aw + 1;25Wy +w, =0 in RV x (0, 00),

w(x,0) = u(x).

@ (—A)° is the typical nonlocal operator. That is,
supp[(—A)*u] ¢ suppl[u].
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The fractional Laplacian The two fractional Laplace operators

Fractional order Sobolev spaces

The regional fractional Laplace operator

Let @ C R"N be an open set. For 0 <s <1, u € L1(Q) and £ > 0 we let

u(x) — u(y)
(=A)g u(x) = CNys/ ———==dy, x€.
e {yeQ |x—y|>e} |X - }/IN+2S

The regional fractional Laplacian (—A)gu of u is defined for x € Q by,

(~B)gux) = CuaPV. | Wdy—hm( AY . u(x)

provided that the limit exists. Note that (—A)g depends on .

@ (—A)g is a nonlocal operator.
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The fractional Laplacian The two fractional Laplace operators

Fractional order Sobolev spaces

The operators (—A)° and (—A)g are different

@ For every u € D(2), we have

(~aul) = PV [ X(X_)y|m dy
dy

y|N+25 dy

—cupv. [(HO=U0) e /
RM\Q Ix —

 |x — y[N+2s
@ That is for u € D(Q2), we have, (—A)*u = (—A)ju + Vo(x)u,
where the potential Vg is given by

dy
= —— dy.
V() Nos /RN\Q |x — y|N+2s 4

@ The potential V(x) is difficult to manipulate.
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The fractional Laplacian

The two fractional Laplace operators
Fractional order Sobolev spaces

Let Q C R"N a bounded open set. Then YV u, v € D(Q),

Iim/ v(—A)Eudx:Iim/ v(—A)Sudx:—/ vAudx:/Vu~Vvdx
sl Ja sT1 JRw Q Q

Proof
First, let u € D(Q), since limst1(1 — s)I(1 —s) = 1, we get that

lim / u(—A)Qudx
Q

sT1
22s—1 (NA£2s _ 2
=lim f, ( 2 ) ( 75)/ 7“]()() l/</(+y2)| dxdy
stLr2 (1 — s)F(1 = s) alJa |x—y[Nt?

:/ |Vul?dx = f/ uAudx.
Q Q
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The fractional Laplacian

The two fractional Laplace operators
Fractional order Sobolev spaces

@ Proceeding similarly, we also have that for u € D(Q),

Iim/ u(—A)sudx:/ \Vu|2dx:—/ uAudx:—/ ulAudx.
sT1 Jrn RN RN Q

@ Replacing u by u+ v for u,v € D(2), we get the equality for every
u,v € D(Q).
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The fractional Laplacian

The two fractional Laplace operators
Fractional order Sobolev spaces

Objectives in the rest of the talk

@ Find a right formulation for the Dirichlet problems associated with
the operators (—A)* and (—A)g,.

@ Find the right definition of Dirichlet and Neumann boundary
conditions for the operators (—A)® and (—A)g.

@ Find a right definition of a fractional Dirichlet-to-Neumann type
operator associated with (—A)® or/and (—A)g .
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The fractional Laplacian

The two fractional Laplace operators
Fractional order Sobolev spaces

Fractional order Sobolev Spaces

Let Q € RN be an arbitrary open set and s € (0,1).

@ We denote

2
W*2(Q) = {u € L%(Q): /Q A W dx dy < oo}.
We let
we2@) =@
@ We define

Wos’2(§) = {u e WS2(RM): u=0 ae. on RN\Q}.

@ There is no obvious inclusion between V() and W;*(9Q).
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The fractional Laplacian

The two fractional Laplace operators
Fractional order Sobolev spaces

Let Q C RM be a bounded open set with boundary 9.

@ If Q is Lipschitz then

W2(Q) = Ws?(Q) <= 0<s <

N =

@ Let C C [0,1] be the Cantor set and let Q :=(0,1) \ C. Let
dimy(0R2) be the Hausdorff dimension of 9€2. Note that

0 <dimy(0Q) =d = .

Then

1
W2(Q) = Wy?(Q) <= 0< s < 5 (1-d).
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The fractional Laplacian The two fractional Laplace operators

Fractional order Sobolev spaces

Sobolev embedding

Let Q ¢ RM be an arbitrary bounded open set and 0 < s < 1. Let

2N
T N-—2s

q: if N>2s andl1<g<oo if N=2s.

Then the following assertions hold.
o If N >2s, then WS2(Q) — L9(Q).
o If N < 2s, then W;?(Q) — C%— 2 (RN).
@ If Qis Lipschitz and N > 2s, then W52(Q) — L9(Q).

@ If Qs Lipschitz and N < 2s, then W*2(Q) — C%s—2(Q).
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] The Dirichlet problem for (—A)® and (—A)g
The Dirichlet and Neumann B.C. for (—A)* and (—A)g The Dirichlet boundary condition )
The Neumann B.C. for (—A)® and (—A)g

The Dirichlet problem for (—A)*
Let Q C RN be smooth with boundary 9.

@ If g € C(RV) then the Dirichlet problem
(=A)Yu=0 in Q, u=gon 09, (3.1)
is not well-posed. The well-posed Dirichlet problem is given by
(-APu=0 in Q, u=g on RV\Q. (3.2)

This follows from the fact that

ot = s [ I [ It

N\ Q ‘X —

o If g € W2(RN)\ Q then the Dirichlet problem (3.2) is well-posed.
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] The Dirichlet problem for (—A)® and (—A)g
The Dirichlet and Neumann B.C. for (—A)* and (—A)g The Dirichlet boundary condition )
The Neumann B.C. for (—A)® and ‘7A);1:

The Dirichlet problem for (—A)g,
Let Q c RM be bounded and Lipschitz with boundary 99.

o If 1 <s<1and g e C(9Q), then the Dirichlet problem
(wA)qu=0 in Q, u=gon 0%, (3.3)

is well-posed.

elfl<s<landge W*=22(9Q), then the Dirichlet problem (3.3)
is well-posed.

@ We will see later why the restriction 3 < s < 17
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The Dirichlet problem for (—A)® and (—A 5—‘
The Dirichlet boundary condition
The Neumann B.C. for (—A)® and (—A)g

The Dirichlet and Neumann B.C. for (—A)* and (—A)g

The Dirichlet B.C. for (—A)*

Let Q C R" open and & with D(E) = W0$’2(§) be given by

_ Cus M)(v(x) = v(y))
E(u, v) /RN/]RN |x Y[ dx dy.

Let (—A)$, be the operator on L2(Q) associated with £. Then

D((-a)p) = {ue Wg@): (-A)ue L3(Q)}, (-A)pu = (D) u.

@ Here the Dirichlet B.C. is characterized by

u=0 on RN\ Q.

Mahamadi Warma (UPR-Rio Piedras)This author is partially supj

What are the classical BC for the fractional Laplacian?



The Dirichlet problem for (—A)® and (—A)g
The Dirichlet and Neumann B.C. for (—A)* and (—A)g The Dirichlet boundary condition
The Neumann B.C. for (—A)* and (—A)g

The Dirichlet B.C. for (—A)g
Let © C RN open and &p with D(Ep) = WS () be given by

Golu) = e [ [ WA=l =) o

|X7y|N+2s

Let (—A)g p be the operator on L2(Q) associated with Ep. Then

D((~B)an) = {u € WF(Q): (-A)au € L@},

(=A)a,pu = (=A)qu.

@ Here the Dirichlet B.C. is characterized by

u=0 on 0N.
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The Dirichlet problem for 17A)5 and (—
The Dirichlet and Neumann B.C. for (—A)* and (—A)g The Dirichlet boundary condition
The Neumann B.C. for (—A)® and (—A)g

The operators (—A)}, and (—A)g p are different

Assume 2 RV is bounded. Then the following hold.
@ (—A)3 has a compact resolvent with eigenvalues satisfying
0<)\21§)\22§...§)\5n§...
@ (—A) p has a compact resolvent with eigenvalues satisfying

Q,D Q,D Q,D
0<)\s71 S)\s,2 g...g)\s,n &€ ooc

@ (—A)p and (—A)g p are different in the sense that they have
different eigenvalues and eigenfunctions. In particular

Q,D D
0 <A1 <Agq-
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The Dirichlet problem for (—A)° and 17A)f—!
The Dirichlet and Neumann B.C. for (—A)* and (—A)g The Dirichlet boundary condition
The Neumann B.C. for (—A)® and (—A)g

What is needed to define Neumann B.C?

@ One needs a notion of fractional normal derivative.

@ One needs an integration by parts formula, that is, a Green type
formula for the fractional Laplace operator (—A)® and/or the
regional fractional Laplace operator (—A)g,.
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irichlet problem for (—A )5 and (—
The Dirichlet and Neumann B.C. for (—A)® and (— e Dirichlet boundary condition
The Neumann B.C. for (—A)® and (—A)g

The nonlocal fractional normal derivative (Gunzburger et al)

Let Q C RN be bounded and Lipschitz. For 0 < s < 1 let
Wé’z = {u :RY - R measurable, ”“”ng? < oo}7

where

o o) = u()P
el Vol + [ by

Notice that W32 < W=2(Q).
For u € Wé’z we define the nonlocal fractional normal derivative as

Nsu(x) = CN75/ M dy, x e RV\ Q. (3.4)

Q | |N+2s

v
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irichlet problem for (—A)® and 17A)§:!
The Dirichlet and Neumann B.C. for (—A)® and (—A) e Dirichlet boundary condition
The Neumann B.C. for (—A)® and (—A)g

Integration by part formula for (—A)* (Dipierro, Ros-Oton and Valdinoci)

Let Q ¢ RY be bounded and Lipschitz. For 0 < s < 1 and
u,v € C2(RN),

s o Chs (u(x) = u(y))(v(x) = v(y))
/Q V(A udx= 2 //RM\(JRN\Q)Z |x — y|Nt2s ey

—/ vNsu dx. (3.5)
RM\Q

4
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The Dirichlet problem for (—A)® and 17A’)f—Z
The Dirichlet and Neumann B.C. for (—A)* and (—A)g The Dirichlet boundary condition
The Neumann B.C. for (—A)® and (—A)g

The Neumann B.C. for (—A)®
Let & with D(Esx) := W3 be given by

() — w00 —viy))

RZN\ RN\Q)Z

Let (—A)3, be the self-adjoint operator on L?(£2) associated with & .
Using (3.5) we have that

{D((—A)j\f) = {uewg?, (-ayuc 2(Q), Mu=0 on R\ O},
(—A)u=(—A)u.

@ The Neumann B.C. is characterized by NVsu = 0 on RV \ Q. The
operator N; is nonlocal too.
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s

The Dirichlet problem for (—A)®
The Dirichlet and Neumann B.C. for (—A)* and (—A)g The Dirichlet boundary condition

and ( 7A‘)f—!

The Neumann B.C. for (—A)® and (—A)g

The limit as s 11

Let Q € RV be bounded, Lipschitz. Then for all u,v € Cg(RN),
i G2 [ | (uo) = w D) = V)
st1 2 R2N\ (RV\ Q)2

|X 7y|N+2s
= Iim/ vANsu dx
sTL JrM\Q

:/Vu-Vvdx—/ @vda.
Q on OV
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The Dirichlet problem for 17A)5 and (—

The Dirichlet and Neumann B.C. for (—A)* and (—A)g The Dirichlet boundary condition
The Neumann B.C. for (—A)® and (—A)g

A local fractional normal derivative (Q.Y. Guan & Z.M. Ma: 2006)

Let @ C R" be a bounded open set of class C*!. Let 2 < s <1 and

G(@) = {u: u(x) = F)p(x* " +g(x), Vx € Q,
for some f,g € CZ(E)},

where p(x) := dist(x,9Q), x € Q. For u € C4(Q) and z € 9Q, we define
the (local) fractional normal derivative A>~25u of u by

du(z +v(2)t) 5 o

N32y(z) = lim ==t (3.6)
—lim u(z+v(z2)t) — u(z)’
t\LO t2$—1

where v(z) denotes the outer normal vector to Q2 at the point z.

Mahamadi Warma (UPR-Rio Piedras)This author is partially sup;  What are the classical BC for the fractional Laplacian?



] irichlet problem for (—A)® and 17A)§:!
The Dirichlet and Neumann B.C. for (—A)® and (—A) e Dirichlet boundary condition

The Neumann B.C. for (—A)® and (—A)g

Some properties of the fractional normal derivative

Let % < s<1and Qc RN be a bounded open set of class C:1.

o If 1 <s<1andue CYQ), then N2 *u(z) =0V z € 0Q.
@ If s=1and uve CYQ), then NOu(z) = 9, u(z).
o If 1 <s<1andue C4(Q), then

2 - u(x) — u(2)
N2 2 u(Z) = Q;I)Dl)z [)25771()()’ YV z € 092.
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The Dirichlet problem for (—A)® and 17A’)f—Z
The Dirichlet and Neumann B.C. for (—A)* and (—A)g The Dirichlet boundary condition
The Neumann B.C. for (—A)® and (—A)g

Integration by parts formula (Q.Y. Guan & Z.M. Ma: 2006) +(W. 2015))

Let 2 < s <1and QC RN of class C11. Then for every u € CZ(Q) and
v € W2(Q), one has (—A)ju € L2(Q), N?7%u € [2(99) and

/Qv(—A)fzu dx = - |2 Y))(|N(+2)S— 4O ey
- B;s /BQ vA?~ %y do, (3.7)

where Bs is a constant depending only on s.

@ If ue CYQ), then in (3.7) there is no boundary term. This is
surprising! But there is an explanation due to the nonlocality.

@ Formula (3.7) is not true if one replaces (—A)gu by (—A)Su.
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The Dirichlet problem for (—A)® and 17A’)f—Z
The Dirichlet and Neumann B.C. for (—A)* and (—A)g The Dirichlet boundary condition
The Neumann B.C. for (—A)® and (—A)g

The Neumann B.C. for (—A)g,
Let 2 <s < 1and Eqn with D(Eq,n) = W*2(Q) be given by

Sanllsv) C/vs// ))(V(X)—V(Y)) d dy.

|N+2s
Let (—A)g y be the operator on Lz(Q) associated with £q y. Then

D((—-D)a.n)) = {u € WS(Q): (=A)5u € 2(Q),N*2u =0 on aQ}
(A nu = (—A)ju.

@ The Neumann B.C. is characterized by N?~2°u = 0 on 0. The
operator A2~ is local.
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The Dirichlet problem for (—A)® and 17A’)f—Z
The Dirichlet and Neumann B.C. for (—A)* and (—A)g The Dirichlet boundary condition

The Neumann B.C. for (—A)® and (—A)g

The limit as s 11

Let Q C RN bounded Lipschitz. ¥V u € C3(Q),v € W12(Q) we have

Iim/ V(*A)BUdXI/VUVVdXI*/ vAudx+/ @vda.
sl Jq Q Q oa OV

Proof
We have W12(Q) — W=2(Q). Let u € C*(Q). Then N2=25y = 0.

. |u(x) — u(y)] )|2
22sr N+2s _ 2
—1Iim //' ul) ~u)F o gy
2 st1 71-2(1—5 1—5 |X_ | e

z/ |Vu|2dx:—/ uAudx+/ @uda.
Q Q oa OV
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The Dirichlet problem for (—A)®

and 17A‘)f—!
The Dirichlet and Neumann B.C. for (—A)* and (—A)g The Dirichlet boundary condition

The Neumann B.C. for (—A)® and (—A)g

It follows that for every u,v € C?(Q), we have

ou
li —Audx = — Aud, —vdo.
S|%’r1'|/Qv( ) udx /Qv UX+/398VVU

Now we obtain the identity for u € C(Q) and v € W12(Q) by density.
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A fractional Dirichlet-to-Neumann operator

Why%<s<1?

Let Q C RM be a bounded domain with Lipschitz boundary 0.

@ If 0 < s < 1, then Dirichlet and Neumann B.C. for (—A)§ coincide.
That is,

D((=A)a,p) = D((=A)an) and (=A)gpu = (=A)g nu.

@ This follows from the fact that W*?(Q) = Wg"z(Q) &S 0<s< %

@ For these reasons we assume without any restriction that % <s< Ll

y
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A fractional Dirichlet-to-Neumann operator

A fractional D-to-N operator for (—A)g: Definition

Let o((—A)g,p) denote the spectrum (which is discrete) of (=A)g p.
Let 3 <s<land AeR\o((—A) ). Then, given g € L2(9Q), there
exists u € W*2(Q) solution of the Dirichlet problem

(=A)qu=Au in Q, u=gon 0. (4.1)
The fractional D-to-N operator Dy , is defined on L?(9Q) by

D(Ds ) = {g € [2(0Q), 3 u e W2(Q) solution of (4.1),
N?2725y exists in L2(6Q)},

Ds zu = CGN? %y,
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A fractional Dirichlet-to-Neumann operator

Sign of the first eigenvalue of Ds

Let A € R\ o((—A)%,p) and let 71 s(A) be the first eigenvalue of Dj ).
Then the following assertions hold.

@ If A <0 then 1 5(X) > 0.
@ if A > 0 then 71 s(A\) < 0.
*] 7’]175(0) = 0
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A fractional Dirichlet-to-Neumann operator

Theorem (W. CPAA, 2015)

Let 3 <s <1, neN, AL the n-th eigenvalue of (—=A)g, , and AT
the n-th eigenvalue of (—A)g y. Then

QN Q,D
0 S )\n+1,s S /\n,s .
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A fractional Dirichlet-to-Neumann operator

THANK YOU VERY MUCH! THANK YOU VERY MUCH!
THANK YOU VERY MUCH! THANK YOU VERY MUCH!
THANK YOU VERY MUCH! THANK YOU VERY MUCH!
THANK YOU VERY MUCH! THANK YOU VERY MUCH!
THANK YOU VERY MUCH! THANK YOU VERY MUCH!

Mahamadi Warma (UPR-Rio Piedras)This author is partially sup;  What are the classical BC for the fractional Laplacian?



References

References

@ W. Arendt and A. F. M. ter Elst. The Dirichlet-to-Neumann

operator on rough domains. J. Differential Equations 251 (2011),
2100-2124.

@ S. Dipierro, X. Ros-Oton and E. Valdinoci. Nonlocal problems with
Neumann boundary conditions. Rev. Mat. Iberoam. 33 (2017),
377-416.

© M. Warma. The fractional relative capacity and the fractional
Laplacian with Neumann and Robin boundary conditions on open
sets. Potential Anal. 42 (2015), 499-547.

© M. Warma. The fractional Dirichlet to Neumann operator.
Commun. Pure Appl. Anal. 14 (2015), 2043-2067.

Mahamadi Warma (UPR-Rio Piedras)This author is partially sup;  What are the classical BC for the fractional Laplacian?



	The Laplace operator with boundary conditions
	The Dirichlet and Neumann B.C. for 
	The classical Dirichlet-to-Neumann operator

	The fractional Laplacian
	The two fractional Laplace operators
	Fractional order Sobolev spaces

	The Dirichlet and Neumann B.C. for (-)s and (-)s
	The Dirichlet problem for (-)s and (-)s
	The Dirichlet boundary condition
	The Neumann B.C. for (-)s and (-)s

	A fractional Dirichlet-to-Neumann operator
	References

